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ABSTRACT. In this paper we consider the generalized iteration of n entire functions and
compare maximum modulus and maximum term of generalized iterated entire functions

with that of the n entire functions.

1. INTRODUCTION AND DEFINITIONS

For an entire function f(z) = > % an2", let M(r, f) = maxp= |f(2)| and p(r, f) =
max,, |a,|r™ are respectively called maximum modulus and maximum term of f(z) on |z| = r.
In 1997, Lahiri and Banerjee [7] considered two entire functions f(z) and g(z) and formed
the relative iterations of f(z) with respect to g(z) as follows.

fl( ):f( )
fa(2) = f(9(2)) = f(9:(2))
f3(2) = f(9(f(2))) = f(g2(2)) = f(9(f1(2)))

Ful2) = F(alF(F(2) or 9()).)

according as n is odd or even

and so are g,(z).

With this definition of iteration, several researchers (see for example [2], [3], [4]) made close
investigation on growth properties of maximum modulus and maximum term of iterated
entire functions and achieved various results.

After this in 2012, Banerjee and Mondal [1] introduced a more general type of iteration,
called generalized iteration as follows.

Let f and ¢ be two nonconstant entire functions and « be any real number satisfying
0 < a < 1. Then the generalized iteration of f with respect to g is defined as follows.
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frg(z) = (1 =)z +af(z)
fag(2) = (1 = @)g1(2) + af(91,1(2))
f39(2) = (1 = a)ga s(2) + af(g2,4(2))

fag(2) = (1 = @)gn-1,¢(2) + af(gn-1,+(2))
and so are

g14(z) = (1 — )z + ag(z)

92,4(2) = (1 = @) f1,4(2) + ag(fi4(2))
93,1(2) = (1 — @) fo,4(2) + ag(f2,4(2))

G (2) = (1 = @) fa10(2) + ag(Fa14(2)):

Recently Banerjee and Sarkar [5] considered n entire functions fi(z), fa(2), ..., fn(2) and de-
fined the relative iteration of n entire functions as follows.

Fi(z) = fi(z)

Fy(2) = f2(f1(2)) = f2(F1(2))

Fu(2) = fulFat (L) = fulFaca(2)), n = 2.

Now we introduce a more general type of iteration, called generalized iteration of n entire
functions as follows.

Let fi1, fo,..., fn are n entire functions and « be any real number satisfying 0 < o« < 1. Then
we define

Fi(z) = (1- )z +afi(2)

Fy(z) = (1 = a)Fi(z) + afo(Fi(2))

Fy(z) = (1 — ) Fa(2) + afs(Fa(2))

Fo(z) = (1 = ) Faa(2) + afu(Faa(2)).
Note 1.1. For a = 1, generalized iteration reduces to relative iteration of n entire functions.
Following Sato [8], we write log¥z = z, expl”z = 2 and for positive integer m, logl™ax =

log(log™=Yz), exp™a = exp(exp™r).

First we need the following definitions.
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Definition 1.1. The order p; and the lower order Ay of an entire function f are defined as

log? M f)
py = limsup ————=
r—00 logr
logPI M
and As = liminf 29" M 1)
=00 logr

Singh [9] proved the following relation between M (r, f) and u(r, f) as follows.
For0<r<R

R
p(r, f) < M(r, f) < mN(R,f)-
Then one can easily obtain
. log® u(r, f)
pf = limsup —————
r—00 logr
and -
l 2
As = liminf 29 S).
r—00 Og?”

The main purpose of this paper is to compare the maximum modulus and maximum term

of generalized iterated entire functions with that of the generating functions.

2. KNOwWN RESULTS

During the proof of our main results we shall need the following lemmas.

Lemma 2.1. [6] Let f(z) and g(2) be entire functions with g(0) = 0.

Let v satisfy 0 < o < 1 and let C(a) = %. Then forr >0

M(r, fog) = M(C(e)M(ar, g), f)-

Further if g(z) is any entire function, then with o = 1/2, for sufficiently large values of r

1 T

M(r, fog) 2 M(ZM(5,9) = l9(0)], f)-
Clearly
(2.) M(r.fog) > MM g). 1)

On the other hand from the definition we have

(2.2) M(r, fog) < M(M(r,g)), f)-
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Lemma 2.2. [9] Let f(z) and g(z) be entire functions with g(0) = 0.
Let a satisfy 0 < a < 1 and let C(a) = %. Also let 0 <6 < 1. Then

p(r, fog) > (1—30)u(Cla)u(adr,g), ).

And if g(z) is any entire function, then with o = 6 = 1/2, for sufficiently large values of r

uir, fog) > SuEuC.g) — 9O, ).

— 2 '8 4
Clearly
(2.3) (r.f 0.9) > p(o=pl=,9), f)
‘ ,LLT', g —QlLL 16M 47g7 .

Lemma 2.3. [9] Let f(z) and g(z) be any two entire functions. Then for every a > 1 and
0<r<R,

Q@ aR
< .
wr,fog) < —mlp—n(R.9). f)
Clearly for « =2 and R = 2r
(2.4) p(r, fog) < 2u(4p2r, g), f).

3. MAIN RESuULTS

In this section we present the main results of the paper.

Theorem 3.1. Let fi, fo, ..., fn are n entire functions having positive lower orders and of
finite orders and suppose Y M(5.Fn))* > M(r, F,,) holds for every v >0, 6 >0 . Then

log? M (r, F,)
3.1 li J _
3 roo logPIM(r 2 fi) —

for every positive constant A and 1 < k < n.

Proof. Let us suppose that 0 < a < 1. Choose 0 < € < min{\(f;), i =1 to n}. Now for
all sufficiently large values of r, using (2.1) we get

M(T’ Fn) M(r7(1 _a)Fn—1+afn(Fn—l>)

> M(r,afo(Fo1)) = M(r, (1 — a)Fyy)
1 r

—M(=
16 "2

v

aM( yFu1), fo) = (L —a)M(r, F—y).
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So for all sufficiently large values of r we get
1 r

log® M (r, F,)) > log[Q}M(EM(i, E,_
.

> (M) = Nlog (e M (L, Foa)) — log®M(r, Fos) +0()

1)7 fn) - 109[2]M<T7 Fn*1> + O(l)

> (A(fa) — e)logM(éa Fo1) — %(A(fn) - e)logM(ga Fo1) +0(1)
%( (fn) — e)logM(2 F..1)+0(1)
> %()\(fn) — log? M (L, F ) +O(1)

> SO — A ) — NogP M (L, Fu) +0(1).

Repeating the process, after (n — 2) steps we get,

1og M (1, Fo) > g () = DA n 1) = ©)-- (M) — e)log® M (55, ) + O(1)
> St ) = A1) — M) — HAf2) — logM (1, Fi) +0(1)
1

ZW( (fn) = )A(fn-1) = €)-.(A (fz)—E)logM(zn (I —a)z+afi)+0(1)

<m»—@<<ﬁwfme5£@aﬁ>1wMgnpa—avn+mn

— (A(fn) —€)(A (fnfl)_E)-"(A(fQ)_E)[ZOQM(Fafl) logM( ;21 +0(1)

1
>
(3.2) 2n=

SO = A1) = 9 (A) = (g P = log =] + O(1).

Now it is possible to choose r sufficiently large so that for every A > 0

(3.3) log M (r?, f) < (p(fi) + €) logr™.
Now from (3.4) and (3.5) we get for sufficiently large values of r,

log® M (r, F,,) s =t (A(fn) = ) (A(fa1) — €)..(A(f2) — €)[(z=
logPI M (14, fi) Alp(fx) +¢€) logr
— 00 as r — oQ.

) A(f1)—e lngnT_l]—i—O(l)

Therefore,
log?!M (r, F},)
im =
r—00 log[Q}M(rA, fr)

So the result (3.1) is proved.
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Theorem 3.2. Let f1, fo,..., fn are n non-constant entire functions of finite orders with

p(f1) < p(fn). Then

[n]
lim inf log " M(r, F)

= 0.
r—00 log[21M<€$p(T/’(f”)), fn)

Proof. We choose ¢, so that 0 < e < p(f.) — p(f1).
Since p(f.) > p(f1) > 0, so that f,, must not be a polynomial. Hence

(3.4) M(r, f,) >
for all large values of 7.
Now for all large values of r, using (2.2) and (3.4) we obtained that
M(r,F,) < (1 —a)M(r, F—q) + aM(r, fo(Fn-1))
< (L= a)M(M(r, Foor), fn) + aM(M(r, Fya), fn)
= M(M(r,F.—1), fn).

Therefore,
logP! M (r, F,)) < (p(fn) + €)logM (r, F\_y).
So,
log®! M (r, F,)) < (p(fa1) + €)logM (r, F_2) + O(1).
Therefore,

log" M (r, F) < (p(fa-2) + )logM (r, F,_3) + O(1).
After (n — 2) steps we get

log" M (r, F,) < (p(f2) + €)logM (r, Fy) + O(1)
= (p(f2) + €)logM (r, (1 — )z + af1) + O(1)
< (p(f2) + e)llogM (r,af1) + logM (r, (1 — a)z)] + O(1)
(p(f2) + €)llogM(r, f1) + logM (r, z)] + O(1)
= (p(f2) + €)[logM (r, f1) + logr)] + O(1)
< (p(f2) + €)[logM (r, f1) + logM (r, f1)] + O(1)

=2(p(f2) + €)logM (r, f1) + O(1)
< (p(f2) + )r?T9 +0(1).
On the other hand, for a sequence r = r, — oo
log® M (r, f) > (p(fu) — €)logr.
Expressing R,, = (log rn)ﬁi’c follows that
log®IM (exp(R{{T), fa) > (p(fa) = €) R/,
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Thus for r = R, (> 1)

log" M(r, Fu) _ (plfs) + 9r#+9 1 0(1)
logPM (eap(r#), 1) = (plfa) = o)
Hence,
PN (r. F
lim inf log (r, Fn) = 0.

r—oo logPIM (exp(rrt)), f,)
Theorem 3.3. Let fi, fa,..., fn are n nonconstant entire functions of finite orders with
Af1) > p(fi) (1 < k< n) and A(f,) > 0 and suppose MG ED" > M(r, E,) holds for every
v>0,0>0. Then
lim log?!M (r, F},) e
r—00 log[Q]M(exp(rP(fk))’ fk)
Proof. We choose ¢, so that 0 < e < A(f1) — p(fx). From (3.2) we get for all » > r

log® M(r, F,) > 2n1_1 (A(fn) = A (fr-1) = €)-.(A(f2) — 5)[(2 —) M= an—l] +O(1).
On the other hand for all r > rg
logP M (r, i) < (p(fi) +€) log 7
i.e., logP M (exp(r"T)), f) < (p(fi) + €) PR,
Thus for all sufficiently large r
logP”IM (r, F,) L T st (A(fn) = A1) = 9--(A(f2) = (=N~ —logzi=] + O(1)

logl2l M (exp(rr(f1)), f1) (p(fr) + €) rPlx)

— 00 as r — oQ.

Hence
lim log® M (r, F,)
im

r—o0 logl2 M (exp(re(f0), £,

Theorem 3.4. Let f1, fo,..., fn are n nonconstant entire functions of positive lower orders

= Q.

and of finite orders and suppose V(5 Fn)® > w(r, Fy,) holds for every v > 0, § > 0 and also

for every positive integer n. Then

lim log@pu(r, F,) e
r—oo logPp(r4, fr)

for every positive constant A and 1 < k < n.

Proof. We choose € such that 0 < ¢ < min{\(f;), i = 1 to n}. Now for all sufficiently
large values of r, using (2.3) we get

u(r, Fy) = p(r, (1 — a)Foy + afu(Foot))

> pulr, afu(Fn)) = plr, (1= @) Fry)

1 r

Son(Gen(h Fu) fa) = (1= a)p(r, Fiy).

v
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So for all sufficiently large values of r we get

log®lu(r, F)>1092]u(116 (Z Fo1), f) = log® u(r, F 1) + O(1)
> (\(F) = Mog(s 5, Far)) — log?u(r, For) + O(1)

1

> (M(fa) = ogn(F, Fact) = 5(Af) = logu(, Facr) +O()
= SO — logn(5, Fur) +0()

> SO = ol )+ 0()

> 5O = YA a1) = og? (15, Fa2) + O(1).

Repeating the process, after (n — 2) steps we get

Lo u(r, Fu) > g (Afa) = OO 1) = M) = log Pl 1. B2) +0(1)

> 21 (A ) = O A1) = - (M(fa) = )A(f2) = Dlogu( g F1) + O(1)
= St (AU) = A n) = 9-(Afa) — ogi( ey, (1~ @)z +afr) +O(1)
> ) =~ OO a) = ) (A(f2) — llogn( gy 0cfy) — zogmﬁ,(l —a)2)] +0(1)
= St ) = A1) = O (Afo) = llogn( gy, f1) — Loga( s, =] + O(1)
P —(A(Fa) = YA fam1) = (A f2) = DUV~ = log 1] + O(L).

Now it is possible to choose r sufficiently large so that for every A > 0

(3.6) log® (1, fi) < (p(fi) + ) logr™.
Now from (3.5) and (3.6) we get for sufficiently large values of r,

logPu(r, F,)  gox (M fa) = ) (A(fa1) — €)..(A(f2) — €)[(7=1)* ¢ — log =] + O(1)
log? (14, fi) A(p(fr) +€) logr
— o0 as r — oQ.

Hence,
loal2!
r=oo logPlu(r4, fi)

This proves the theorem.
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Theorem 3.5. Let f1, fo,..., fn are n mon-constant entire functions of finite orders with
p(f1) < p(fa). Then

g Log"™p(r Fu)
min
T Toga(ep(r) 7,)

Proof. We choose ¢, so that 0 < e < p(f.) — p(f1).
Since p(f,) > p(f1) > 0, so that f,, must not be a polynomial. Hence

(3.7) r < ulr, fu) < 2u(r, f.)

for all large values of 7.

=0.

Now for all large values of r, using (2.4) and (3.7) we obtained that

(1 = a)u(r, Froor) + ap(r, fa(Fn-1))

< (1 —a)4u(2r, F,_1) + ap(r, fo(Fu_1))

< (1 —a)2u(4p(2r, For), fo) + a2p(4p(2r, Fuer), fo)
2p(4p(2r, Frm1), fn)-

Therefore,
log® pu(r, F,) < (p(fn) + €)logu(2r, F_1) + O(1).
So,
log® u(r, Fy) < (p(faz1) + €)logu(2%r, F,_3) + O(1).
Therefore,

log" u(r, F,) < (p(fa-2) + €)logu(2°r, F_3) + O(1).
After (n — 2) steps we get

log" u(r, F,) < (p(f2) + €)logu(2"~'r, Fy) + O(1)
= (p(f2) + O)logu(2"'r, (1 — @)z + afr) + O(1)
< (p(f2) + €)[logu(2"'r, aufy) + logu(2"'r, (1 — a)z)] + O(1)
(p(f2) + €)llogu(2"~'r, f1) + logu(2"~'r, 2)] + O(1)
= (p(f2) + €)[logu(2"~"r, fr) +log2"~'r)] + O(1)
< (p(f2) + €)[logu(2"'r, f1) + logu(2"~'r, f1)] + O(1)

= 2(p(f2) + €)logp(2"~*r, fi) + O(1)
2n— Ly elTe) 1 O(1).
On the other hand, for a sequence r = r, — 0o

log?u(r, fu) < (p(f) — €)logr.
Expressing R, = (log Tn) = it follows that

log® p(exp(REI™), fo) > (p(fa) — €) Ry,

AN
=
=
_l’_
[
~—
—
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Thus for r = R, (> 1)

log"u(r. R _ (plfa) + )2 )P0 1 0(1)
log® u(eap(rr), 1) (0(F) — roF) |

Hence,
log"p(r, F,)
lim inf ;
e logPlu(eap(rii), f,)
Theorem 3.6. Let fi, fo, ..., fn are entire functions of finite orders with A(f1) > p(fi)(1 <
k < n) and M f,) > 0 and suppose e?#(EFD)" > 1y(r F.) holds for every v > 0, § > 0 and
also for every positive integer n. Then

= 0.

. log" u(r, F,)
lim
r—oo lOg[Q],u(exp(Tp(fk)), fk)
Proof. We choose ¢, so that 0 < € < A(f1) — p(fx). From (3.5) we get for all » > r

logm,u(r, F,) > %()\(fn) — &)(A(fa-1) — €)..(A(f2) — 6)[(4:_1

On the other hand for all » > rg

= OQ.

PV —log =]+ O(1).

r
4n—1

log® pu(r, fu) < (p(fu) +€) log r

ice., Log? u(eap(r™), f) < (p(fi) + €) .
Thus for all sufficiently large r

log?u(r, Fo) _ gr(AU) = OAUao1) = 9 (A o) = (20— log o] + O(1)
logPu(cap(reU), fy) (o) + €) rolIe)

— 00 as r — OQ.

Hence,
1' log[Q]/J’<T7 Fn)
1m = OQ.
r—00 log[Q]M(exp(rP(fk))’ fk)
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