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ABSTRACT. The purpose of this paper is to prove the existence and uniqueness of a common
fixed point for a pair of mappings satisfying generalized contraction under rational expres-
sions having point-dependent control functions as coefficients in complex valued b-metric
spaces. Our results generalize and extend the results of Azam et al., Dass et al., Dubey et
al., Mukheimer, Nashine et al., Rao et al. and Sitthikul et al.

1. Introduction and Preliminaries

Complex valued metric spaces were introduced in 2011 by Azam et al. [1] and established
the existence of fixed point theorems for maps satisfying the contraction condition involving
rational expressions. Several fixed point results in such spaces were obtained, for example,
in [2,8,9,11,12,13,14]. The concept of complex valued b-metric space as a generalization of
complex valued metric space .[1] was initiated by Rao et al. [10]. Subsequently, many authors

proved fixed and common fixed point results in complex valued b-metric spaces [4,5,6,7].

The aim of this paper is to give the development of fixed point theorems on complex valued
b-metric space. We prove fixed and common fixed point results for generalized contraction
involving rational expressions in complex valued b-metric space which generalize all the
existing results. In particular, complex valued b-metric type version of very well known
results of Nashine et al. [9], Sitthikul et al.[12] and others are obtained.

Keywords: Common fixed point, Complex valued b-metric spaces, Complete complex valued b-metric

spaces, Cauchy sequence, Fixed point.
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2 FIXED POINT THEOREMS IN COMPLEX VALUED B-METRIC SPACES

In what follows, we recall some notations and definitions due to Rao et al. [10], that will be
needed in our subsequent discussion.

Let C be the set of complex numbers and z;, 2o € C. Define a partial order = on C as follows:
21 3 2o if and only if Re(z1) < Re(zq), Im(z1) < Im(zs).
Consequently, one can infer that z; =< z5 if one of the following conditions is satisfied:

(i) Re(z1) = Re(z2),Im(z1) < Im(z2),

(ii) Re(z1) < Re(z2),Im(z1) = Im(z2),
(iii) Re(z1) < Re(z3),Im(z1) < Im(z),
(iv) Re(z1) = Re(zq),Im(z1) = I'm(z2).

In particular, we write 21 3 2 if 21 # 22 and one of (i),(ii) and (iii) is satisfied, also we write
21 < zy if only (iii) is satisfied. Notice that

(a) If 0 Z 21 3 22 then |z1] < |2].
(b) If 21 S 25 and 29 < 23 then 2z < z3.
(c) If a,b € R and a < b then az X bz for all z € C.

The following definition is recently introduced by Rao et al. [10].

Definition 1.1[10] Let X be a nonempty set and let s > 1 be a given real number. A
function d : X x X — C is called a complex valued b-metric on X if for all z,y,2z € X the
following conditions are satisfied:

(i) 0 2 d(x,y) and d(z,y) = 0 if and only if z = y;
(i) d(z,y) = d(y, z);
(iil) d(z,y) 2 s[d(z, 2) + d(z,y)].

The pair (X, d) is called a complex valued b-metric space.

Example 1.2[10] Let X = [0,1]. Define the mapping d : X x X — C by d(z,y) =
|z — y|? +i|lz — y|?, for all 2,y € X. Then (X,d) is a complex valued b-metric space with
5§ =2.
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Definition 1.3[10] Let (X, d) be a complex valued b-metric space.

(i) A point z € X is called interior point of a set A C X whenever there exists 0 < r € C
such that B(z,r) ={y € X : d(z,y) <r} C A.

(ii) A point x € X is called a limit point of a set A whenever for every 0 < r € C, B(z,r) N

(A= {z}) # ¢.

(iii) A subset A C X is called open whenever each element of A is an interior point of a set
A.

(iv) A subset A C X is called closed whenever each element of A belongs to A.

(v) A sub-basis for a Hausdorff topology 7 on X is a family F' = {B(x,r) : 2 € X and0 < r}.

Definition 1.4[10] Let (X, d) be a complex valued b-metric space, {z,} be a sequence in
X and z € X.

(i) If for every ¢ € C, with 0 < r there is N € N such that for all n > N, d(z,,z) < ¢,
then {z,} is said to be convergent, {x, }converges to x and z is the limit point of {x,}. We
denote this by lim,_,.ox, = x or {z,} — rasn — occ.

(ii) If for every ¢ € C, with 0 < r there is N € N such that for all n > N, d(z,,, Tpim) < ¢,
where m € N, then {z,}is said to be Cauchy sequence.

(iii) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex

valued b-metric space.

Lemma 1.5[10] Let (X, d) be a complex valued b-metric space and let {x,}be a sequence
in X. Then {z, }converges to z if and only if |d(x,,z)| — 0 as n — oc.

Lemma 1.6[10]Let (X, d) be a complex valued b-metric space and let {x,}be a sequence
in X. Then {z,} is a Cauchy sequence if and only if |d(x,, Zpim)| — 0 as n — oo, where
m € N.
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2. Main Result

We start to this section with the following observation, that will be used in our subsequent
result.

Proposition 2.1. Let (X, d) be a complex valued b-metric space and S,T : X — X. Let
xo € X and defined the sequence {z,} by

Ton41 = Sway,

Ton+2 = Tx2n+1, for all n = 0, 17 2, - - —. (21)

Assume that there exists a mapping oc: X x X — [0,1) such that o (T'Sz,y) < (x,y)
and o (z, STy) < (z,y) for all z,y € X. Then « (x9,,y) <x (x¢,y) and x (z,Ta,41) <
(x,z1) for all z,y € X and n=0,1,2, — — —.

Proof. Let x,y € X and n =0,1,2,— — —. Then we have

X (Ton,y) =x (Txop_1,y) =x (T'Sxon_2,Yy)
SOC (x2n727 y)

=x (Txon—3,Yy) =x (T'Sz_4,y)
<o (Tan-4, ) < — — —— <ox (20, 1),
Similarly, we have
X (2, Topt1) = (x, ST9,) = (x, STT,_1)
< (x,Z9,-1)
= (x,ST9, 2) =x (x,STTs, 3)

<o (7,79,-3) < — — —— <o (@, 7).
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Lemma 2.2[12] Let {z,} be a sequence in X and h € [0,1). If a,, = |d(zy, Tns1)| satisfies
a, < ha,_1, for all n € N, then {z,} is a Cauchy sequence.

Now, we are ready to prove the following fixed point theorems for generalized contractions.

Theorem 2.3. Let (X, d) be a complete complex valued b-metric space with the coefficient
s> 1andlet S,T: X — X. If there exist mappings o, 3,7,0 : X x X — [0,1) such that
for all z,y € X :

(a) < (T'Sz,y) <o (x,y) and x (x,STy) <x (z,y),

B(T'Sz,y) < B(x,y) and B(z, STy) < B(z,y),

Y(T'Sxz,y) < v(z,y)andy(z, STy) < y(x,y),

O(T'Sw,y) < d(z,y)andé(x, STy) < 6(x,y);

(b) o< (z,y) + B(z,y) + 2y(z,y) + 2s0(x,y) < 1;

(c)d(Sz, Ty) Zoc (x,y)d(x,y) + HepldeSnlduLy)
+(2,y)[d(x, Sx) + d(y, Ty)|+6(x,y)[d(x, Ty) + d(y, Sz)].  (2.2)

Then S and T have a unique common fixed point.

Proof. Let z,y € X, from (2.2) we have

z,Sx d(z,Sz)]d(Sz, TSz
d(S, TSx) Zox (x, Sx)d(z, Sx) + HeSoltdeSeldseTss)

+v(z, Sz)[d(x, Sz) + d(Sx, T'Sx)]
+0(x, Sz)[d(x, TSx) + d(Sz, Sx)]
3 (x, Sz)d(x, Sx) + f(x, Sz)d(Sz, T Sx)

+v(x, Sx)[d(x, Sx) + d(Sz, TSx)]
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+58(x, Sz)[d(x, Sz) + d(Sz, TS7)]
which implies that
\d(Sz, TSz)| < (x, S)|d(x, Sz)| + B(x, Sz)|d(Sz, TSz)|
+y(x, S2)|d(z, Sz) + d(Sz, TS7)|
+s6(x, Sz)|d(z, Sz) + d(Sz, TSz).  (2.3)
Similary, from (2.2) we have,

d(STy, Ty) Zo< (Ty, y)d(Ty, y) + 20l el S LudT)

+(Ty, y)[d(Ty, STy) + d(y, Ty)]

+0(Ty, y)[d(Ty, Ty) + d(y, STy)]

which implies that

|d(STy, Ty)| <o (Ty, y)|d(Ty, y)| + BTy, y)[1 + d(Ty, STy)|| t1as|
+y(Ty, y)|d(Ty, STy) + d(y, Ty)|+s6(Ty, y)|d(y, Ty) + d(T'y, STy)|
d(STy, Ty)| <oc (Ty, y)ld(Ty,y)| + B(Ty, y)|d(STy, Ty)|
+v(Ty, y)|d(STy, Ty) + d(Ty, y)|

+s6(Ty, y)|d(STy, Ty) + d(Ty,y)|.  (2.4)

Let zp € X and the sequence {z,} be defined by (2.1).

We show that {x,} is a Cauchy sequence. From Propostion 2.1 and inequalities (2.3), (2.4)
and for all K =0,1,2, — — — — — , we obtain

|d($2K+1,$2K)| = |d(ST552K—1,T352K—1)|
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<x (Txog—1,Tar—1)|d(Txox 1, Tor—1)|

B(Txor 1,02k —1)[1+d(Txox—1,5Txox—1)||d(xax—1,T 22K —1)|
+
[1+d(Txor 1,025 —1)|

+7(T$2K—1, I2K—1)|d(TI2K—1, ST$2K—1) + d($2K—1, T$2K—1)|

+0(Txor—1, xox—1)|d(Tvok—1, Txar—1) + d(T2r—1, ST T2k —1)|

=X (HTQK,x2K71)’d($2K,9€2K71)|

Blxak o —1)|1+d(zar ok +1)||d(@ak —1,%2K)|
+
[1+d(z2r 225 1)

+7($2K, $2K—1)|d($2K, $2K+1) + d(CC2K—1, $2K)|

+0(z2k, Tar—1)|d(T2k, Tor) + A2k -1, Tar11)|

|d(xox 11, Tor)| <X (Tor, Tor—1)|d(Tok, Tag 1)

+08(x2x, Tax—1)|d(Tax 41, Tar )|

+’7(5E2K, $2K—1)|d($21{+17 $2K) + d(ﬁzK, sz—1)|

+50(zar, Tor—1)|d(T2k 11, Tox ) + d(T2k, Tax—1)|

< (xo, Tar—1)|d(T2r, Tarc—1)|

+B8(x0, vor—1)|d(T2r 41, T2k )|

+y(x0, Tar—1)|d(T2r 11, Tar ) + d(T2k, Tar—1)|

+5(x0, Tax—1)|d(Tox 41, Tor) + d(T2k, Tak—1)|

<o (zg, 21)|d(22K, Tar—1)| + B(xo, 21)|d(T2k0+1, T2k )|
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+7(xo, 1) |d(x2K 11, Tox ) + d(T2k, Tax—1)|
+50(z0, 1) |d(x2K 41, Tar ) + d(Tak, Tare—1)|
which yeilds that

|d(22r 11, Tax )| < 13((%@1)+W(ﬂco,m1)+sa(x0,

z1)
B(mo,wl)—'y(zg,xl)—sé(wo,;lr1) |d($2K’ 1‘2[{_1)|.

Similarly, one can obtain

oc(mo,ml)+W(x0,x1)+55(xo,ax1
< 1-B(zo,z1)—7(z0,21)—50(x0, x1)| ($2K+1’x2K)|'

|d(5172K+2, 1’2K+1)|

o<(x0,1)+7(0,21)+5(z0,1)

= Alooe0)— wo ) —so(wowr) < L1*

Let p =

Since o (zg, 1) + B(xo, 1) + 27(x0, 1) + 250(20, 1) < 1, thus we have
|d(@ns1-Tns2)| < pld(2n, Tpia)] < — — = < pHd(zo, 20)]. (2.5)
Thus for any m > n,m,n € N,

|d(n, 2m)| < s|d(2n, Tnga)| + s|d(2ni1, )]

< sld(@n, Tpa1)| + S|d(@nr1, Tns2)| + 8% d(Tni2, Tm)]

< sld(@n, Tpi1)] + 32|d($n+17 Tny2)| + 53|d(xn+2a Tny3)|
+ = — = —+ 8" Nd(zp2, Ton1)| + 8™ d (T, Tn) |-

By using (2.5), we get
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(@0, Tm)| < sp”|d(zo, z1)| + 82" d(@o, 21)] + %" |d (o, 71

b 2 )| 7 g, )|
_ Zsiﬂi+n_l|d($0> z1)].
i=1
Therefore,
A, )] < 37 g, )
i=1
m—1 e’}
= sl < 3 (sp) (o, )
t=n t=n
=S (o, 1 )|

and so,

3

A, )| < 2

1*5;},|d($07$1)| — 0 as m,n — 0.

This implies that {z,} is a Cauchy sequence in X. Since X is complete, there exists some

u € X such that x, — v as n — oo. Let on contrary u # Su, then there exists z € X such

that
|d(u, Su)| = |z] > 0. (2.6)
So by using the triangular inequality and (2.2), we get
z = d(u, Su)
3 sd(u, Tapy2) + Sd(T2n42, Su)
= sd(u, Topy2) + sd(Tx2p41, Su)

3 sd(u, Topy2) + 8 X (U, Toni1)d(u, Tan11)

EELEICE P IERY) [1+d(u,Su)ld(®2n41,TT2n+1)
1+d(u,ac2n+1) :




10 FIXED POINT THEOREMS IN COMPLEX VALUED B-METRIC SPACES

+87(u7 $2n+1) [d(U, SU) + d(I2n+1, T$2n+1)]

‘|‘85(u, x2n+1)[d(u, Tx2n+1) + d($2n+1, SU)]

= sd(u, Tony2) + 5 < (U, Topt1)d(U, Taptr)

+ 3B(w,xon41) [1+d(u,Su)|d(T2n+1,2n+2)
1+d(u,z2n+1)

+S’7(U, x?n—i—l)[d(u; Su) + d(an—i—ly x?n—&—?)]

—l—sé(u, I2n+1) [d(u, $2n+2) + d(l’2n+1, SU)]

2 sd(u, Topya) + 5 < (u, z1)d(w, Ton41)

+ sB(u,x1)[14+d(u,Su)|d(x2n+1,22n+2)
14+d(u,z2n41)

"‘S’Y(U, $1)[d(u, SU) + d(l’2n+1, I2n+2)]

+85(U, 1’1) [d(u, x2n+2) + d($2n+1, SU)]

This implies that

2| < ld(u, Su)| < sld(u, 2ania)| + 5 o (u, 21)]d(; Top11))]

+ sB(u,z1)|[1+d(u,Su)]||d(T2n+1,T2n+2)|
[1+d(u,z2n+1)|

+57(u, 1)|2 + d(T2n+1, Tant2)|

+50(u, z1)|d(u, Tons2) + 2|.

Letting n — o0, it follows that
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2| < sly(u, 1) + 6(u, 21)]|2]
< s[oc (u, 1) + B(u, 1) + 2v(u, 1) + 26 (u, 21)]|2|
< 2|,
a contradiction and so |z| = 0, that is u = Su. It follows similarly that v = T'u.

We now show that S and T have unique common fixed point. For this, assume that v*in X
is another common fixed point of S and 7. Then

d(u,u*) = d(Su, Tu*)

* * w,u*)[14+d(u,Su)]d(u*, Tu*
S )+ 2t

+7(u, w*)[d(u, Su) + d(u*, Tu*)]

+6(u, u*)[d(u, Tu*) + d(u*, Su)]

2o (u, u*) + 28 (u, u*)|d(u, u*).

Therefore, we have

|d(u, uw*)| < [ox (u, w*) + 26(u, u*)]|d(u, u*)|.

Since o (u,u*) + 26(u,u*) < 1, we have |d(u,u*)] = 0. Thus v = u*, which proves the
uniqueness of common fixed point in X. This completes the proof of the Theorem. By
putting S =T in Theorem 2.3, we deduce the following corollary.

Corollary 2.4. Let (X, d) be a complete complex valued b-metric space with the coefficient
s>1andlet T : X — X. If there exist mappings o, 3,7, : X x X — [0,1) such that for
all z,y € X :

(a) oc (T'x,y) <o< (z,y) and o (z,Ty) < (z,y),
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B(Tz,y) < B(x,y)and Bz, Ty) < B(z,y),

Y(Tz,y) < y(w,y) andy(x, Ty) < v(z,y),

6(Tx,y) < 0(x,y) and d(x, Ty) < 6(z,y);

(b) o< (z,y) + Bz,y) + 2y(z,y) + 2s0(x,y) < 1;

(€) (T2, Ty) Zox (1, y)d(,y) + Lol deT Ty
+y(z,y)|d(z, Tz) + d(y, T'y)]
+0(z,y)[d(z, Ty) +d(y, Tx)]. (2.7)
Then T has a unique fixed point.

The following theorem is closely related to Corollary 2.4 with v =9 = 0.

Theorem 2.5. Let (X, d) be a complete complex valued b-metric space with the coefficient
s> 1andlet T : X — X. If there exist mappings o, : X x X — [0,1) such that for all
r,y € X :

(a) o< (T'r,y) <oc (z,y) and o (z,Ty) <o (z,y),
B(Tx,y) < B(x,y) and B(z, Ty) < B(z, y);

(b)  s{oc (w,y) + B(z,y)} < 1;

(¢) d(T, Ty) Zox (v, y)d(z,y) + Bla,y) LeTplideTn] (o)

Then T has a unique fixed point.
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Proof. Let zp € X and the sequence {x,} be defined by x,,1 = Tx,, where n =
0,1,2,— — — — — — — . (2.9)

We show that {z,} is a Cauchy sequence. From (2.8) we have
d(Tpy1, Tnyo) = d(Twn, T )

jOC (l‘n, xn-i—l)d(xm xn—f—l)

A(@n41,TTn+1)[1+d(zn,Tzn)]
+B($n> xn—f—l) 1+d(@n,Tnt1)

=X (-Tna xn—i—l)d(x?h $n+l)

A(@Tnt1,2n42)[14d(@n,Tni1)]
+6($n7 mn«H) 1+d($n,$n+1)

=X (T, Tpi1)A( Ty, Ty1) + B(@ny Tpg1 )d( a1, Trya)-
It follows from (a) that
d(@n+1, Tnt2) 3K (Tns Tt )A(Tn, Tps1) + B(Tn, Tna1)d(Tnt1, Tnra)
3¢ (@0, Tnt1)d(Tns Tnt1) + B(Z0, Ts1)d(Tnt1, Tngo)
2o (2o, 20)d(Tp, Tpt1) + B(To, o) d(Tni1, Tntz)-
Therefore
(41, Tng2)| <o (20, o) |d(@n, Tt )| + B0, To)|d(Tns1, Tnsa)|
and hence
(20,0

‘d<$n+1,$n+2>| S m‘d(l’n,%n+1>|, fOI‘ all n — 0, 1, 2, _— — —.

Since s{ox (xo,z0) + B(z0,z0)} < 1 and s > 1, we get o (o, zo) + B(z0,20) < 1. Therefore

with p = X&o:z0)

T—B(x0,x0) < 1,we have

|d(Xps1, Tnio)| < pld(x,, 2p4q)|, foralln =0,1,2, — — — —.
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By similar argument as Theorem 2.3, we have {z,} is a Cauchy sequence in (X, d). By the
completeness of X, there exists some u € X such that z, — u as n — oo. Next, we show
that u is a fixed point of T. Then

d(u,Tu) 2 d(u, Tz,) + d(Tx,, Tu)
r_\</ d(u7 In-l—l)—i_ X (‘/ETU U)d(fﬁn, U)

d(u, Tu)[14+d(xn,Txn

r-\<./ d(uaxn—i-l)_‘_ X ($07u)d(xnau)

3 (o, ) AT ),

Letting n — oo, it follows that

|d(u, Tu)| < B(xo, w)|d(u, Tu)|,

a contradiction and so |d(u, Tu)| = 0 that is u = T'u.

Finally, we show the uniqueness. Suppose that there is u* € X such that u* = T'w*. Then

d(u,u*) = d(Tu, Tu")

jO( (u, u*)d(u7 u*) + 6(“7 u*)d(u*,jlqiigizd*()u,Tu)]

= (u, u*)d(u, u*)

and so d(u,u*) = 0, since & (u,u*) < 1. This implies that u* = u, completing the proof of

the theorem.
3. Deduced results

We deduce the main result of [13] as follows.
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Theorem 3.1. Let (X, d) be a complete complex valued b-metric space with the coefficient
s> 1landlet ST : X — X. If there exist mappings o, 5 : X — [0,1) such that for all
T,y € X:

(8) o (S2) <ox () and B(S) < A(x),
x (Tr) < (x)and (Tx) < B(z);
(b)  s{oc(z) +B(2)} < L;

z)d(x,Sx ,
(¢) d(S, Ty) Fx (x)d(w, y) + LMESDOT (3 )

Then S andT have a unique common fixed point.
Proof. Define A\, : X x X — [0,1) by
Mz,y) =x (z) and pu(x,y) = B(x), for all z,y € X.  (3.2)
Then for all x,y € X,
(a) MT'Sz,y) =oc (TSz) <ox (Sz) <o (z) = A(z,y) and
Az, STy) =oc () = Az, y),
p(T'Sz,y) = B(TSw) < f(Sx) < f(x) = p(w,y) and
p(z, STy) = B(z) = p(z,y);

(b)  s{A(z,y) + plz,y)} = s{oc () + B2)} < 15

z)d(z,Sz)d(y,
(c) d(Sz,Ty) Zx (z)d(x,y) + 2 §+d(m),ygy =

d(xz,Sx)d(y, T
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Then by Corollary 2.6[12] (Complex valued b-metric space version), S and T have a unique

common fixed point.

The following Corollary is obtained from our Theorem 2.3.

Corollary 3.2. Let (X, d) be a complete complex valued b-metric space with the coefficient
s>1andlet S,T: X — X. If there exist mappings o, 3,7, : X — [0, 1) such that for all

T,y € X:

(a) o< (T'Sz) <o (), B(T'Sx) < f(x),7(T'Sx) <~(x) and

(T Sz) < d(x);

(b) o (z)+ B(z) + 2v(x) + 2s6(x) < 1;

z d(z,Sx)]d(y,T
(c) d(Sz, Ty) Zo< (x)d(z,y) + 24 )[HH(d(mj]) s

+y(@)[d(z, Sx) + d(y, Ty)]
+0(x)[d(z, Ty) + d(y, Sx)].  (3.3)
Then S andT have a unique common fixed point.

Proof. Define o, 3,7,0 : X x X — [0,1) by

x (z,y) =o< (z), B(z,y) = B(z),v(z,y) = y(z) and 6(z,y) = (), forall z,y € X.

Then for all z,y € X,

(a) < (T'Sz,y) =x (T'Sz) < () =x (z,y) and x (z,STy) = (z) = (z,y),

ﬁ(TS:L‘,y) = B(TS‘T) < B(l’) = ﬂ(x,y) and B(.Z', STy) = ﬁ(iL‘) = ﬁ@%y),

Y(T'Sx,y) =~v(TSz) < v(x) = y(z,y) andy(x, STy) = v(v) = v(x,y),

(3.4)
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I(TSx,y) =(TSx) <d(x) =d(z,y) and 0(z, STy) = 0(z) = §(x,y);

(b) o (z,y) + B(x,y) + 2v(x,y) + 2s0(x,y) =x (z) + B(x) + 2v(x) + 286 () < 1;

T d(x,Sz)]d(y,T
(c) d(Sz,Ty) Zox (w)d(x, y) + AL dwL)

+y(x)]d(x, Sx) + d(y, Ty)]

+6(x)[d(z, Ty) + d(y, Sz)]

z,y)[1+d(x,Sz)]d(y, T
= (z,y)d(x,y) + Blz.y)| —]ij-i-(d(x,y))] (v, Ty)

+(@,y)ld(z, Sz) + d(y, Ty)] +0(z,y)[d(z, Ty) + d(y, Sx)].  (3.5)
By Theorem 2.3, S andT have a unique common fixed point.

Letting o (.) =ox, 5(.) = B,7(.) = v and 4(.) = § in Corollary 3.2 gives the following result
proved by Nashine and Fisher [9] (Complex valued b-metric space version).

Corollary 3.3. If SandT are self-mappings defined on a complex valued b-metric space
(X, d) with the coeflicient s > 1 satisfying the condition

1+d(x,Sx)|d(y,T"
d(Sz, Ty) Soc d(x, y) + HHAEEU0T0)

+yld(x, Sx) + d(y, Ty)]

+6[d(x, Ty) + d(y, Sx)] (3.6)

for all z,y € X, where o, 3,y and ¢ are nonnegative reals with o< +5 4 2y + 2sd < 1. Then

S andT have a unique common fixed point.
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