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COHOMOLOGICALINDUCTION ON GENERALIZED G-MODULES TO INFINITE
DIMENSIONAL REPRESENTATIONS

PROF. DR. FRANCISCO BULNES

Abstract. Extensions and globalizations of Harish-Chandra modules are used to obtain a representation
theory that includes the cases of non-compact type of irreducible representations studied in the Vogan

program. To it, is extended an infinitesimal character of anti-dominant weight L + p(u), of a
representation H Cp‘q(X ,v), with v, defined for v - X =G /L. In this process, are obtained some

generalized versions of G — modules to the use of differentiable cohomologies.

I. INTRODUCTION

The study of the classification problem of representations carried to determine that the
problem could be solved if is classified all the irreducible unitary representations (open
problem). Actually only have been classified in complete and satisfactory form the
tempered representations and the discrete series or fundamental representations of
Harish-Chandra, and have been obtained progresses in some irreducible unitary

representations such as the characterized for the derived functor Ext ;,K (F,v)=0,forall F,

of finite dimension and all v, irreducible unitary. With respect to the tempered
representations, the classification is completed thanks to the doctoral thesis work of
Garnica [1], directed by the Vogan.

After Vogan and Salamanca-Riba [2], obtain progresses in the classification of a major class
of irreducible unitary representations through of the minimal k - types method [3]. In this
context, the classification of all the tempered representations is realized through of the
generalization of the regular characters that parameterize a canonical representation
determined in the Harish-Chandra class: parameterization that is obtained for the process
of real parabolic induction or cohomological induction in each case.

Since the canonical representation can be discomposed in direct sum cohomologically
induced representations or parabolically through the use of regular characters, was
possible through of the generalization of these characters to obtain subrepresentations in
the Langlands decomposition of all the iduced representations that were irreducible. Of
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this way, is obtained the complete Langlands classification of the tempered representations
and with it a formula of corresponding characters to the Langlands decomposition in
irreducible subrepresentations.

This paper haves the goal of extend and generalize in some sense the results that have been
obtained in the parabolic and cohomological inductions using the concept of the
generalized G - modules from the concept given by Harish-Chandra of G - module but
adding the concept of generalized open orbit to the G - module.

II. VOGAN PROGRAM

In the study realized by Vogan [4], is established the following problem of the
representation theory (P7R). Given an irreducible representation (=,V ), is possible to

give a structure of Hilbert spaceon v, to haveto n, like an unitary representation.

Strictly speaking this bears the questions:

(i). Can we make that v , takes a bilinear Hermitian G - invariant form <,> _?

(ii). If said form exist, Is the form <,>_, positive define?

The goal of the Vogan program is to analyze some difficulties that arise when one tries to
study accurately this program. The difficulties have their origin exactly in the flexibility of
the definition of a representation (=,Vv), of G, a topological group.

Typically wants realize a representation of G, on a space of functions. If G, acts on the set

X, then G, acts on functions on X, for

[z(g)Fl(x)= f(g 'x), ¥Vxe X ygeG (D

The difficulties arise when we try to decide exactly which space of functions on X, is

necessary of consider. Since if G, is the Lie group acting smoothly on a manifold X, then

one can consider the spaces c(x), C (X), C_~(X) orc “(X).

Harish-Chandra establishes that: Each class of infinitesimal equivalence of admissible
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irreducible representations contains at most a class of equivalence of irreducible unitary
representations of G, thisis;

G cq. )

with G , aclass of infinitesimal equivalence of classes of admissible representations of G.
This result in some way establishes a solution or general answer to the problem ( P7R) of
the Vogan program.

However, is required specifying the type of positive defined way that will guarantee the

Hermitian structure of the representation algebra of v, , that induces to <,>_ like a

K ?

Hermitian G - invariant form and thus endows to v, like unitary representation in this

class of infinitesimal equivalence, that is to say, the existence will have been guaranteed of
at least an irreducible unitary representation in the class of unitary equivalence that is
representation of G.

[II.  DIFICULTIES

The existence in a G - invariant continuous Hermitian form <,>_, onV, implies the
existence of <,>_,, onVv,, but the reciprocal is not true. Since v, ,is dense in v , exists a

continuous extension at mostof <,>_,, to v ,but the extension cannot exist.

An important observation that one deduces from some concrete examples is that the
Hermitian form can be defined only on "representations appropriately thin or small”, at
least it is what Vogan puts in evidence inside its program for each class of infinitesimal
equivalence.

In the different spaces to consider c(x), C (X),C_~(X) 6 ¢ “(x), the spacec,” (X)

offers as a suitable candidate and appropriately small and it can be endowed with an
invariant Hermitian form. The space is generally more "fat" like space to admit an invariant
Hermitian form.

We define the space Vv *, of continuous linear functionals onVv , endowed of the strong
topology, that is



4/ 24
FRANCISCO BULNES

VE={&eC(V)|E:V - C,z(£):W, (B)}
= 3(V,C), 3)

where 7 (¢), is the defined strong topology on neighborhood base in the origin consisting

the groups w _(B), defined by the spaces

W (B)={é<E *‘sup welE@)| < e} c EX,

with B < v, bounded.

Theorem. 3. 1. (Casselman, Wallach and Schmid) [5-7].
Suppose you that (=,Vv), is an irreducible admissible representation of Lie groups G , on a

Banach space v. We Define

(z .,V “) = analitic .vectors .inV ,
(z7,V ") = differenti able .vectors .inV ,
(z ~°,V ") = distributi on .vector .inV

= dual .de.(V')"

(z °,V ~”) = vectors .of .hyperfunct ions .inV

= dual .of .(V")".

Each one of these four representations is a soft representation of G, in the class of
infinitesimal equivalence of r, and each one only depends on that equivalence class.

The inclusions

12}

VeV cVecVv ™ cv ', (4)
are continuous, with dense image. Anyone Hermitian form <,>, ,onV, ,(is expanded

uniquely to G -invariants continuous Hermitian forms <,>_, and <,>_,onv”, andv ™.

o !

The four representationsv “,v“,v ~ andv “are called minimal soft distribution and

maximal globalizations respectively.
Except for =, be v,a representation of finite dimension (such that all the spaces in the
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theorem II. 1., they are the same one). The Hermitian form cannot be extended continually
to the maximal distribution or globalization v ™ and v "“. Because could be necessary the
use of representations of G, constructed on spaces of holomorphic sections of vector
bundles and their corresponding generalizations. In this part is where later, inside of this
work, will be induced and generalized the G - modules of Harish-Chandra [8, 9], being able
to be related with the globalizations of Wong.

Now then, since through this way are obtaining unitary representations, is necessary
specify a similar way or analogous to the followed to the obtaining of minimal and
differentiable globalizations with the certainty of that the Hermitian forms can be defined
on the representations.

IV. MINIMAL AND MAXIMAL GLOBALIZATIONS

We consider a result of maximal globalizations of Harish-Chandra:
Teorema 4. 1. (Wong) [10]. We assume that the admissible representationv, is the
maximal globalization of the (g, L~ K)- module underlying [6]. Let the G - invariant
holomorphic vector bundle on x = G /L, corresponding of (v — X ). Then the operator o,
for the Dolbeault cohomology has closed range and such that every one of the spaces
H "% (x,v), takes a soft representation of G, each one of these admissible representations

is the maximal globalization of their underlying module of Harish-Chandra.
Proof: [11].

Def. 4. 1. Suppose G, is real and reductive. g, is a parabolic subalgebra of the complexified
Lie algebra g, and L, is the Levi factor of a. A (1,L) - representation (z,v), thatis to say,

admissible if the representation ¢, in L, is admissible. In this case the method of Harish-

“, of vectors L n K — finites in V .

Chandra of v, isthe (3,L n K)- module Vv "
The theorem of Wong [11], establish that the Dolbeault cohomology let to the maximal
globalizations in great generality. This means that there is not possibility to find Hermitian
invariant forms on these representations of Dolbeault cohomology except in the case of
finite dimension. That is to say, spaces are obtained too "fat" to be able to identify and to
classify the infinitesimal equivalence classes of representations of Lie groups and to
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identify the unique classes of unitary representations corresponding to each one of the
mentioned infinitesimal equivalence classes.

For it, is necessary develop a way to modify the Dolbeault cohomology to produce minimal
globalizations in more grade that the maximal. Essentially we can follow the ideas of Serre,
which are based on the realization of representations of minimal globalization obtained
about generalized flag manifolds achieved first by Bratten. Of the duality used to define the
maximal globalization the question it does arise, how can you identify the dual topological
space of a cohomological space of Dolbeault on a complex neighborhood compact?

The question is interesting in the simplest case: Suppose x < c,is open set and H (x), is

the space of holomorphic functions x , in a topological vector space x , using the topology
of uniform convergence of all the derivatives on compact sets.
For whatwould H (x ), be natural alone to be questioned, what is the dual space?

This last question has a simple answer. Be C_~ (X, densidades ), the space of compactly

supported distributions on x . We can think in this like the space of complex compactly
supported 2-forms (or (1, 1)-forms) on x , with coefficients of generalized functions. For
what, with more generality we write:

(p.q),—

A, (X) = (p,q) - Compactly supported forms on X with coefficients of generalized

functions,

The differential operator of Dolbeault 6, map (p, g)forms to (p, ¢ + I)-forms and it

preserves the support,

L (1,0),=0

oA (X) > A7 (X)=C_ 7 (X, densities ),

C

(5)
Then

(1,1), o

H(X)= A, (X)10A."°(X), (6)

Here the line

on dA_""(x), denotes closure of the space aA_"° (X).
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To open x , in c, the image of ¢, is automatically closed, because the line is not

necessary. However this formulation has an immediate extension for any complex
manifolds x (replacing 1 and O for the dimensions n, and n 7).

Letus enunciate the generalization of Serre [12]:

Theorem 4. 2. (Serre). Suppose that x , is a complex manifold of dimension n, , a
vector holomorphic bundle on x , and o, is the canonical bundle of lines (of (2, 0)-forms

have more than enough x ). We Define

A"P (X ,v) = Space of the smooth valuates (0, p)-forms on X,

AP (X, v) = Space of valuates compactly supported (0, p)- forms with

coefficients of generalized functions
Proof [12].

We define the topological cohomology of Dolbeaultde x ,with valuesin v, as

H P (X ,v)=[ker a1(A°" (X ,v)/aA " (X ,v), (7)

top

This is a quotient of the usual Dolbeault cohomology and carries a locally convex topology
also usual. Similarly we define

(p-1,0),—0

H P (X ,v) =[ker 01(AP"™ (X ,v)I0A,

top

(X,v), (8)

the topological cohomology of Dolbeault with compact supports. Then a natural
identification exists

O,n-p
C ,top

Ho (X, 3)% = H 2P (X, Q@ 3%, ©

Here 3 *, is a vector holomorphic bundle dual of 3.

We consider the following case. When x , is compact then the sub-index ¢, is not added
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more, and the operators 5, automatically have closed range.

The central idea in this part of the program of Vogan is the desire to build representations
of real reductive groups G , beginning with a measurable complex flag manifold x = 6 /L,

and using G - equivariant holomorphic bundles of lines on x . Indeed, if we have
X =K /T, with r =0, in H_*"(X,v), then H_""(X,v), in the irreducible G - module on the
corresponding coherent sheaf of o (1), of global sections of the complex holomorphic

bundle ,and the relationship among s - cohomology and the sheaf is simple and is given
by the space

F(X,0(L) =H°(X,0()), (10)

For the infinite case, is necessary to use a finer structure of the flag manifolds like for
example, the given by open orbits of flag manifolds and the continuous homomorphisms
among said open orbits to induce a classification of the irreducible representations that

reside in the space H°(x,0 (1)), and that under the association of irreducible minimum

K - types suggested by Vogan [3, 13], the widest class in classifiable irreducible unitary
representations can be obtained by the theory of Langlands.

However we will establish a special formalization of the 4 - cohomology to be able to use
G - invariant holomorphic bundle oflineson x .

For compact G, the theorem of Borel-Weil says that all the irreducible representations of

G, arise in this way as spaces of holomorphic sections of holomorphic bundles of lines.

Def. 4. 2. Suppose that x , is a complex manifold of dimension n,and v, is a holomorphic
vector bundle on x . The cohomology of (p, g)-Dolbeault compactly supported of x , with

coefficients in v, is for definition
HOP (X v)s = (ker( 0)(A ™ () Mim( a(A 5 (), (1)

If v, is of finite dimension then the cohomology H /(X ,v), is a cohomology of Cech with

compact supports of x , with coefficients in the sheaf o, , . of holomorphic p - forms with

valuesin v .

Exactly a topology natural quotient exists on this cohomology, and we can define:
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H "% (X ,v) = Hausdorffmaximal Quotient of H P* (X ,v) = Ker (3)/Im( 8), (12)

c,top

Then H *“(x,v), takes smooth representations of ¢ (for translation of forms).

top

Then a clear consequence of the theorem of Serre; theorem 4. 2, and the theorem of Wong;
theorem. 4. 1., using the definitions previous is the following corollary:

Corollary 4. 1 (Bratten) [14]. Suppose that x , is a complex manifold G /L, and assume that
admissible representation v, is the minimal globalization of the (g3, L ~n K) - module. Let
A% (X ,v), be the Dolbeault complex to v with coefficients of generalized functions of
compact support. Then the operator 4, has a closed range such that each one of the
corresponding cohomological spaces H /(X ,v), takes smooth representation of c (on the

dual of a nuclear Fréchet space). Each one of these representations of G , is admissible and
is a minimal globalization of their underlying module of Harish-Chandra.

Proof [10, 14].

The fundamental relation of duality of minimal and maximal globalizations is given by the
corollary. 4. 1, that makes allusion to the conjecture of Serre.

The theorem demonstrated by Bratten [14], is different: He defines a sheaf of germs of
global sections A(x,v), and demonstrates a parallel result for the cohomology of sheaves

with compact supporton x , with coefficients in A(x,v).

When G, is of finite dimension, the two results are exactly the same one, being this easy to

verify for that Dolbeault cohomology (with coefficients of generalized functions of compact
support) and it calculates the cohomology of sheaves in this case.

The case of infinite dimension of v, comparing the corollary one enunciated previously
with results of Bratten is more difficult of establish. The development of Vogan [ 10, 15], in
all the exhibitions only speech of the Dolbeault cohomology and not of the cohomology of
sheaves, foreseeing that the relationship between sheaves and the Dolbeault cohomology
for bundles of infinite dimension is complicated and it bears bigger difficulties that those
foreseen by the own theory of representations.

For the theory of characters, they are been able determine the infinitesimal characters of
the Dolbeault cohomology of representations and is applicable the theorem of Vogan for
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representations of infinite dimension [16, 17].

Equally to the Dolbeault cohomology with compact support. The weight o - p(u), that
appears in the following corollary is therefore the infinitesimal character of the

representation H " (X ,v), with v, having definedby v » x =G/L.

Corollary 4. 2 (Vogan). Let z =K /L~ K, be a complex compact s - dimensional
submanifold of the complex n - dimensional manifold x =G/L. Letr =n-s, be the co-
dimension of z, in x . Assume thatv, 6 is a (g, L) - module of infinitesimal character
A, e b* and thatv,is the minimal globalization of the (4, L ~ K) - module. Assume that

A, - p(u), isweakly anti-dominant to u, this is, that - 2 + p(u), is weakly dominant. Then:

(1). H " (X,v)=0,under q=r.
(ii). If L = L, and v, is an irreducible representation of L, then H " (X ,v) is irreducible

or cero.
(iii). If the module of Harish-Chandra of V, admits a Hermitian and invariant form, then the

module of Harish-Chandra of H " (X ,v), admits a Hermitian form.
(iv). If the module of Harish-Chandra of v, is unitary then the module of Harish-Chandra of
H )" (X ,v), is unitary.

Proof.[10, 18] and of the corollary 4. 1.

V. v . COHOMOLOGY

Let o, be a reductive Lie algebraon c . Let b, be a cartan subalgebra of o« ,and let 1, be the
system of positive roots to o (g, 5). Let

b=b(P)=b® D _«,, (13)

Let q, be the subalgebra of v,enclosed v .Let ®  ={a ¢ ® ‘(ga +a ) < g} and

corresponding = = P - @, with

=yo® , g, (14)

and
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(15)

Then g=1®u, and [,ulcu. Let uw =po@® and g =1t® u’. Then

ael gfa !

9 =u® [ & u.Bythe theorem PBW (Poicaré-Bott-Weil) [19],

U(z)=U ()@ (uU (z) @ U (g)u’), (16)

To U (), enveloping algebra of Lie algebra « .

Be v, a ¢ — module with action = Then

C'(u,V)=Hom _(a'u,V), 17)

is a 1 — module under the action (Xp(Y)=X(p(Y - p@X()) , vX el and Y e u. Also

d(Xp =Xdp.

The modules given for (17) are the complexes of the u — cohomology that are useful to our
goals.

VI. THE OPEN G (w) — ORBITS: GENERALIZED G — MODULES TO INFINITE DIMENSIONAL
REPRESENTATIONS

The nature of the orbits that will be necessary to consider must be intimately related with
the nature and shape of the components of the character i, which is can be written as the
decomposition

+ A + A , (18)

nil elliptic hyperbolic

where the corresponding scheme to orbits is [3, 15]:
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GAS(GM)M
gver
GCGhCGeCsz(GM)M (19)
I I

hyperbolic elliptic

The problem is to include the representation of L, whose characterx , haves support

hyperbolic

on a hyperbolic set in G, [20, 21] which is an infinite dimension space and thus is an

infinite dimensional representation.

The homogeneous spaces as G / L, are exactly the co-adjunct orbits of ¢, admitting totally
complex polarizations, and these polarizations are exactly the complex structures of G / L
[10]. As have been exposed in [2] and [18],the orbits method suggests that more unitary
representations of interest of reductive groups can are obtained in three steps. The first
step (which is poorly understudied) is joining representations to nilpotent co-adjunct
orbits. The second step (which is the Vogan work [4]) is the cohomological induction which
is applied to the homogeneous spaces G /L, to carry the “unitarization” from
representations of L, to representations of G . The third step (work of Gelfand [22],
Harish-Chandra [23] and Mackey [24]) is the parabolic induction of Levi subgroups of real
parabolic subgroups.

Let g = g, = a, be denotes the parabolic sub-algebra represented for w, and let L, be the
subgroup of isotropy of G, in w. Then Z, include a fundamental subgroup of Cartan H, of

G,thenL=2z_G")L",and L" =L~ G".

G - modules of Fréchet are induced and irreducible ¢ - modules of infinite dimension are
constructed whose differentiable cohomology is a cohomology of representations of
infinite dimension applicable to the Langlands classification and some geometrical
theorems as the theorem of Borel-Weil [16,17,19].

Def. 6. 1. For a topological - module or simply a G - module (r v), will understand a
topological vector space on which G, acts via a continuous representation. A g — module is

the corresponding pre-image of a G - module of the corresponding exponential
homomorphism [4, 10,12, 15].
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An extension of a ¢ —- module is a open ¢ - orbit of a holomorphic bundle of flags on
Fréchetspaces [15,17].

One generalization of the extension of a G - module H *(G(w), 0 (E )) #0, vq = s, is the
case when y, is of infinite dimension. For this case is necessary to build a version of

extension of G - module whose cohomology is the corresponding to a cohomology of
representations of infinite dimension. s, is the complex dimension of a compact maximal

submanifold z (w), of G (w), such that

Z(w)=zK/KnL, (20)

and E, —» G(w) the homogeneous complex holomorphic vector bundle corresponding to

the open G - orbit G (w) v 7 e L and maximum weigh » .
If L = 7,the extension of the G — module is reduce to set of global sections of the sheaf
0, (), of the complex holomorphic bundle of flag manifolds with maximum weigh . This

is an irreducible G - module of finite dimension with maximum weigh »  (7heorem of
Borel-Bott-Weil) [25].

A version of extension of G - module whose cohomology is that of representations of
infinite dimension can be built starting from the induction of G - modules on a
differentiable cohomology defined as follows:

Def. 6. 2. A generalized open G - orbit is the extension of G - module (open L — module on
a differentiable cohomology) induced in the differentiable category given by the space

17 (G (w)) = Ind °G(w), [15], (21)

Def. 6. 3 (Bulnes) [9, 15]. A generalized G - module is the induced G - module by a
differentiable cohomology of representations of infinite dimension (E,n), defined on

generalized orbits of the complex homogeneous bundle

E, > GIL, [8] (22)
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where E , is a Fréchet space.

Using u - cohomology, continuous cohomology and the generalization de la topology on
complexes of fibered holomorphic bundles of Fréchet is having that:

Proposition 6. 1. (Bulnes) [4, 15,17].

H;(u,lw(n)):Hc't(G/L,Oq(]En)), (23)

Proof.[9,15].

Of these generalities in hand, we get immediately a description of the topological dual of
Dolbeault cohomology.

V.RESULTS

Using the conjecture of Vogan on the possible extension of representations of L, to
modules of Harish-Chandra to G, taking care that the co-border operators of the Dolbeault

cohomology have all closed range, we apply this conjecture on the extension of the induced
G - modules proposed to modules of Harish-Chandra of infinite dimension, obtaining the
conjecture:

Conjeture. (Bulnes) [9]. Suppose that H (s, L~ K; A" ® E ), is a (I, L n K) - module of
finite longitude, E . their corresponding representation of L, and v, the make

holomorphic associated bundle to G /L.Then the co-border operators of the Dolbeault
cohomology are all of closed range and to the case of infinite dimension the range of the co -
border operators of the Dolbeault cohomology are closed provided certain intertwining
operators applied to the corresponding induced G - modules are modules of Harish-
Chandra (which must satisfy the theorem of Vogan-Zuckerman on irreducible unitary
representations of infinite dimension).

Using certain technical lemmas [15, 26], to a decomposition of the algebra u, in their parts

extensive and classified of the radical nilpotent part of the complex holomorphic vector
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bundle module a radical nilpotent bundle of Borel subalgebras [2], [8], [11], and with
pertinent generalizations of the ¢ — modules, is had a theorem of classification of
representations of infinite dimension [8]:

Theorem. 7. 1 (Bulnes) [9, 15, 27]. Let n, be denotes for H (L(w), 0 (E )) a

representation of infinite dimension of (q,L), and let E_— G(w), be the associated
homogeneous vector bundle. Then the operator o, to the complex de Dolbeault
A(G (W), E ® (~n*""u)*) ", is of closed range. Then the cohomologies H °(G (w), 0, (E)) = 0,
vq = s, are admissible ¢ - modules of Fréchet composition of series (these shape
admissible representations of finite longitude). Their modules of Harish-Chandra

s+t

underlying are given by functors of Zuckerman [11, 18] A*(G,M ,b,y, ) = A(G,L,q,n). E ,
have Infinitesimal Character n _,,and trivial action « (To it the generalized ¢ - modules

admit the infinitesimal G - character y__ .

Proof. To that 4, be closed, is necessary that be regular in whole their domain ( Wong’s

globalizations). Then 6, on H "(G(w),0,(E ), is a representative K — finite cohomology

of strong harmonic L* - form. By the intertwining operator [8, 15, 28], it is map

fundamental series in harmonic forms of | (w), of H (G /L, L)) with £, the bundle of

lines and y _, is the unitary character of L « . Then 4, is regular in A(G,L,q,n). Then

by differentiable cohomology,

nSF,) =0, (24)

VF, = Q(F), with K — type (u,.F,), inCc”(LnG,A‘u®C ) and S(F,), represents the

class of cohomology non-vanishing on K ~ L . Using results of « - cohomology (lemmas of
Vogan [4, 27] and Kostant [19] of v - cohomology) to g - modules. This class of

cohomology is the of the (1, L ~ K)- modules isomorphic to space H *(G (w), E ), when

E. = (Cy’.But c, =cC

n

and due to that the induced representations on generalized

p(u)y+2a’

G — modules like the defined in the Def 6. 1, and Def. 6. Z, can be identified under the Szego
intertwining operator [28, 29]

S:ind | (E E, > HYG/LE,), (25)

6®pL®l) =
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where
HY(G/LE ) & Ind { (B, ® (a*"u)¥), (26)

and Ind 7 (E, ® (A»""u)*) = E , where

E — H"(G(w),0,(E)), (27)

Not one must lose sight that is wanted to carry on the classical representations
Ind | (E,, .,), with discrete series o, built up by the Vogan’s algorithm of minimal k -
types of A () to the canonical tempered representations Ind 'f(]Ey“ ® (~""u)*, where the
restriction fiber of E have Dolbeault operator 4, ,,. In particular and using the

generalization of the Borel-Bott-Weil theorem (to L, locally compact),

H®'(K /(K L) C Y=H " (K /(K n L), C = p2Om (28)

p(u)+2a 2§ u)+x)

We can to use these representations like complexes of Dolbeault to a globalization of Wong
of type C "(L(w),E, ®(~*L,,)%. If we induce certain representations
K(w)=K/KnL)ofc(w) to L(w)=G/L, of g(w). But this is possible due to the

construction of the generalized ¢ - modules. Then 4, on said complexes is close.

Then using like u = dim . (K n L)(x), with u=t+s, with t,and s, complex dimensions of

(K n M )(x), and (K n L)(w), and the fact of that

H*(M (x),0; (E; )) =0, (29)

vp = t, and

H (L (x), 0, (E, ) = 0, (30)

vp = u, we have the spectral succession of Leray of L(x) - L(w), that collapse to E . Then
2
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the vanishing of the group of cohomology H * (L (x),s,(E, )) = 0, V4 + p( u), establish that

H ™ (L(x),0,(E ) = H *(L(x),0,(H (M (x), 85 (E, ), (31)

and due to the development of the relative lemmas of Frechet spaces is followed that (31)
have structure of Frechet space to the which the action of ¢, is a continuous

representation (generalized ¢ — module). O

We consider the following application.

Let G = su (2,2), be acting on the open orbit ¢ (w) = M *. Then the holomorphic discrete
series representations given by the representations Ind | (s, ,), are the corresponding to
the cohomology group H *(G /L,o; (M ", ./ ), With g = 2, that is to say, are those which are

realizable as holomorphic sections of certain homogeneous vector bundle over m * [30]. If
we consider to G, as the space of full flags in c*, we can use the pre-images of M *, under
natural projection having the the six open orbitsc ™ ¢, """, ", " ", and
G ', meaning that the Hermitian form has the indicated signatures (namely +, ++, ++

-

and ++ for example to G ,and analogous for the other orbits) when restricted to
each part of the flag. For every one of this open orbits of su (2,2), on G, and using an
appropriate line bundle in every case, we can through of Penrose transform #, [29] we find

the holomorphic discrete series as [27]
(G =TT, Q) (32)

where r(M ", "), are the Zuckerman functor images. This six isomorphism are

consequence of a calculation of direct images of the Penrose transform. We ask that if

SU (2,2), can be represented on the corresponding L* - cohomology, that is to say, if is
possible obtain the corresponding G — modules of Harish-Chandra.
We take as example the open orbit G .Then using an intertwining operator (as the

Szeg6 operator in (25)) inside the M~ context is clear that a twistor construction should
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++——

end up pairing H *(G ", Q°), with H*(G -G """ ,0, (M, )). Then the twistor transform 1

(very linked to Penrose transform) as intertwining operator complies the relation (31)
[31]:

T :H(

G++“‘!QG)—E—> HY(G-G"" o,(M ), )

In the best of all possible worlds we would find a transform for each of the six open orbits

and in this way obtain the complete discrete series.

Remember that in the more general case and the computation of Schmid’s thesis [5, 7], the

+4+——

cohomological space H *(G ,0°), is a cohomological space of type H*(Q”, ¢, (E )), in the

twistor transform where H °(Q “,*), indicates the expansion of cohomology class in infinite
formal (topological) neighborhoods of Q, and the cohomological space of the right member

of (33) in a more general context denotes a relative cohomology in the algebraic category.

Conclusions

Cohomologically should be induced with finer decompositions of an nilpotent algebra of u,
obtaining spaces more classified "thin"; the corresponding admissible ¢ - modules of
Fréchet. The obtained theorem can classify a great part of representations of infinite
dimension although not their entirety due to the difficulty of obtaining a substantial
algebra whose Dolbeault cohomology has an operator of closed range on the admissible

G - modules that appear in the problem of representation of those (1, L ~ K) - modules

for analgebra q.

However, choosing an appropriate infinitesimal G - character, we could establish functors

of Zuckerman corresponding to a algebra A" u, with u =g/t,and canonical globalizations

X ° with g =w, g =w, g =-0,0r g = —w; having the property of closed range.

The election of an appropriate infinitesimal G - character causes redundancies in the
admissible ¢ — modules that turn out to be unitary representations, for what is important

to choose a decomposition of v, in the group of Levi.
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Table 1.

Cohomological Induction

Geometrical Correspondences and Langlands

Classification
G-Module of Harish-Chandra Representation Vector Bundle
H(G /L5, (E, )q,.) y,=Ind ¢ (c,.q) E o G/L
(Langlands) (Discrete series)
H'(G /L,v) (Holomorphic case, c=Ind, " E, Lw > C/L
Mackey, Vogan)
H (G (w),C,), (Gel'fand Ind ,, (E_,, .,) ® Discrete
c, =C, . Series E, > G(w)
Casselman)

H (G (w) £, ),
C = C

Ty p(u)+a’?

(Harish-Chandra)

Ind P (E, ® (A" u)*)

(Tempered Representations)

E, - HYG(w)O0,(E))

H . (L(w),0,(E, ) (proposed

generalized G-modules Theorem 7.

1)

Technical Notation

C " (L(w), E, ®((n*L )M

(Globalizations)

G - Lie Group of finite dimension or infinite dimension

Cc. - Category of the continuous G - modules

c. - Category of the differentiable G - modules

E, - L(w)

H 3(G;v ™) - Space of differentiable cohomology of dimension q, with coefficientsin v “.

H 1 (G;V) - Space of continuous cohomology of dimension q, with coefficientsin v .

A" (G,v) - Complex of arbitrary dimension whose G - module spaceis v .
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I ”(E) - Generalized ¢ - module or induced G - module for the open G - orbit

G(w) = G / L, whose complex holomorphicbundleis E, - G /L.

0(G x, E) - Sheaf of germs of holomorphic sections of the vector principal fibered bundle

Gx, E - GI/L.
b — Borel subalgebra.

C’*(K /K n L) - Cocycle space of the u - cohomology of the cohomological space given by
the Borel-Weil theorem.

P — Penrose transform.

o(n) — Sheaf ofthe D — modules that are irreducible ¢ - modules of finite dimension with

maximal weight .

q — Parabolic subalgebra

Int( G) — Inner group.

Ad( G) - Adjunctgroup of group G .

ad( &) - Adjunct algebra of Lie algebra g.

T Torus of finite dimension of a Lie subgroup of a Lie group G .

F, - Irreducible G — module of finite dimension of maximal weight a .

H®(G/L,o(E ) - Admissible G - module whose sheaf of germs is the of the holomorphic

sections of the complex vector holomorphic and homogeneous bundle E, —» G /L.

G (w) - Open G - orbitofthe flag manifold w .

K (w) - Compact maximal G - orbit. This is a complex submanifold of G (w) .
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g“ - Proper rootspace of g, of the associated adjunct maps to the functional o .
g — Lie algebra of the Lie group G .
h - Cartan subalgebraif h = t ® a. A Lie subalgebra of .

Hom _ . (V,w) - Space of (g, K) - invarianthomomorphisms that go from module v, to the

module w .

m - Corresponding algebra of the Lie subgroup m , of the Lie Group G.
m ={h e aF\Ad( g)h =h,if and only if [h,a]=0}

P — Parabolic subgroup of G.

I (e,0(%)) — Zuckerman functor of locating of the global sections that shape an irreducible

G - module of finite dimension with maximal weight a .
dim . - Complex dimension.

qg,LNK

Ind - Induced representations of the polarization g, of g, for the method of the

9, LNK

uni-potent representations of Vogan. These representations are (g, L n K) - modules.

T - twistor transform
n - Nilpotent algebra.
H — Cartan subgroup of the Lie group.

[ - Levialgebra. Algebra used in the Levi decomposition of Lie algebra g, corresponding to
the Lie group G .

G ° - Space which arise of the identification G ° =° (G °), that is to say, the space of points

{g eG\Ad(g)z I,VAd e End (G)}.
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G, - Componentofreal points of the real reductive Lie group ¢ (open subgroup of G ).
G - Analytic Lie group.

L - Levigroup.

® — Tensor product of modules belonging to an associative ring endowed of the tensor

product to their elements.
Cl () — Closure.
°(6 ) - Identity component of the Lie group G°.

T (x) - Tensor algebra of the Lie algebra g .

°MAN - Langlands decomposition endowed of homomorphism = , and space modulo the
Hilbert space H .

W (g, a) - Weyl group of the homomorphisms on g, modulus a .

t - Lie algebra corresponding to maximum torusin G .

[w,a] - Bilateralideal of antisymmetric elements.
Z (a) - Centre of Lie algebra g .
Ind | (o) - Induced representation o , of the group P, to the group G .

°M - Connected component of the Lie subgroup M , of the parabolic subgroup P , of the
real reductive group G .

J (V) - Jacquet module of the module v .
p — Minimal compact subalgebra of the decomposition g =t ® ».

1. - Complexification of the real reductive Lie algebra g
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w — Weylgroup.
Ad — Endomorphism of the Lie group G . Adjunct Map on the group G .
ad — Endomorphism of the Lie algebra ¢ . Adjunct map on the algebra .

K — Compactsubgroup of the Lie group G .

0

°G - Identity componentof G . Explicitly °c =° ANk , or through continuous

homomorphisms y € X(G), toknow, °G ={g e Gly’(g) =1,Vy € X(G)}
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