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The study is about a new generalization of the second order number sequences called generalized k— Jacob-

sthal sequences. We investigate some properties of this sequence and in the sequel of this paper we prove some

of the properties by using determinant.
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I. INTRODUCTION

Special integer sequences such as Fibonacci, Lucas, Jacob-
sthal, Pell, Horadam are important for various reasons since
we can see abundant applications in Physics, Engineering,
Architecture, Nature and Art. So the researchers have studied
abuut them for a long time. For instance, the ratio of two con-
secutive elements of Fibonacci sequence is called golden ra-
tio, You can encounter it almost every area of science and art.
And specially computers use conditional directives to change
the flow of execution of a program. In addition to branch in-
structions, some microcontrollers use skip instructions which
conditionally bypass the next instruction.This brings out be-
ing useful for one case out of the four possibilities on 2 bits,
3 cases on 3 bits, 5 cases on 4 bits, 11 cases on 5 bits, 21
cases on 6 bits,..., which are exactly the Jacobsthal number-
s. Jacobsthal sequence is defined by the recurrence relations
Jn=Jn—1+2jn—2, jo=0, j1 =1 forn> 2, respectively.
Because of the importance of special integer sequences, the
scientists generalize them by the different methods. We can

see any properties of these numbers in all references of us.
In this paper, a new generalization of the Jacobsthal se-
quence is introduced. It should be noted that the recurrence

formulas of these numbers depend on two real parameter-

s f(k) and g(k).

tablish some properties of this generalized k-Jacobsthal se-

The main purpose of this paper to es-

quence such as Binet formula, generating function, Catalan,
D’ocagne...Moreever new interesting properties are revealed
by using determinant of matrix whose entries are generalized
k-Jacobsthal numbers. Some similar results for the general-
ized k-Horadam sequence are obtained by Yazlik and Taskara

in [8].

II. MAIN RESULTS

In this part we define e new generalization of Jacobsthal
sequences called generalized k-Jacobsthal sequences. We es-
tablish Binet formula and generating function and other dif-

ferent properties.

Definition 1 For f%(k) +8g(k) > 0, let k any positive real
number, f(k) and g(k) scalar valued polynomials, then the

generalized k-Jacobsthal sequence{]k,n} is defined recur-

neN
rently by

Jin = fK) i n—1+28(k) Ik n—2, Jo=a, k1 =b, n>2,
(D



o If f(k) =g(k) =1and a =0; b =1, we get the classic

Jacobsthal sequence is obtained.
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By making the same reduction precedure n times at last we
have
The first few of the elements of the generalized k-Jacobsthal Jin = Qin1 + (Je1 — aio)B" .
sequence are Jio =a, Ji,1 =b, Jio =bf(k)+2ag(k), Ji3z=
bf*(k)+2af(k)g(k) +2bg(k)... u

The characteristic equation of (1) is given with the follow-
ing formula

Theorem 3 (Binet Forms): Binet’s formulas allow us to ex-

press the generalized k-Jacobsthal numbers in function of the
roots o, B are defined by
2~ f(k)x—2g(k) =0 g, = X =Y 7
s o — ﬁ
ith
Wit roots where X =b—afl, Y =b—aa.
Proof. 1) Let divide both sides of (4) by 8"
o TR V2 (K) +8s(k) B - f(k) =/ f* (k) +8g(k)
2 2 ) Jen = OJgn-1+ (k1 — alio)B" ™
Jin _ QJia1 B
so that F: = B ﬁ:_l + T(Jk,l - ajk,O)
If we write the first order linear difference equation by the
a+B=fk), af=-2gk), a—PB=/r2(k) +4g(k). above equality, we have
3)
a Jie1— o,
v, = BVn—l 4 Kl ; k0
Lemma 2 Let o ,3 be roots of the characteristic equation of
(1) as defined in (2), then the following equality is satisfied: The solution of this equation is get by
an
Jin = 0Jin-1+ (g — o) B! “4) (& Jea—adio ()" 1
, s ; Vn - ( ) Jk,O + o
B R
Proof. By usig the properties of & ,3 we have
By the algebraic operations, we have
Jin = f) T n—1+2g(k)J,—
k.n f()k,z 1 g()nZ Jkin_(xin‘] +Jk,1—a‘]k,0 (Xn*ﬁn B
Jen = (@4 B)in-1 = (4B) a2 BT BT B B(a—B)
Ji 1 — ko Ji 1 — Ao
Jin = " (Jp o+ — .y : )—ﬁn(T’)
Jin — W n—1 = B(Jkn—1 — W n—2) ®) 5 ;
Ji1 —BJro Ji1 — ko
- Jen =" (————2=) = B"(———=—)
Similarly forn—1 — n, a—p o—
So the proof is completed. m
Jin—1 = f(k)Jxn—2 +28(k)Jx n—3 p p
Proof. 2) Let us define n. generalized k-Jacobsthal number by
Jin-1= 0 n—2+BIrn—2— (0) a3 (6) ~ aidof theroots a, f as
If we substitite Eq. (6) into (5), we obtain Jin=cro" + "
Jen = 0in1 = B(@in—2+ Blin—2 = (0B)Jen—3 = Olicn-2) For n =0, we get Jy o = c1 +c¢2 = a and for n = 1, we get
2
=B (Jkn-—2—pn-3) Jr1 = c1t+c2f = b. From this two equalities, we have the
Jen = OJgp1 + [32(11{’”,2 — OJyp—3) desired result. =



Theorem 4 (Generating Function) The generating function

of generalized k-Jacobsthal numbers is established as

- A/ Je1— f(k)J,
Y = 0 +xX(Ji1 — f(k)Jro) -
i=0

1 — f(k)x—2g(k)x?
Proof. Let the generating function of generalized k-Jacobsthal
numbers is J(x) = Jin = Jio +xJi 1 + o X"+ I we
multiply J(x) by f(x)x and 2g(k)x? then we get

FOxI(x) = fx)xTgp = FO)xT 0+ F X1+ oot FOXT g+

2g(k)x*J (x) = g (k)x*Ji o + g (K 1 + oo - g (k)" 2+

From the difference of three equalities, we have the desired

result
(1= f(k)x — g(k)x*)Jin = Jico +x(Ji1 — (k) Jio).-
n

Theorem 5

S 1 [x(a =) (B =) =Y (" =) (a—1)
Lk e { 2 2g(k) — f (bt

Proof. The proof is easily seen by using the Binet formula. m

k=0

B

Theorem 6 For |%} <1, |%| <1, the generating function of

the generalized k-Jacobsthal number with the negative power
of t is computed as

= J; t(b+at—af(k)
l.;)zi 12— fk)t—2g(k)’

Proof. We use Binet formula and the sum of geometric series

for the proof:
ooJl_i n—lX(%)l7Y(g)l
izz(’);_ng{}oz=0 a-
- lim x<(?)n_l>—)’ @) !
o — 3 n—eo 41 g_l
1 [ Xt Yt
T a-p _t(x_tﬁ}
o '(b—aﬁ)(t—ﬁ)—(b—aa)(t—a)}
a—B| (—a)(i—P)
_t |b(a—B)+at(a—PB)—a(a®—B?)
T a-p 2= fR)—28(k)

t(b+ar—af(k))
2= f(k)r —2g(k)’
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Theorem 7 (Catalan Identity) Assume that r > 0 and integer,

we compute the Catalan identity by the following formula

5 (Xr o Br 2
Jk,n+r~]k.n7r _Jk,n = _XY(_Zg(k))nir < > .
a—p
Proof. By using Binet form for this sequence, we have

Jenirden—r —Jin
(Xa"fr _ YBn—r)(Xan+r _ YBn+r)
(@—p)?
X202 426>~ XY (o) £ +
B (@ —p)?
X2 +Y2B*" —2XY (af)"
- (a—p)?
Xy (ap) [2- £ - &]
(00— PB)?
XY (aB)" [W}
(a—p)?
ar (@ = B")?

(a—p)

= —XY (~2g(K))"" (“a = §)2

_ (Xa"-YB")?
(a—B)?

= —XY(aB)

Corollary 8 (Cassini Identity) If we substitute r = 1 at the
Catalan Identity in (9), we obtain Cassini formula for gener-

alized k-Jacobsthal sequence as the following:

Jeni1din_1 —J2, = XY (—2g(k))"~ b2,

Theorem 9 (D’ocagne Property) For m,n > 0, integer, we
compute the D’ocagne property for generalized k-Jacobsthal
sequence by the following formula

XY f(k
Jk,ka,n+l _Jk,m+1jk,11 = W%

where X =b—afl, Y =b—ac.

[(=2g(R)"(B" " +a"™)].



Proof. By using Binet form for this sequence, we have

JemIient1 = Jem1din
Xom—yp" Xart!t —yprt!

a—p oa—p
Xaerl _ YBerl Xo" — Yﬁn
R o B
- % ("B (B + ) + B (ot -+ B)
- %(a%) (@)™ (B"" +a"™)]
— e (260" ).

Theorem 10 (Honsberger Property)Assume that m,n > 0

and integer, we establish

Xzam+n+l(a2 + 1) +Y2Bm+n—l (Bz + 1)
1
Jk.,m+1-]k>n +Jk‘m‘lk‘n—1 = m
+XY(2g(k) — l)(a’"ﬁ"‘l + O{"_lﬁm)
Proof. The proof is similarly made by using the Binet formu-

la. m

Theorem 11 Let p > g > 0, then we have the following sum

property

(—2g(k))P — o =" +1
Proof. By using Binet formula
noxoPitd _ YBm'Jrq

n
i;)Jk,pi+q = Z a—B

i=0
q

Xod napl_i YpB iﬁpi

oc—[i.zo 05—13,

i i=0

C _ (=28(k)" Uk pntg = Teg—p) = TkpntprqtJig
Y Tk pivg =
i=0

By the sum of the geometric sequences

Y B¢ ﬁp(nﬂ) 1
T a-B BP-1

if Xad oPth) 1
k,pi+q —
ST g B ar—1

[ Xod(aP" (—2g(k)P—aP+1) _BP 1)
(—2g(k))P—(aP+PP)+1
_YBY(aP(~2g (k)P — P —BP" D 41)

(—25(k))P —(aP+BP)+1

B (72g(k))17 (Xa17n+q7yﬁpn+q>7(Xapn+p+qiyﬁpn+p+q))
(—=2¢(k))P—(aP+B7)+1

7(Xaqﬁp7YO£”ﬁq)+(Xocq7Yﬁq
(—2g(k)P—(aP+B7)+1

(_Zg(k))p(Jk,anrq - Jk,qu) — Jk,pn+p+q +Jk,q
(—28(k))P —ar — B +1
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Theorem 12 For n > 0, integer, the sum of the square of the
elements of this sequence is given as

(aB)* (X" )24 (¥B" 1) +(X2+Y?)
457 (k) — f2(k)—4g(k)+1

n—1

ZJ% _

U _ 2

i=0 (a ﬁ) B (X2ﬁ2+Y2(X2)+(X2052”+Y2[52”)
482 (k)—f2 (k) —4g(k)+1

Proof. The proof is similarly made by using the Binet formula

2XY (—2g(k))"—1
2g(k)+1

and sum property of geometric series. ®

Theorem 13 For n > 0, integer, a new sum formula for gen-

eralized k-Jacobsthal sequence is given as

i n F1(k) (28 (k)" i = Jan.
i=0

1

> ( : ) £ =Y ( 'f ) CEUa=s

n

=— 5 {Zx ( ! ) (FK)a)' (250" ~ Y ¥ ( " ) (f(k)ﬁ)"(Zg(k))”'}

i=0 1

= X (f(k)a+2g(k))" =Y (f(k)B +2g(k))"]

= [xo2" ] = 1.

Theorem 14 The n. element of the generalized k-Jacobsthal

sequence is established by using matrix algebra as

n

f(k) 2g(k) i
7, 1 0 Jo

Jnt1

Proof. Let us write two equations with two unknowns X,Y

InX +Jn-1Y = Jut

Jnt1X + 1Y =Jni2
We denote the equations matrix form as

Jn Jn—l X
Jn+1 Jn Y

Jn+1

A= b=

Jn+2
For the solution of it we use Cramer method, so we get the

solution for Y as

Jen  Jentt
Jk,n+] ]k,11+2
Y = =2g(k)
Jen  Jen—1
Jint1 Jin




W =Juduia—Jnsy
= (Jus1dn—1 —J7)2g(k)
= 2g(k)Wn,1

= (28(k))* W2

= (2g(k))""'Wy = (2¢)" ' (do — J})
= (2(k))" " (abf (k) +2a*g(k) — b*)

. Jk,n—l Jk,n
Theorem 15 Let define a 2x2 matrix X,, =

Jin Tkt

entries are generalized k-Jacobsthal numbers, then the deter-

minant of X, is |X,| = (—g(k))" "' (a’g(k) +abf (k) —b?).
Proof. We use the induction method for the proof. Form =1,

Jio Jk
Ji1 Ji2

11| = = (—28(k))°(2a’g(k) +abf (k) - b*).

And similarly for m =2

Jeg Jip
Jip Ji3

Xa| = = (—2g(k))" (2a°g(k) +abf (k) — b*).

Let the assertion is true for all k < m

Jem—1 I
|Xm|: km—1 k,m

Jem  Temi

Now we want to show that it is true for k = m—+ 1. If we product

the first row by 2g(k) and the second row by f(k),we have

2g(k)‘lk,mfl 2g(k)1k,m
f(k)‘]k,m f(k)Jk,m+l

If we add the second row to the first row, we have

28(k) f (k) [ Xim| =

Jk,m+1 Jk,m+2 Jk,m+1 Jk,m+2

28(k)f (k) [Xm| =

f(k)']km f(k)‘]k,m+l ka Jk,m+l
Jem  Jem+1
=—fly| " T = (K X |
Jem+1r Jemt2

From this equality, we obtain
[Xnt1] = —28(k) [Xom|
(—28(k))" (2a*g(k) + ab f (k) — b*).

= (—2g(k))" ' (2a’g(k) +abf (k) —b).
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From this equality, we complete the proof. m

-Ik7n+r Jk,n

Theorem 16 Assume that Y, = be with

Jk,n+r+1 Jk,nJrl
the entries are generalized k-Jacobsthal numbers then the fol-

lowing properties are hold:

o Yol = f(k) [Yria] +2¢(k) Y]
o [V =(=28(k))"(DJir — aliri1)-

Proof.
A= fk)|[Yri1|+28(k) Y|

Jk,n+r+1 jk,n Jk.n+r Jk,n

=f(k) +2g(k)

Jk,n+r+2 Jins Jk,;1+r+1 ]k,n+l

A = f(k) Tk ns19knsr+1 = Tendinsr2) +28(k) (19 ntr — Jendinsr+1)
= Jent1 (F () Tsri1 + 28K icnsr) = Jin (f () icntrs2 + 28 (k) Jintr+1)
=Jin+1Ikntr42 = Jkndkntre3
= [¥r12]

(ii) We use induction steps on r. For r = 0, it is easy to see
that |Yy| =0. Forr =1,

Zg(k)‘lk.mfl
2g(k)lk,m

f(k)‘lk,m
f(k)‘lk.m+1

Jem—1 Jkm

28(k) f (k) | Xm| =28 (k) £ (k)

Jem  Jkem

SR Tem +28K)im—1 f(k)im
f(k)Jk,1n+1 +2g(k)‘]k,m f(k)jk,m+1

Jim Jim
= flRy| R T = |

Jemt2 Jemi

28(K) [Xon| = 28 (k) (~2g(K))" " (2’8 (k) +abf (k) = b)
Vil = (~28(k))"(~2a’g(k) —abf (k) +b*)
= (—2g(k))"(bJx,1 —aJi)
Let the assertion is true for all k < m, that is |¥,| =

(—2g(k))™(bJy» — aJir+1). Now we want to show that it is
true for k =m+ 1

Yol = (=28(k)"™ (DJir — aliri1)
[Yeri] = f(k) Y| —2g(k) [¥r—i |
= S (k) (=28(k))" (bJkr — @l r1) +28(k) (—=28(k))" (b -1 — i)
= (=2g(k))"{bLf (k)i + 28 (k)] = alf (k) i1 + 28 () i}

= (=28(K))" (bJir+1 — airs2)

which ends of the proof. ]



If we choose m place of n+r in the theorem ,we obtain
another formula for the D/ocaigne identity for the generalized
k-Jacobsthal numbers.

Jem Ik
Jemsr1 Jepn
= Je Ik nt1 — Tk 1k
= (—28(k))" (DJkm—n — aJim—nt1)-

Jk7n Jk,n—r

Theorem 17 Assume that Z; — be with

Jk,n+s Jk,n7r+s
the entries are generalized k-Jacobsthal numbers then the fol-

lowing properties are hold:

|Zssal = f(K) | Zs 11| + 8 (K) | Z]
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Proof.

Jk,n Jk‘n—r -]k,n Jk,n—r

F)|Zs 1]+ (k) | Zs] = £ (k) +28(k)

]k,n+s+l Jk.n—r+s+l JkJHrs ]k,n—r+s

= f(k) (Jk‘n‘,k,n—r-%—x-%—l - Jk,n—rjk.n+.v+| ) + Zg(k> (‘Ik‘n‘]k,n—r-#s - Jk,n+.vjk.n—r)
= 7Jk.n7r (f(k)-]k,n+x+l + Zg(k)-]k,nJrs) + Jk.n (f(k)‘lk.n—rJrerl + Zg(k)Jkgl—rﬂ)
= 7Jk,n—rjk‘n+s+2 +Jk‘n-,k,n—r+s+2

= |ZH~2|
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