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ABSTRACT. We establish a common fixed point theorem for quadruple weakly compatible
mappings satisfying construction modulus in complete metric space. Presented theorem
generalize and extend the results of [Parvaneh Vahid, Some common fixed point theorem
in complete metric space, Int. J. Pure Appl. Math. 76 (2012), 1-8]. We also provide an
example which shows that our result is a proper generalization of the existing one.

1. INTRODUCTION

Until 1968, Banach contraction principle was the main tool used to establish existence and
uniqueness of fixed points. It has been used in many different fields of mathematics. One of
the essential and initial result in this direction was proved by Stefan Banach in 1922, when
Banach stated and proved his famous result (Banach contraction principle). The field of
fixed point theory that is involving four single valued maps, began with the assumption that
all of the maps are commuted. In 1998, the concept of weakly compatible pairs of mappings
has been introduced by Jungck [5], that is the class of mappings such that they commute
at their coincidence points. Recently literature of fixed point theory obtained coincidence
point and common fixed point results for different classes of mappings on various metric
spaces such as complete metric spaces, partially ordered metric spaces, cone metric spaces.
For a survey of coincidence point theory, its applications, comparison of different contractive
conditions and related results, we refer to [4] and references contained in it. Recently, Choud-
hury [2] prove a common fixed point theorem for weakly C-contractive mappings satisfying

the weakly compatibility without using the notion of continuity and Vahid [6] prove a two

Keywords: common fixed point; contractive mapping; weakly C-contractive.

(©2020 Science Asia



2 A COMMON FIXED POINT THEOREM IN COMPLETE METRIC SPACE

self mappings of a metric space to be weakly compatible. The main purpose of this paper is
to present fixed point results for two pair of maps satisfying a new contractive condition by
using the concept of weakly compatible maps in a complete metric space.

2. PRELIMINARIES

We recall the definitions of complete metric space and other results that will be needed in
the sequel.

Definition 2.1. A mapping 7' : X — X where (X, d) is a metric space is said to be a

1

C-contraction if there exists o € (0, 5

holds:

) such that for all z,y € X the following inequality

d(Tz,Ty) < a(d(z, Ty) + d(y, T'x))

The concept of C-contraction was defined by S.K. Chatterjea [1] in 1972 and he has proved
that if (X, d) is a complete metric space, then every C-contraction on X has a unique fixed

point.

In 2009, Choudhury has introduced weak C-contraction given by the following definition.
Definition 2.2. (see [2]) A mapping T : X — X, where (X, d) is a metric space is said to
be weakly C-contractive (or a weak C-contraction) if for all z,y € X,

d(Tz,Ty) < 5(d(z, Ty) + d(y, Tx)) — ¢((d(z, Ty),d(y, T))),

where ¢ : [0,00)% — [0,00) is a continuous function such that p(z,y) = 0 if and only if
r=1y=0.

In [2], he proved that if (X, d) is a complete metric space, then every weak C-contraction

on X has a unique fixed point. Recently vahid [6] proved the following result.

Theorem 2.3. Let (X,d) be a complete metric space and E be a nonempty closed subset of
X. Let T, S : E — FE be such that,
d(Tz, Sy) < 5(d(Rz, Sy) + d(Ry, Tx)) — ((d(Rz, Sy), d(Ry, Tx)))

for every pair (z,y) € X x X, where ¢ : [0,00)* — [0,00) is a continuous function such that
o(z,y) =01if and only if x =y =0 and R : F — X satisfying the following hypotheses:

(i) TE C RE and SE C RE.
(ii) The pairs (T,R) and (S,R) are weakly compatible. xms In addition, assume that R(E)
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is a closed subset of X. Then, T and R and S have a unique common fixed point.

Most recently K.C. Deshmukh et al. [3] prove a Generalization of a fixed point theorem
of Suzuki type in complete metric space given the following,

Theorem 2.4. Let (X, d) be a nonempty complete metric space and 7" : X — X be a
mapping satisfying %d(m, Tz) < d(z,y) implies

d(Txz, Ty)+ p mazxld(z,y),d(x,Tx) + d(y, Ty),d(x, Ty) + d(y, Tz)]

< ad(z,y) + b[d(z, Tx) + d(y, Ty)] + cld(z, Ty) + d(y, T'v)]
wherea > 0,b>0,c>0,p > 0and a+2b+2c—2p = 1. Then T has a unique fixed point.

Definition 2.5. Let T and S be two self mappings of a metric space (X, d). T and S are
said to be weakly compatible if for all x € X the equality Tx = Sx implies T'Sx = ST'x.

3. MAIN RESULT

In this section we prove a common fixed point theorem for two pairs of weakly compatible
mappings in complete metric spaces using a contractive modulus. This is the generalization

of [Theorem 4] of Vahid [6].

Theorem 3.1. Let (X, d) be a complete metric space and let E be a nonempty closed subset
of X. LetT,S : E — E be such that,

(31)  d(Te,Sy) < S(d(Rr, Sy) + d(Py, Ta)) — p((d(Rx, Sy), d(Py, Tr).

For every pair (z,y) — X x X, where ¢ : [0,00)> — [0,00) is a continuous function
such that o(x,y) = 0 if and only if x =y =0 and R, P : E — X satisfying the following
hypotheses:

(i) T(E) C R(E) and S(E) C P(E),
(ii) The pairs (T, P) and (S, R) are weakly compatible and we assume that if R(E) and
P(E) are closed subsets of X. Then T, R, S and P have a unique common fized point.

Proof. Let xy € E be arbitrary. Using (i) there exist tow sequences {x, }>° , and {y, }°°, such
that yo = Txg = Rxy,y1 = Sty = Pxo,yo = Txyg = Rrs, ..., y2n = Txop = R¥oni1, Yoni1 =
Sxopni1 = Propio,. ..

We complete the proof in three steps.

Step I. We will prove that lim,, o d(yy, Ynt1) = 0. Then from (3.1), we suppose that n = 2k
then,
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(3.2) d(Yor+1, Yor) =A(T ok, STop11)
<= (d(Rxak, Stort1) + d(Pxogi1, Txor))

- @(d(Rﬂizlm S$2k+1>7 d(PﬂUzkH, Tfli'zk))

DN | —

1
:§(d(y2k—l7 Yor+1) + d(Yak, Yor))
- SO(d(?JQk—l, y2k+1), d(yzk, ka))

1
Sid(y%—la Yok+1)

1
§§(d(y2k—17 Yor) + d(Yok, Yor11))
Hence, d(yok+1, yor) < d(Yor, Yok—1)-

If n =2k + 1, similarly we can say that

d(Yart2, Yorr1) < d(Yor41, Yor)

Therefore d(y,+1,¥y,) is a decreasing sequence of nonnegative real numbers and hence it is
convergent.
Suppose that, lim,_0od(Yn+1,Yn) = r. From the above argument we have,

1
(3.3) d(Yn+1, Yn) < §d(yn71, Yn+t1)

1
S §<d(yn—17 yn) + d(yna yn+1>)‘
Taking n — oo, we have
, 1
r < llmnﬁméd(yn—layn—f—l) <.

Therefore, lim, ood(Yn—1, Ynt1) = 27

We have proved in (3.2)

(3.4) d(Yor+1, Yor) =d(T ok, STopi1))

1
Sé(d<y2k717 y2k+1) + d(y2ka y2k)) - @<d<y2k71> ?/2k+1), d(y%, yzk))-

Now, if k¥ — oo and using the continuity of ¢ we obtain

1
r < 527” — ¢(2r,0),
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and consequently, ¢(2r,0) = 0. This gives that

(3.5) = 1My —ood(Yn, Ynt1) = 0

by our assumption about (.
Step II. Now we prove that, {y,} is Cauchy.
I d(Yns1, Yns2) < d(Yn, Yni1), it is sufficient to show that the sub- sequence {ys,} is a Cauchy
sequence. Suppose that {ys,} is not a Cauchy sequence. Then there exists € > 0 for which
we can find subsequences {yomk)} and {yank)} of {y2n} such that n(k) is the least index for
which n(k) > m(k) > k and d(Yom), Yonr)) = €-

It is clear that

(3.6) d(Yom(k), Yon(k)—2) < €
From triangle inequality, we get

(3.7) € <d(Yam(k)» Yon(k))
<d(Yam(k) Yon(k)—2) T Ad(Y2nk)—2: Yonk)—1) + Aly2nk)—15 Yon(k))

IN

d(Yan(k)—2> Yon(k)—1) + A(Yonk)—1, Yon(k)))-
Letting k£ — oo and using (3.5) we conclude that
(3-8) Mmk—mod(me(k)’ an(k)) =e

Now, we have

(3.9) |d(Y2mk) Yonk)+1) — A Y2mr) Yoni))| < d(Y2n k) Yon)+1)
and

(3.10) | d(Y2n (k) Yomk)—1) — A Y2nk)> Yomk))| < A(Yom(k)> Yomr)—1)
and

(3.11) |d(Yan(k), Yomr)—2) — A(Y2nk)s Yoamk)—1)| < d(Y2mp) -2, Y2mk)—1)-

Using (3.5), (3.8), (3.9), (3.10) and (3.11) we get

(3'12) limkﬁood(ygm(k)_l, y2n(k)> leimkﬁood(yzm(k)—la yZn(k:)—l)
:l’imkﬁood(y2m(k)—27 y?n(k))

=E.
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Then, from (3.1) we have
(3.13) A(Yomk) -1, Yon(k)) =A(TTan(k), STomk)—1)
1
Sg(d(RIQn(k), STomky-1) + A(PTom)—1, Tonw)))

— @(d(Rxan(ky, STom)-1), A PTomp)y—1, T Tan(k)))

N[ —

:_(d(an(k)—la y2m(k)—1) + d(y2m(k:)—27 y2n(k)))
— o(d(Y2n(k)—15 Yom(k) 1), AYom(k)—2, Yon(k)))

<= (d(Yomk)—1, Yomk)) + A(Y2m(k)> Yomr)+1))-

DO | —

Letting k — oo in the above inequality, from (3.12) and the continuity of ¢, we have

e< —(e+¢e)— e e)

N | —

and from the last inequality ¢(e,e) = 0. By our assumption about ¢, we have € = 0 which
is a contradiction. At last we show that,

Step III. T, S, R and P have a common fixed point.  Since (X, d) is complete and {y,}
is Cauchy, there exists z € X such that lim, .oy, = z. Since E is closed and {y,} C F,

we have z € E. By assumption R(E) and P(E) are closed, so there exists u € F such that
z=Ru= Pu. Foralln € N,

(314) d(TU, y2n+1) :d(TU, S$2n+1)

<

N | —

(d(RU, S$2n+1) + d(PZEQn+1, TU))
- QO(d(R'LL, Sx2n+1>7 d(Px2n+17 TU))

1
=§(d(zay2n+1> + d(yan, Tw))
— p(d(Ru, Sxons1), d(Pxoyi1, Tu))).

Letting n — oo,

d(Tu,z) < =(d(z,2) + d(z,Tu)) — ¢(d(Pu, z),d(z, Tu))

N | =

and hence
1

which implies d(z, Tu) = 0. Therefore Tu = .
Similarly Su = z. So Tu = Su = Ru = Pu = z. Since the pairs (P,T) and (R, S) are
weakly compatible, we have Tz = Sz = Rz = Pz.
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Now we have
(3.15) d(Tz,yon+1) = d(Tz, Sxoni1) S%(d(Rz, STont1) + d(Proni1, T2))
— @(d(Rz, Stant1), d(Proni1, T2))

= (A2, o) + Ay, T2)
— (d(Rz, y2n+1), d(y2n, T'2)).
Letting n — oo, since Tz = Sz = Rz = Pz, we obtain
(3.16) d(Tz, z) :%(d(Tz, 2)+d(z,Tz)) —p(d(Tz,z2),d(z,Tz)).

Hence, ¢(d(T'z,z),d(z,Tz)) = 0 and so d(Tz,z) = 0. Therefore Tz = z and from Tz =
Sz = Rz = Pz we conclude that Tz = Sz = Rz = Pz = 2.

Uniqueness of the common fixed point follows immediately from (3.1).

Remark 3.2. If we take P as identity map on X in Theorem 3.1, T =S = R and E = X,
then from above theorem we obtain [Theorem 4] Vahid [6] result . O

Now we provide an example to validate our result.
4. TLLUSTRATIVE EXAMPLE

Let X = R be endowed with the Euclidean metric and let E = {0,%, 1 1}.

)39 9

Let T,S:E—)EbedeﬁnedbyTO:T%

T%:O,leéandSa:zO,foraller.
Let R,P: E — X and ¢ : [0,00)> — [0,00) be defined by R0 = 0, Ri = 1, R} =

R1=1and P(0) = P(1) =0, P3 , P; =0 and ¢(t,s) = 55.

We have from Theorem 3.1,

d(T, Sy) < 1(d(Rz, Sy) + d(Py, Tx)) — p((d(Rz, Sy), d(Py, Tx)))

o(z,y) =0, if x =y = 0 and only if

1
2

for x =0,
0<2[040—p(0,0)]=+.
for x =1,

3 Sall+5 - 9] = R
forx:%,
0<3l3+35— G 35)]= 5
forx:%,

0< i+ - D= &)
By calculation we see that all conditions of Theorem 3.1 hold. Hence T, S, R and P have a
unique common fixed point (z = 0) by Theorem 3.1.
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