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Abstract
This present article extends the new notion of mapping called (𝜙,MF )−contraction in the frame work of C∗-
algebra valued metric spaces and establishing the existence and uniqueness of �xed point for them. Non-trivial
examples are further provided to support the hypotheses of our results.
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Introduction

Many generalizations of the concept of metric spaces are de�ned and some �xed point theorems were proved
in these spaces. In particular, C∗-algebra valued metric spaces were introduced by Ma et al. [5] as a general-
ization of metric spaces they proved certain �xed point theorems, by giving the de�nition of C∗-algebra valued
contractive mapping analogous to Banach contraction principle. Various �xed point results were established
on such spaces, see [3, 4, 8] and references therein.

In this paper, inspired by the work done in [6, 10], we introduce the notion of (𝜙,MF )−contraction and
establish some new �xed point theorems for mappings in the setting of complete C∗-algebra valued metric
spaces. Moreover, some illustrative examples are presented to support the obtained results.

preliminaries

Throughout this paper, we denote 𝔸 by an unital C∗-algebra with linear involution ∗, such that for all x , y ∈ 𝔸,

(xy)∗ = y∗x∗ and x∗∗ = x.

We call an element x ∈ 𝔸 a positive element, denote it by x � 𝜃 if x ∈ 𝔸h = {x ∈ 𝔸 : x = x∗} and 𝜎 (x) ⊂ ℝ+,
where 𝜎 (x) is the spectrum of x.

Using positive element, we can de�ne a partial ordering � on 𝔸h as follows:

x � y if and only if y − x � 𝜃
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where 𝜃 means the zero element in 𝔸.
We denote the set x ∈ 𝔸 : x � 𝜃 by 𝔸+ and |x | = (x∗x) 12 .

Remark 1.1. When 𝔸 is an unital C∗-algebra, then for any x ∈ 𝔸+ we have

x � I ⇐⇒ ‖x‖ ≤ 1

The following de�nition was given by D. Wardowski in [9].

De�nition 1.2. [11] Let F be the family of all functions F : ℝ+ → ℝ and Φ be the family of all functions
𝜙 :]0, +∞[→]0, +∞[ satisfying:

(i) F is strictly increasing.

(ii) For each sequence {xn}n∈ℕ of positive numbers

lim
n→0

xn = 0 if and only if lim
n→∞

F (xn) = −∞.

(iii) lim in fs→𝛼+𝜙(s) > 0 for all s > 0.

(iv) There exists k ∈ ]0, 1[ such that limx→0 xkF (x) = 0.

De�nition 1.3. [11] Let (X , d) be a complete metric space. A mapping T : X → X is called a (𝜙, F )−
contraction on (X , d) if there exists F ∈ Fand 𝜙 ∈ Φ such that

(d(Tx ,Ty) > 0⇒ F (d(Tx ,Ty)) + 𝜙(d(x , y)) 6 F (d(x , y))

for all x , y ∈ X for whichTx ≠Ty

De�nition 1.4. Let (X , d) be a metric space. A self-mapT : X → X is said to be aMF− contraction if there
exists 𝜏 > 0 such for x , y ∈ X

M (Tx ,Ty) > 0⇒ 𝜏 + F (M (Tx ,Ty)) ≤ F (M (x , y))

where

M (x , y) = max{ d(x , y) , d(x ,Tx) , d(y ,Ty) , d(x ,Ty) + d(y ,Tx)
2

}

and F : (0, +∞) → (−∞, +∞) satis�es (i) and (ii) of de�nition 2.2

De�nition 1.5. [12] Let the function 𝜙 : A+ → A+ be positive if having the following constraints :

(i) 𝜙 is continous and nondecrasing

(ii) 𝜙(a) = 𝜃 if and only if a = 𝜃

(iii) limn−→∞𝜙n (a) = 𝜃

De�nition 1.6. [12] Suppose that A and B are C∗-algebras.
A mapping 𝜙 : A→ B is said to be C∗- homomorphism if:

(i) 𝜙(ax + by) = a𝜙(x) + b𝜙(y) for all a, b ∈ ℂ and x , y ∈ A

(ii) 𝜙(xy) = 𝜙(x)𝜙(y) for all x , y ∈ A

(iii) 𝜙(x∗) = 𝜙(x)∗ for all x ∈ A

(iv) 𝜙 maps the unit in A to the unit in B.
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Lemma 1.7. [7] Let A and B be C∗-algebras and 𝜙 : A→ B be a C∗− homomorphism, for all x ∈ A we have

𝜎 (𝜙(x)) ⊂ 𝜎 (x) and ‖𝜙(x)‖ ≤ ‖𝜙‖.

Corollary 1.8. [12] Every C∗− homomorphism is bounded.

Corollary 1.9. [12] Suppose that 𝜙 is C∗−isomorphism from A to B, then 𝜎 (𝜙(x)) = 𝜎 (x) and ‖𝜙(x)‖ = ‖𝜙‖ for all
x ∈ A.

Lemma 1.10. [12] Every ∗− homomorphism is positive.

Main result

Aspired by Wardowski in [2], we introduce the notion of (𝜙,MF )-contraction on a C∗-algebra valued metric
space.

De�nition 1.11. Let

F : 𝔸+ → 𝔸

a function satisfying:

(i) F is continuous and nondecreasing .

(ii) F (t) = 𝜃 if and only if t = 𝜃 .

A mapping T : X → X is said to be a (𝜙,MF ) C∗ valued contraction if there exists 𝜙 : 𝔸+ → 𝔸 an ∗−
homomorphism such that

∀x , y ∈ X ;M (Tx ,Ty) � 𝜃 ⇒ F (M (Tx ,Ty)) + 𝜙(M (x , y)) � F (M (x , y)) (1)

WhereM (x , y) = max{d(x , y) , d(x ,Tx) , d(y ,Ty) , d(x ,Ty) + d(y ,Tx)
2

}.

Example 1.12. Let X = [0, 1] and 𝔸 = ℝ2 Then 𝔸 is a C∗− algebra with norm ‖.‖ : 𝔸 → ℝ

de�ned by

‖(x , y)‖ = (x2 + y2) 12 .

De�ne a C∗− algebra valued metric d : X × X → 𝔸 on X by

d(x , y) = ( |x − y | , 0)

With ordering on 𝔸 by

(a, b) � (c , d) ⇔ a ≤ c and b ≤ d

AmappingT : X → X given byTx =
x
3
is continuous with respect to 𝔸.

Let F : 𝔸 → 𝔸. De�ned by

F (x , y) = ((x − y)2 , 0)

It is clear that F satis�es (i) and (ii).
NowM (x , y) = d(x , y) and
M (Tx ,Ty) = d(Tx ,Ty) = ( |Tx −Ty | , 0) = ( | x

3
− y
3
| , 0)

We have F (M (Tx ,Ty)) = F (d(Tx ,Ty)) = F (d( x
3
,
y
3
)) = F (( x

3
− y
3
))2 , 0).

And

( x
3
− y
3
))2 − (x − y)2 ≤ −1

3
(x − y)2.

ThereforeT is a valued (𝜙,MF ) C∗ -valued contraction with
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𝜙(M (x , y)) = (1
3
(x − y)2 , 0).

Theorem 1.13. Let (X , 𝔸, d) be a complete C∗-algebra valued metric space and let T : X → X be a (𝜙,MF )-C∗

valued contraction mapping.
ThenT has a unique �xed point.

Proof. : Let x0 ∈ X be arbitrary and �xed we de�ne a sequence {xn}n∈ℕ , xn+1 = Txn for all n ∈ ℕ. Clearly, if
xn+1 = xn , then x0 is a �xed point ofT and is unique.

We have
M (xn , xn+1)

= max{d(xn , xn+1) , d(xn ,Txn) , d(xn+1 ,Txn+1) ,
d(xn ,Txn+1) + d(xn+1 ,Txn)

2
}

= max{d(xn , xn+1) , d(xn , xn+1) , d(xn+1 , xn+2) ,
d(xn , xn+2) + d(xn+1 , xn+1)

2
}

= max{d(xn , xn+1) , d(xn+1 , xn+2)}.
And

M (Txn ,Txn+1) = max{d(xn+1 , xn+2) , d(xn+2 , xn+3)}.

If d(xn , xn+1) � d(xn+1 , xn+2) for all n ∈ ℕ, then

M (xn , xn+1) = d(xn+1 , xn+2) andM (Txn ,Txn+1) = d(xn+2 , xn+3) .

Then

F (M (Txn ,Txn+1)) + 𝜙(M (xn , xn+1)) � F (M (xn , xn+1))

implies
F (d(xn+2 , xn+3) � F (d(xn+1 , xn+2) − 𝜙(d(xn+1 , xn+2)) � F (d(xn+1 , xn+2) wich a contradiction.
denote

dn = d(xn+1; xn); n = 0; 1; 2; ...

Suppose that xn+1 ≠ xn for every n ∈ X then dn � 𝜃 for all n ∈ ℕ and using (1) the following holds for
every n ∈ ℕ

F (dn) � F (dn−1) − 𝜙(dn−1) ≺ F (dn−1) (2)

Hence F is non decreasing and so the sequence (dn) is monotonically decreasing in𝔸. So there exists 𝜃 � t ∈ 𝔸

such that

d(xn , xn+1) → t as n → ∞

From (2) we obtain limn→∞F (dn)=𝜃 that together with (ii) gives

limn→∞dn = 𝜃 (3)

Now we shall show that {xn} is a Cauchy sequence in (X , 𝔸, d).
Let, n , p ∈ ℕ.Then

d(xn , xn+p) � d(xn , xn+1) + d(xn+1 , xn+p) � d(xn , xn+1) + d(xn+1 , xn+2) + d(xn+2 , xp)
.
.
.

� d(xn , xn+1) + d(xn+1 , xn+2) + ... + d(xn+p−1 , xn+p).
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Taking the limit as n → ∞ we get limn→∞d(xn , xn+p) = 𝜃 .
Thus {xn} is a Cauchy sequence. Since the space is complete,
there exists u ∈ X such that limn→∞xn = u.
AgainT is continous.Therefore limn→∞Txn =Tu ie limn→∞xn+1 = u =Tu.
Thus u is a �xed point ofT . Again supposeTu ≠ u. So d(Tu , u) > 𝜃 .
Since F is strictly increasing, we take the limit as n → +∞

F (limn→+∞M (Txn ,Tu)) � F (limn→+∞M (xn , u)).

Now
limn→+∞M (xn , u)

= limn→+∞max{d(xn , u) , d(xn ,Txn) , d(u ,Tu) ,
d(xn ,Tu) + d(u ,Txn)

2
}

= max{𝜃 , 𝜃 , 𝜃 , 𝜃} = 𝜃

and
limn→+∞M (Txn ,Tu)

= limn→+∞max{d(Txn ,Tu) , d(Txn ,T2xn) , d(Tu ,T2u) , d(Txn ,T
2u) + d(Tu ,T2xn)

2
}

= max{𝜃 , 𝜃 , 𝜃 , 𝜃} = 𝜃

We get F (𝜃) ≺ F (𝜃) which a contradiction.
ThusTu = u.
To show the uniqueness, let v be another �xed point ofT .
Then by given condition

𝜙(u , v) + F (M (Tu ,Tv)) � F (M (u , v))
⇒ 𝜙(u , v) + F (M (u , v)) � F (M (u , v)

⇒ 𝜙(u , v) � 𝜃 .

Which is a contradiction.
ThereforeT has a unique �xed point in X . �

Example 1.14. Considering the Example 3.2 , we conclude that inequality (1) remains valid for F and T
constructed as above and consequently by an application of Theorem 3.3,T has a unique �xed point.
it is seen that 0 is the unique �xed point ofT .

Corollary 1.15. (X , 𝔸, d) be a complete C∗-algebra valued metric space and letT : X → X be a (𝜙,MF )-C∗ valued
contraction mapping.

Where

M (x , y) = max{d(x , y) , d(x ,Tx) , d(y ,Ty)}.

ThenT has a unique �xed point.

Inspired byMF− contraction of Hardy Rogers type in a complete metric space [1] we give

Theorem 1.16. Let (X , 𝔸, d) be a complete C∗-algebra valued metric space and let T : X → X be a (𝜙,MF ) C∗

-valued contraction of Hardy Rogers type where
M (x , y) = 𝛼1d(x , y) + 𝛼2d(x ,Tx) + 𝛼3d(y ,Ty) + 𝛼4d(x ,Ty) + 𝛼5d(y ,Tx) and 𝛼i ≥ 0,i ∈ {1, 2, 3, 4, 5}

and 𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4 + 2𝛼5 < 1.
ThenT has a unique �xed point in X.
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Proof. Let xn be a sequence in X with an initial approximation x0 ∈ X such that xn+1 =Txn for all n ∈ ℕ∪ {0}.
Clearly, if xn+1 = xn , then x0 is a �xed point ofT and is unique. Now we show that limn→∞d(xn , xn+1) = 𝜃 . We
have

M (xn , xn+1) = 𝛼1d(xn , xn+1) + 𝛼2d(xn ,Txn) + 𝛼3d(xn+1 ,Txn+1)+ 𝛼4d(xn ,Txn+1) + 𝛼5d(xn+1 ,Txn)
= 𝛼1d(xn , xn+1) + 𝛼2d(xn , xn+1) + 𝛼3d(xn+1 , xn+2)+

𝛼4d(xn , xn+2) + 𝛼5d(xn+1 , xn+1)

� (𝛼1 + 𝛼2 + 𝛼4)d(xn , xn+1) + (𝛼3 + 𝛼4)d(xn+1 , xn+2),

and

M (Txn ,Txn+1) = 𝛼1d(Txn ,Txn+1) + 𝛼2d(Txn ,T2xn) + 𝛼3d(Txn+1 ,T2xn+1)+
𝛼4d(Txn ,T2xn+1) + 𝛼5d(Txn+1 ,T2xn)

= 𝛼1d(xn+1 , xn+2) + 𝛼2d(xn+1 , xn+2) + 𝛼3d(xn+2 , xn+3)+
𝛼4d(xn+1 , xn+3) + 𝛼5d(xn+2 , xn+2)

� (𝛼1 + 𝛼2 + 𝛼4)d(xn+1 , xn+2) + (𝛼3 + 𝛼4)d(xn+2 , xn+3),

If d(xn , xn+1) � d(xn+1 , xn+2),
then

M (xn , xn+1) � (𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4)d(xn+1 , xn+2)

and

M (Txn ,Txn+1) � (𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4)d(xn+2 , xn+3)

Then
F ((𝛼1+𝛼2+𝛼3+2𝛼4)d(xn+2 , xn+3)) � F (𝛼1+𝛼2+𝛼3+2𝛼4)d(xn+1 , xn+2)−𝜙((𝛼1+𝛼2+𝛼3+2𝛼4)d(xn+1 , xn+2))
Using the propreties of F and 𝜙 we have

F (d(xn+1 , xn+2)) � F (d(xn , xn+1)) − 𝜙(d(xn , xn+1)).

Since (𝛼1 + 𝛼2 + 𝛼3 + 2𝛼4) < 1.
There exists u ∈ 𝔸 such that limn→+∞d(xn , xn+1) = u.
Taking n → +∞ in F (d(xn+1 , xn+2)) � F (d(xn , xn+1)) − 𝜙(d(xn , xn+1)) we have
F (u) � F (u) − 𝜙(u) which is a contradiction unless u = 𝜃 .
Hence

limn→+∞d(xn , xn+1) = 𝜃 .

We can easily show as above in theorem 3.3 that {xn} is a Cauchy sequence.
Since the space X is complete, there exists an a ∈ X such that limn→+∞xn = a.
AlsoT is continuous. So we have

limn→+∞Txn =Ta i.e, limn→+∞xn = a =Ta.

Thus a is a �xed point ofT .
Uniqueness. Now, suppose that z, u ∈ X are two �xed points ofT such that u ≠ z.
Therefore, we have

d(u , z) = d(Tu ,Tz) > 𝜃

We have

F (M (z, u)) = F (M (Tz,Tu)) � F (M (z, u)) − 𝜙(M (z, u)) ≺ F (M (z, u)).
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It is a contradiction. Therefore u = z. �

Corollary 1.17. Let (X , 𝔸, d) be a complete C∗-algebra valued metric space and let T : X → X be a (𝜙,MF )-C∗-
algebra valued of Banach -type, where

M (x , y) = 𝛼d(x , y) and 0 < 𝛼 < 1.

ThenT has a unique �xed point in X.

Corollary 1.18. Let (X , 𝔸, d) be a complete C∗-algebra valued metric space and let T : X → X be a (𝜙,MF )-
Kannan -type C∗-algebra valued contraction, where

M (x , y) = 𝛼d(x ,Tx) + 𝛽d(y ,Ty) and 0 ≤ 𝛼 + 𝛽 < 1.

ThenT has a unique �xed point in X.

Corollary 1.19. Let (X , 𝔸, d) be a complete C∗-algebra valued metric space and let T : X → X be a (𝜙,MF )-
Chaterjea type C∗-algebra valued contraction, where

M (x , y) = 𝛼d(x ,Ty) + 𝛽d(y ,Tx) and ∀𝛼 , 𝛽 ≥ ,𝛼 + 𝛽 < 1.

ThenT has a unique �xed point in X.

Corollary 1.20. Let (X , 𝔸, d) be a complete C∗-algebra valued metric space and letT : X → X be a (𝜙,MF )- Reich
type C∗-algebra valued contraction , where

M (x , y) = 𝛼d(x , y) + 𝛽d(x ,Tx) + 𝛾d(y ,Ty) and ∀𝛼 , 𝛽 , 𝛾 ≥ 0 ,𝛼 + 𝛽 + 𝛾 < 1.

ThenT has a unique �xed point in X.

Example 1.21. Let X = [0.2] and d : X × X → ℝ2.
Suppose that d(x , y) = ( | x − y | , | x − y |) for x , y ∈ X .
Then, (X , ℝ2 , d) is a C∗− algebra valued metric space.
T : X → X be given byTx =

1
3
x and F is given by F (x , y) = (x2 , 0).

Suppose y < x.
Then

M (x , y) = max{d(x , y) , d(x ,Tx) , d(y ,Ty)} = max{(|x − y | , |x − y |) , (2
3
|x | , 2

3
|x |) , (2

3
|y | , 2

3
|y |)}.

If |x − y | ≤ 2
3
|x | ,thusM (x , y) = (2

3
|x | , 2

3
|x |) andM (Tx ,Ty) = (2

9
|x | , 2

9
|x |) .

Therefore F (M (x , y)) = ( x
2

9
, 0) and F (M (Tx ,Ty)) = (4x

2

81
, 0).

Taking

𝜙(M (x , y)) = (5x
2

81
, 0).

Therefore by Corollary 3.5T has a unique �xed point 0.

If
2
3
|x | ≤ |x − y |, thenM (x , y) = ( |x − y | , |x − y |) andM (Tx ,Ty) = (1

3
|x − y | , 1

3
|x − y |).

Therefore,

F (M (x , y)) = F ( |x − y | , |x − y |) = ( |x − y |2 , 0)
and

F (M (Tx ,Ty)) = F ((1
3
|x − y | , 1

3
|x − y |)) = ((1

9
|x − y |2 , 0))

Taking,

𝜙(M (x , y)) = (4
9
|x − y |2 , 0)

Therefore by Corollary 3.5T has a unique �xed point 0.

7



Asian J. Math. Appl. (2022) 2022:7

Acknowledgments

It is our great pleasure to thank the referee for his careful reading of the paper and for several helpful sugges-
tions.

References

[1] D. Barman, K. Tiwary, Fixed point theorems for generalized F-contraction on metric space, Sarajevo J.
Math. 17 (2021), 119-128.

[2] N. Hussain, M. A. Kutbi, P. Salimi, Fixed point theory in 𝛼−complete metric spaces with applications,
Abstr. Appl. Anal. 2014 (2014), Article ID 280817.

[3] M. Jleli, B. Samet, A new generalization of the Banach contraction principle. J. Inequal. Appl. 2014
(2014), 38.

[4] Z. Kadelburg, S. Radenovic, On generalized metric spaces: a survey, TWMS J. Pure Appl. Math. 5
(2014), 3-13.

[5] Z. Ma, L. Jiang, H. Sun, C∗−algebra-valued metric spaces and related �xed point theorems, Fixed Point
Theory Appl. 2014 (2014), 206.

[6] H. Piri, S. Rahrovi, H.Marasi, P. Kumam, F-contraction on asymmetric metric spaces. J. Math. Comput.
SCI-JM. 17 (2017), 32-40

[7] S. Sakai, C∗−Algebras andW ∗−Algebras, Spring, Berlin, 1971.

[8] B. Samet, Discussion on “A �xed point theorem of Banach-Caccioppoli type on a class of generalized
metric spaces” by A. Branciari. Publ. Math. Debrecen, 76 (2010), 493–494.

[9] B. Samet, C. Vetro, P. Vetro, Fixed point theorems for 𝛼 − 𝜓−contractive type mappings, Nonlinear
Anal. 75 (2012), 2154-2165.

[10] A. Taheri, A. FarajzadehA. A New Generalization of 𝛼−Type Almost−F−Contractions and 𝛼−Type
F−Suzuki Contractions in Metric Spaces and Their Fixed Point Theorems. Carpathian Math. Publ. 11
(2019), 475-492.

[11] D. Wardowski, Solving existence problems via F-contractions, Proc. Amer. Math. Soc. 146 (2018),
1585-1598.

[12] K. Zhu, An Introduction to operator Algebras, CRC Press, Boca Raton, FL, USA, 1961.

8


	Introduction 
	preliminaries
	Main result
	Acknowledgments

