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Abstract
This present article extends the new notion of mapping called (¢, M F')—contraction in the frame work of C*-
algebra valued metric spaces and establishing the existence and uniqueness of fixed point for them. Non-trivial

examples are further provided to support the hypotheses of our results.
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Introduction

Many generalizations of the concept of metric spaces are defined and some fixed point theorems were proved
in these spaces. In particular, C*-algebra valued metric spaces were introduced by Ma et al. [5] as a general-
ization of metric spaces they proved certain fixed point theorems, by giving the definition of C*-algebra valued
contractive mapping analogous to Banach contraction principle. Various fixed point results were established
on such spaces, see [3, 4, 8] and references therein.

In this paper, inspired by the work done in [6, 10], we introduce the notion of (¢, M F)—contraction and
establish some new fixed point theorems for mappings in the setting of complete C*-algebra valued metric
spaces. Moreover, some illustrative examples are presented to support the obtained results.

preliminaries

Throughout this paper, we denote A by an unital C*-algebra with linear involution #, such that forallx, y € A,
(xy)* = y*z* and ™ = .

We call an element x € A a positive element, denote itby x > § ifx € Ay ={x € A:x =2} and o (x) C Ry,
where o (x) is the spectrum of x.
Using positive element, we can define a partial ordering < on A, as follows:

xz <yifandonlyify —x > @
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where 6 means the zero element in A.
1
We denote the setx € A : x > 8 by Ay and |z| = (z*x) 2.

Remark 1.1. When A is an unital C*-algebra, then for any x € A, we have
sl =|z| <1
The following definition was given by D. Wardowski in [9].

Definition 1.2. [11] Let F be the family of all functions F': R, — R and ® be the family of all functions
¢ :10, +00[—]0, +oo[ satisfying:

(i) F is strictly increasing.
(ii) For each sequence {x,},cn of positive numbers

lirr(l)xn =0 ifand onlyif lim F (x,) = —oo.

(iii) lim inf,_q+¢(s) > O forall s > 0.
(iv) There exists k£ € ]0, 1[ such that lim,_,o 2*F (z) = 0.

Definition 1.3. [11] Let (X, d) be a complete metric space. A mapping T : X — X is called a (¢, F)—
contraction on (X, d) if there exists F' € & and ¢ € ® such that

(d(Tz,Ty) > 0= F(d(Tx, Ty)) + ¢(d(x,y)) < F(d(z,y))
forall z, y € X for which Tx # Ty

Definition 1.4. Let (X, d) be a metric space. A self-map T : X — X is said to be a M F— contraction if there
exists 7 > O such forx,y € X

M(Tz,Ty) >0=t+FM(Tx,Ty)) < F(M(x,y))

where

d(x, Ty) +d(y, Tx)
2

M(z,y) = max{d(z,y),d(zx, Tx),d(y, Ty), }
and F : (0, +00) — (—00, +00) satisfies (i) and (i7) of definition 2.2
Definition 1.5. [12] Let the function ¢ : A* — A" be positive if having the following constraints :
(i) ¢ is continous and nondecrasing
(i) ¢(a) =0 ifandonlyifa =20
(iii) limy— o™ (a) = 6

Definition 1.6. [12] Suppose that 4 and B are C*-algebras.
A mapping ¢ : A — B is said to be C*- homomorphism if:

(i) ¢(ax+by)=ap(x)+bep(y) foralla,beCandx,y e A
i) $(ay) = $() () forall 2, y € 4
(i) @(x*) = ¢p(x)* foralla € 4

(iv) ¢ maps the unit in A to the unit in B.
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Lemma 1.7. [7] Let A and B be C*-algebras and ¢ : A — B be a C*— homomorphism, for all x € A we have
o (¢(x)) C o (z) and ()]l < [I$]l.
Corollary 1.8. [12] Every C*— homomorphism is bounded.

Corollary 1.9. [12] Suppose that ¢ is C*—isomorphism from A to B, then o (¢(x)) = o (x) and ||¢(x)|| = ||¢|| for all
x € A.

Lemma 1.10. [12] Every x— homomorphism is positive.

Main result
Aspired by Wardowski in [2], we introduce the notion of (¢, M F')-contraction on a C*-algebra valued metric
space.
Definition 1.11. Let
F: A, - A

a function satisfying:

(i) F is continuous and nondecreasing .

(it) F(¢t) =0 ifand onlyift = 4.

A mapping T : X — X is said to be a (¢, MF) C* valued contraction if there exists ¢ : A, — A an #—
homomorphism such that
Yo,y € XsM(Tx, Ty) =2 0 = F(M(Tx, Ty)) + ¢(M(x,y)) 2= F(M(z,y)) (1)
d(z, Ty) +d(y, Tx)
2 b
Example 1.12. Let X = [0, 1] and A = R? Then A is a C*— algebra with norm .|| : A - R
defined by

Where M (z, y) = max{d(z,y), d(z, Tx),d(y, Ty),

1z, )1l = (22 +%)2.
Define a C*— algebra valued metricd : X x X — A on X by
d(z,y) = (Je =], 0)
With ordering on A by
(a,b) 2 (¢,d) ®a<candb <d

A mapping T : X — X given by Tx = ; is continuous with respect to A.
Let F : A = A. Defined by

F(z,y) = ((x-)?%,0)
It is clear that F satisfies (7) and (7).
Now M (x,y) =d(x,y) and
x

M(T2,Ty) = d(Ta, Ty) = (T =Ty, 0) = (15 - 31,0)
We have F(M (T, Ty)) = F(d(Te, Ty) = F(d(5, ) = F((5 = )%, 0).
And l C C C C
(5-3)! - (- <5 -y
Therefore T is a valued (¢, MF) C* -valued contraction with
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SO, ) = (52 -2, 0.

Theorem 1.13. Let (X, A, d) be a complete C*-algebra valued metric space and let T' : X — X be a (¢, MF)-C*
valued contraction mapping.

Then T has a unique fixed point.

Proof. : Let xy € X be arbitrary and fixed we define a sequence {x, }nen » Tny1 = T, forall n € N. Clearly, if
Zp+1 = Xy, then xq is a fixed point of T" and is unique.

We have

M (xy, 2p41)

d(x,l, Txn+l) + d(xn+1 , Txn)

= max{d(xn’ xn+l)’ d(xn’ T'rn), d(l‘n+l ) Txn+l), 9

}

d(xn’ xn+2) + d(xn+1 s Tptl) }
2

= max{d(xn, xn+l), d(xn, i), d(xn+1 , xn+2),

= mazx{d(x,, xy+1), d(Zps1, Tns2)}.

And
M(Txn; Txy1) = max{d(xn+l s Tne2), d(xn+2, .CC”+3)}.

Ifd(x,, xus1) < d(Xue1, 2ae9) forall n € N, then

M(xn; xn+1) = d(xn+1 ) xn+2) and M(Txn; Txn+1) = d(xn+2; xn+3) .

Then
F(M(Txy, Tape1)) + ¢(M (xy, 2411)) < F (M (2, Tps1))
implies
F(d(xn+27 xn+3) =< F(d(xn+l; xn+2) - ¢(d(xn+l ) xn+2)) =< F(d(xn+l ) xn+2) wich a contradiction.
denote

dy = d(xys152,);n = 05 1; 25 ...

Suppose that x,,; # x, for every n € X then d, > 6 for all n € N and using (1) the following holds for
everyn € N

F(dn) < F(dn—l) - ¢(dn71) < F(dnf]) (2)

Hence F is non decreasing and so the sequence (d,,) is monotonically decreasing in A. So there exists § <t € A
such that

d(Xy, Tn41) > Lasn — 0
From (2) we obtain [im,_,c I (d,)=¢ that together with (i) gives
limnaoodn =0 (3)

Now we shall show that {x,} is a Cauchy sequence in (X, A, d).
Let, n, p € N.Then

d(xy, xn+p) <d(xp, Tyy1) +d(Xhe1, xn+p) < d(xy, Tpy1) +d (11, Tugo) +d (249, xp)

= d(xn’ In+1) + d(xn+1 ) xn+2) +...+ d(xn+pfl ’ xn+p)'
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Taking the limit as n — co we get [im, —ood (Xn, Tnip) = 6.
Thus {x,} is a Cauchy sequence. Since the space is complete,
there exists # € X such that lim,_,ex, = u.
Again T is continous.Therefore lim, _,oTx, = Tu ie lim,_sooyy1 = u = Tu.
Thus u is a fixed point of T'. Again suppose Tu # u. Sod(Tu,u) > 0.
Since F is strictly increasing, we take the limit as n — +oo

F(limy—yooM (Txy, Tu)) < F(limy—ieoM (24, u)).
Now
1im714>+ooM(In; u)

— Lty reomaz{d(@n, 0), d(xn, Tan), d(u, Tw), L 10 +d(w, Tr)

=max{0,0,0,0} =0

}

and
limy oM (T'zy, Tu)

T T2 Tu, T?
 limyseomaa{d(T s, Tw), d(Ty, T%2,), d(Tu, T2u), * 0w T70) +d(Tu, T7,)

}

2
=max{0,0,60,0} =0

We get F(0) < F(0) which a contradiction.
Thus Tu = u.
To show the uniqueness, let v be another fixed point of 7.
Then by given condition

é(u,v) + F(M(Tu, Tv)) < F(M(u, v))

= ¢(u,v) +F(M(u,v)) < F(M(u,v)

= ¢(u,v) < 6.

Which is a contradiction.
Therefore T has a unique fixed point in X. m]

Example 1.14. Considering the Example 3.2 , we conclude that inequality (1) remains valid for I and T
constructed as above and consequently by an application of Theorem 3.3, T' has a unique fixed point.
it is seen that 0 is the unique fixed point of T'.

Corollary 1.15. (X, A, d) be a complete C*-algebra valued metric space and let T : X — X bea (¢, MF')-C* valued
contraction mapping.
Where

M(x,y) = max{d(x,y), d(x, Tx),d(y, Ty)}.
Then'T' has a unique fixed point.
Inspired by M F— contraction of Hardy Rogers type in a complete metric space [1] we give

Theorem 1.16. Let (X, A, d) be a complete C*-algebra valued metric space and let T : X — X be a (¢, MF) C*
-valued contraction of Hardy Rogers type where

M(x,y) = ard(x,y) + agd(x, Tx) + agd(y, Ty) + agd(x, T'y) + asd(y, Tx) and a; > 0,i € {1, 2,3, 4, 5}
andal +a'2+(13+20'4+20'5 < L

Then T has a unique fixed point in X.
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Proof. Let x, be a sequence in X with an initial approximation xg € X such that x,,; = Tx, forall n € NU {0}.
Clearly, if x,41 = x,, then xg is a fixed point of T" and is unique. Now we show that lim,_,cd(x,, ,11) = 6. We

have

M (2, 2p41) = 1d (2, Tna1) + @od(x,, Ty) + @3d(Xpe1, Tpe1)+ aad(@y, Tap1) + @sd(xpe1, Tay)
= a1d(xy, Zps1) + @2d (X, Tns1) + @3d (Tps1, Tnso)+
Cl/4d(l‘n, 1‘n+2) + (l’5d(1‘n+1 ) ‘Tn+1)

=< (Oll +ag + (Y4)d($n, xn+l) + (a'3 + a4)d(x"+1, xn+2):
and

M (Tx,, Txp1) = a1d(Txy, Taper) + agd (T, T2x,) + agd(Ta,e, T2200)+
asd(Txy, T2xy11) + @5d(Txper, T2y)
= @1d (41, Tps2) + @2d (Xps1, Tns2) + @3d (Tp42, Tye3)+
@4 d(Tp41, 2043) + @5d (X012, Tnyo)

< (a'l +ag + a’4)d(xn+] s In+2) + (03 + 04)d(1‘n+2: xn+3),

If d(xn, xur1) = d(Xne1, Tnso),
then

M(xn; xn+l) =< (0’1 +ag +ag+ 2&4)61(1’,”.1 ) xn+2)
and
M (Txy, Txpe1) = (a1 + @9 + ag + 2a4)d (2,42, Ty43)

Then
F((a1+ag+ag+2a4)d(xurg, 413)) < Fai+ag+as+2a4)d (x4, Ture)—¢((@1+ag+ag+2a4)d (2,41, Tns9))
Using the propreties of F' and ¢ we have

F(d(xn+l:xn+2)) =< F(d(xns ZTpi1)) — ¢(d(xn’ xn+1))~

Since (a1 + ag + ag + 2a4) < 1.
There exists # € A such that lim,_1cod (2, Tys1) = u.
Taking n — +oco in F(d(x,41, Xpr9)) < F(d(xy, 2p41)) — ¢(d(xy, 2441)) we have
F(u) < F(u) — ¢(u) which is a contradiction unless u = 9.
Hence

lim7l—>+ood(-rn9 xn+1) =0.

We can easily show as above in theorem 3.3 that {x,} is a Cauchy sequence.
Since the space X is complete, there exists an a € X such that lim, ., = a.

Also T is continuous. So we have
limy_yooTxy, =Taie, lim,_ 0y, =a=Ta.

Thus a is a fixed point of T'.
Uniqueness. Now, suppose that 2, u € X are two fixed points of T" such that « # z.
Therefore, we have

du,z)=d(Tu,Tz) > 0
We have
FM(z,u) =FWM(Tz,Tu)) < F(M(z,u)) — ¢(M(z,u)) < F(M(z, u)).
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It is a contradiction. Therefore u = z. m]
Corollary 1.17. Let (X, A, d) be a complete C*-algebra valued metric space and let T : X — X be a (¢, MF)-C*-
algebra valued of Banach -type, where

M(x,y) =ad(x,y) and 0 < @ < 1.
Then T has a unique fixed point in X.

Corollary 1.18. Let (X, A, d) be a complete C*-algebra valued metric space and let T : X — X be a (¢, MF)-
Kannan -type C*-algebra valued contraction, where

M(x,y) = ad(x, Tx)+ Bd(y,Ty)and 0 < a+ B < 1.
Then T has a unique fixed point in X.

Corollary 1.19. Let (X, A, d) be a complete C*-algebra valued metric space and let T : X — X be a (¢, MF)-
Chaterjea type C*-algebra valued contraction, where

M(x,y) = ad(x, Ty) + Bd(y, Tx) andVa, B >,a+ B < 1.
Then T has a unique fixed point in X.
Corollary 1.20. Let (X, A, d) be a complete C*-algebra valued metric space and let T : X — X be a (¢, MF)- Reich

type C*-algebra valued contraction , where
M(x,y) = ad(x,y) + Bd(x, Tx) + yd(y, Ty) andVa, B,y 2 0,a+B +y < 1.
Then T has a unique fixed point in X.

Example 1.21. Let X = [0.2] andd : X x X — R2.
Suppose thatd(z,y) = (|x -y |,|x -y |) forz,y € X.
Then, (X, R?, d) is a C*— algebra valued metric space.

1 ¢
T:X — X begivenby Ta = 37 and F is given by F(z, y) = (22, 0).
Suppose y < x.
Then

2 2 2 2
M (x,y) = max{d(z,y), d(x, Tx), d(y, Ty)} = maz{(lx =51, le =y}, (glal, glxD), (I, gD}

2 2 2 2 2
1l =1 < Gl thus Mz, = (glel, glel) and M (T, T) = (Glel el

2
Therefore F (M (x,y)) = (%, 0)and F(M (Tx, Ty)) = (%, 0).

Taking
52
(M (2,9) = (7 0).

Therefore by Corollary 8.5 T has a unique fixed point 0.
2 1 1
If glz| < o —yl, then M (2, ) = (lx =1, le = yI) and M(T, Ty) = (gle =y, gle = ).
Therefore,
F(M(x,y)) = F(lx = yl, le = y]) = (Jx = y[%, 0)
and
1 1 1 9
FOU(Ta, Ty) = F((gle =31, gle =) = ((gle —y12, 0)
Taking,
4 2
¢M(z,9)) = (Glr =yI, 0)
Therefore by Corollary 8.5 T has a unique fixed point 0.
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