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SOME FIXED POINT RESULTS IN b-METRIC SPACES

AK.DUBEY, RITA SHUKLA, R.P. DUBEY

Abstract: In this paper, we show that different type of contraction mappings have unique fixed point in b-
metric spaces.

Introduction and Preliminaries: The concept of b-metric space was introduced by Bakhtin in
[1] and used by Czerwik in [6].
It is well known that Banach’s contraction mapping theorem is one of the pivotal results of
functional Analysis. A mapping T: X — X where (X, d) is a metric space, is said to be a
contraction if there exists k € [0,1) suchthatV x,y € X
d(Tx,Ty) < kd(x,y) = ===mmm (1.1)

If the metric space (X, d) is complete the mapping satisfying (1.1) has a unique fixed point.
Inequality (1.1) implies continuity of T. We have some contractive condition which will
imply existence of fixed point in a complete metric space but will not imply continuity (See
[10D).
In this paper, we establish some new contractive type condition for mappings defined on b-
metric spaces and prove some new fixed point theorems for these mappings. Our results
are generalizations of results in [10].
Definition 1[1]: Let X be a non-empty set and let s > 1 be a given real number. A function
d:X X X - R,, is called a b-metric provided that, forall x,y,z € X,

1) d(x,y) =0iff x =y,

2) dx,y) =d(y,x),

3) d(x,z) < s[d(x,y) +d(y, 2)].
A pair (X, d) is called a b-metric space. It is clear that definition of b-metric space is a
extension of usual metric space.
Example 1[7]: The space [,,(0 <p < 1),

Ly = {<xn)cm ) P < oo},
n=1

together with the functiond: [, X [, > R
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1

> p
d(x,y) = (Zbcn —mp) ,

where x = x,,,y = y, € L, is a b-metric space. By an elementary calculation we obtain that

1
d(x, Z) < ﬁ [d(x, 3’) + d(}’» Z)]

Example 2[7]: The L,(0 < p < 1) of all real functions x(t), t € [0,1] such that fol lx(®)|Pdt <

(0]

)

is b-metric space if we take
1

1 5,
d(x,y) = [ f () — y(twdtl
0

foreachx,y € Ly .
Definition 2[7]: Let (X, d) be a b-metric space. Then a sequence {x,}in X is called a Cauchy
sequence if and only if for all € > 0 there exist n(¢) € N such that for each n,m > n(e) we
have d(x,, x;,) < €.
Definition 3[7]: Let (X,d) be a b-metric space. Then a sequence {x,}in X is called
convergent sequence if and only if there exists x € X such that for all there exists n(¢) € N
such that for all n > n(e)we have d(x,, x) < &. In this case, we write lim,,_,,Xx,, = x.
Definition 4[7]: The b-metric space is complete if every Cauchy sequence convergent.
Definition 5[9]: Let E be a non-empty set and T: E — E a self map. We say thatx € E'is a
fixed point of T if T (x) = x and denote by FT or Fix(T) the set of all fixed points of T.
Let E be any set and T: E — E a self map. For any given x € E we define T"(x) inductively
by T°(x) = x and T"**(x) = T(T™(x)), we recall T"(x), the n*" iterative of x under T. For
any x, € X, the sequence {x,},>0 € X given by
Xp =Txp_q1 =T"xy, n=1,2, ...

is called the sequence of successive approximations with the initial value x,. It is also
known as the Picard iteration starting at x,,.
Definition 6[9]: Let (X, d) be metric space. A mapping T: X — X is called weak contraction if
there exists a constant § € (0,1) and some L > 0 such that

d(Tx,Ty) < 6d(x,y) + Ld(y,Tx) ----------- (1.2)
Remark 7[9]: Due to symmetry of the distance, the weak contractive condition (1.2) imply
implicitly includes the following dual one.

d(Tx,Ty) < 6d(x,y) + Ld(x,Ty) ----------- (1.3)
Vxy €eX
In order to check the weak contractiveness of T; it is necessary to check both (1.2) and
(1.3). It is clear that any contraction mapping is also weak contraction mapping in a metric
space.
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Main Results: In this section, we give some fixed point theorems in b-metric spaces.
Theorem 1: Let (X,d) be a complete b-metric space with constants > 1 and define the
sequence {x, }n=1 € X by the recursion
Xp = Txp_q = T"x,.
Let T: X — X be a mapping such that
d(Tx,Ty) < 1d(x,y) + A,d(x,Tx) + 13d(y, Ty) + A, [d(y, Tx) + d(x,Ty)](1)
where 4; + 254, + A3 + 254, < 1
V x,y € X then there exists x* € X such that x,, = x* and x* is a unique fixed point.
Proof: Let x, € X and {x,, },-,be a sequence in X defined as x,, = Tx,,_; = T"x,,
n=12 3--—-(2)
By (1) and (2) we obtain that
d(n, Xn41) = d(Txp_1, Txp)
< Ad(Xp—1,%n) + A2d(Xn_1, TXp_1) + A3d(xp, Txy) + Aa[d (xp, Txp—1)
+d(xn—1' Txn)]
< ﬂfld(xn—ll xn) + ﬂfzd(xn—lixn) + l3d(xn: xn+1) + /14 [d(xn' xn)
+d(xpn_1, Xns1)]
< hd(Xp_1,Xn) + sA[d(xp_1, Xn) + d (X, Xp41)] + A3d (X, Xpp41)
+54[d (tn_1, X5) + d(Xn, Xng1)]
=< ﬂfld(xn—ll xn) + Sﬂfzd(xn—l:xn) + S/lzd(xn:xn+1) + i3d(xn: xn+1)
+ s, d(xp_q, Xp)
< (A + 52, +s4)d(xp_1, %) + (SA; + A3 + 5244)d (p, X 41)
= (1= sdy — A3 — sA4)d(Xp, Xpp1) < (4, + 54, + 54)d (X1, %)
(A, + 54, +s4y)
*ni1) <7 —lszz A — 52w
< kd(xn—ll xn)

= d(x,,

d(xn—ll xn)

11+S/12+Sl4 S 1
1—512—13—514
As Ay + 254, + A3 + 251, <1
2,1+S/12+Sﬂ/4 S 1_512_/13_314

A
1 +Slz +Sl4_ S 1
1—512 —ﬂ3 —Sﬂ4

d (X Xns1) < kd (1, %)
< kzd(xn—ZJ xn—l)
Continuing this process, we get
< k™d(xg, x1).
Now, we show that {x, };-, is a Cauchy sequence in X. Letm,n > 0 withm >n
d(Xn, %) < 5 d(Xn, Xpg1) + 52d (Xpg1, Xna2) + 53d (X, Xpy3) + —— — —
< sk™d(xy,xg) + s2k™ 1 d(xg,x0) + — — — 4+ s™Ek™™ 14 (xq, x0)
< sk™d(xy,xo)[1+ (sk) + (sk)?+ — — — + (sk)™ 1]

where k =
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< sk™d(xy,xg) [%S:m_l)]
When we take m,n » oo
lim, L d(x,, xy) = 0.
Hence {x, }n-; is a Cauchy sequence in X. Since {x,}n=;is a Cauchy sequence, {x,}
converges to x* € X.
Now we show that x* is the unique fixed point of T.
d(x*, Tx*) < s[d(x", xp41) + d(xpy1, TXx)]
< sd(x*,xp41) + sd(Txy,, Tx*)
< sd(x*, xXpqpq) + 54 d(xp, x*) + sA,d(x,, Txy,) + sA3d(x*, Tx™)
+sA,[d(x*, Tx,) + d(x,, Tx™)]
= d(x*, Tx*) < sd(x*, xp41) + 54, d(xp, x*) + 5A,d (X, Xpgq) + SA3d(x*, Tx™)
+sA,d(x*, Txy,) + sA,d(x,, Tx™)
< sd(x*, xp41) + 5S4 d(xy, x*) + 52 2,d (%, x*) + 2 A,d (X%, Xp41)
+5A3d (x*, Tx*) + sA,d(x*, xp41) + S2 A4[d(xy, x*) + d(x*, Tx¥)
(1 —sA, —s?A)d(x*, Tx*) < sd(x", Xp1q) +52,d(xy, X*)
+ 52 2,d(x*, x,) + s2A,d(x*, Xp 1) + SAd(x*, Xp41) + 52 A4d (X, x*)
= (1 - 54, —s?2)d(x", Tx") < (s + s* Ao +54)d (X 41, X7)
+(sAy + 522, + s2A,)d (%, x*)

(52/14‘52/12'1'5214) %
(1-sA;—52A4) d(xp, x")

(s+s24p+544)

=>dx"Tx*) < ey

d(xn+1' X*) +

d(x*,Tx*) < 0asn — . Now we show that x* is the fixed point of T. Assume that x’ is
another fixed point of T, then we have Tx' = x’" and
d(x*,x") =d(Tx*,Tx")
S L d(x*,x") + A, d(x*, Tx*) + Azd(x', Tx") + A, [d(x', Tx*) + d(x*,Tx")]
S 4 d(x*, x") + Ad(x*, x*) + Azd(x', x") + A [d(x', x*) + d(x*, x")]
< Adx") + A [d(x’, x*) +d(x*, x")] = (A4 + 24,)d(x", x")
which implies that x* = x'.

Theorem 2 : Let (X, d) be a complete b-metric space with constants > 1. LetT: X — X be a
mapping for which there exist 1;, 4, € [0, g) such that
d(Tx,Ty) < 41d(x,y) + A[d(x, Tx) +d(y, Ty)] - (3)
Vx,y €X
Then there exists x* € X such that x,, = x* and x* is a unique fixed point of T.
Proof: Let x, € X and {x,},—, be a sequence in X defined as x, =Tx,_; =T"x,,
n=1,2, 3—— —. Byusing (3)
d(xn, Xn41) = d(Txn_q, Txp)
< hd(Xp-1, xn) + A2 [d (X1, TXp—1) + d(xp, Txy)]
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< lld(xn—l; xn) + 12 [d(xn—l' xn) + d(xn' xn+1)]
< (2'1 + iz)d(xn—lixn) + ﬂzd(xntxn+1)
= (1= 22)d(xn, Xp41) < (A + A2)d (X1, %)
M+ A
At nn) < (T2 dConor, %)
1— 4,
< kd(xn—bxn)

)
wherek=%£1
—A2

as 4 +24, <1
= Z’l + ﬂuz < 1-— A’Z
L+ Ay <1
1-4,
d(xpn, Xn41) < kd(xq, x0)

Thus T is a contraction mapping.
Now, we show that {x, };- is a Cauchy sequence in X. Letm,n > 0 withm >n
d(xnrxm) =S [d(xnt xn+1) + d(xn+1'xm)]
< 5 d(xp Xpe1) + 52d (X1, Xpa2) + 5°d (Xngz, Xnes)

+ — — = +s"™d(Xp+m-1, Xm)
< sk™d(xqy,x0) + s2k™ 1 d(xq, x0) + — — — 4+ s™k™™ 1d(xq, x0)
< (sk™ d(xq, xo)[1+ (sk) + (sk)?+ — — — + (sk)™ 1]
1— (skyr~tm-1)
< (s k™)d(x1, %) l 1 ok

when we take m,n - o
limy noeod (X, X)) = 0.
Hence {x,},-; is a Cauchy sequence in X. Since {x,};-;is a Cauchy sequence, {x,}
converges to x* € X.
Now we show that x* is the unique fixed point of T.
d(x*, Tx*) < s[d(x",x,) + d(x,, Tx")]
d(x*, Tx*) < s[d(x*,x,) + d(Tx,_1,Tx")
< sd(x*,x,) +sd(Txp_1,Tx")
< sd(x", xn) + s[4, d(cp_1, x")] + sA,[d (X1, Txp_1) + d(x*, Tx")]
< sd(x*, xp) + s d(xp_1,x) + sA,d(xp_1, Xy) + SA,d(x*, Tx™)
= d(x*, Tx*) < sd(xp, x*) + s d(xp_1,x*) + s2 A [d(xp_1, x*) + d(x*, x,)]
+sA,d(x*, Tx™)
= d(x*, Tx*) < sd(x,, x*) + s d(x,_1, x*) + 52 A,d (x,_1, x%)
+522,d (x,, x*)+sA,d (x*, Tx*)
= (1 —s4)d(x", Tx") < sd(xp, x*) + s d(xp_q,x") + s2A,d(x,_1,x%)
+522,d (x, x*)
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lim,_,d(x*,Tx*) =0
ieTx* =x*
Now we show that x* is the unique fixed point of T. Assume that x’ is another fixed point of
T, then we have Tx' = x’ and
d(x*,x") =d(Tx*,Tx")
< Ad(x,x") + A,[d(x*, Tx*) + d(x', Tx")]

d(x*,x") < 1d(x*,x")

1-2)dx"x)<0
which implies that x* = x’
This completes the proof.
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