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Abstract
Besides the frequentist methods, Bayesian approaches are applied to solve the non-parametric problems. This
work focuses on comparing the univariate Kernel density estimation(KDE) with Bayesian density estimation
using Dirichlet process mixtures(DPM) of Gaussians, which are non-parametric ways to estimate the prob-
ability density function. The results of simulation show Bayesian density estimations are better than Kernel
density estimations in most cases.
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Introduction

The kernel estimators are widely used in many nonparametric models. David and Stephan described the
application of diverse nonparametric kernel methods to reveal hidden structure in data [1]. Those kernel ap-
proaches were utilized in the nonparametric regression for exploring data [2] and the graphical analysis of
data [3, 4]. Among nonparametric kernel estimation in many forms, Wolfgang et al. showed the univari-
ate Kernel density estimation(KDE) was one of the commonest nonparametric and semiparametric modeling
techniques to undercover both the statistical characteristics and the probability density function of a random
variable [5], though computational complexity of calculations, especially for data-based bandwidth selection
and adaptation of bandwidth coecient, makes this way inecient and possibly inaccurate [6]. There have
been "rst generation" methods and "second generation" methods in the past two decades to select bandwidth
for KDE [7], but the optimal bandwidth selection method may vary for the dierent data set [8, 9]. Because
of the diculty in making one general optimal bandwidth selection method, many other statistical ideas were
developed to estimate density.

Nonparametric Bayesian methods are increasingly popular for density estimation due to the practicality
and validity. Escobar and West used Dirichlet processes mixture(DPM) models in Bayesian method for den-
sity estimation [10]. Steven and Peter expanded the scope of DPM models to nonconjugate situations [11].
Furthermore, they proposed the computational strategies for normal-normal DPM models. Diverse Packages
in R were created to implement Bayesian nonparametric models and contain functions for model compari-
son [12–14], but there is one gap to compare the KDE with Bayesian density estimation. In this research work,
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we focus on comparing the accuracy in density estimation between the univariate KDE and Bayeisan density
estimation using DPM of Gaussians.

Section 2 provides the details of KDE and Bayeisan DPM of Gaussians. In Section 3, two density estima-
tion methods are applied to the data simulated from Cauchy distribution, F distribution and Mixed Normal
distribution with the dierent sample sizes and the results are discusses. In Section 4, there is the conclusion.

Methodology

Univariate Kernel Density Estimation

Kernels are used in KDE to estimate random variables density function f (x) [15, 16], The general kernel
estimator for the real density function f (x) is

f̂ (x) = 1
n

n∑︁
i=1

1
h
K ( x − Xi

h
). (1)

where K (x) denotes one kernel function, h is the bandwidth and Xi is the ith sample.
In order to overcome the convergence issue, all kernel must satisfy three conditions. The rst condition

is the integral of one kernel on the domain is equal to one and all codomains are nonnegative K (x) ≥ 0 &∫
R K (x)dx = 1; the second condition is the integral of the multiplication of the kernel and each element in
domain is zero

∫
R xK (x)dx = 0; the third one is the integral of the multiplication of the square of each element

in domain and kernel is nite
∫
R x

2K (x)dx < ∞.
Based on the kernel estimation function (1) the derivative function of kernel density estimator is derived

directly for gradient estimation and it is shown as follows:

f̂ (r)h (x) = dr

dxr
1
nh
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i=1

K
( x − Xi

h
)
=
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K (r) ( x − Xi
h

)
. (2)

As seen in the equations (1) and (2), when working with a kernel estimator of the density function or its rth
derivative function two variables are determined rst: the kernel function K and the smoothing parameter or
bandwidth h. In practice, the choice ofK is a problem of less importance becauseK is not sensitive to the shape
of estimator; the choice of an ecient computation hmethod, is a crucial problem for an observed data sample
because of the eect of the bandwidth on the shape of the corresponding density estimator. When the chose
bandwidth is relatively smaller than the optional one, we will obtain an under-smoothed estimator with high
variability. On the contrary, when the value is signicantly bigger than the optimal one, the resulting estimator
will be over-smoothed and further apart from the real density function. There are diverse methods to nd the
optimal h for dierent kernels [17–19]. In this paper, we use the Gaussian distribution as the kernel and take
one number which can minimize the Mean Integrated Squared Error (MISE) to be as the optimal h for every
distribution because most literature suggested this method when the dierence between the real density and
the density estimator is known.

Bayesian Density Estimation Using DPM of Normals

Amixture model method for estimating a density is as follows:

f (x) =
n∑︁
j=1

w j f (x; \ j). (3)

In general, (3) can be extended to the innite mixture as follows:

f (x) =
∞∑︁
j=1

w j f (x; \ j). (4)
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The priors should be determined for the parameters \1 , · · · , \n and w1 , · · · , wn respectively in (3) & (4)
when Bayesian method is utilized. In our work, \1 , · · · , \n are drawn from one normal-inverted Wishart
distribution G0 and w1 , · · · , wn are drawn from the stick breaking prior. DPM is also denoted as the random
distribution DP (𝛼 ,G0); the probability function F =

∑∞
j=1w j𝛿\ j , where 𝛿\ j is the point mass distributions. So,

when n sample points are taken the model becomes as follows:

G ∼ DP (𝛼 ,G0)

\1 , · · · , \n |G ∼ G
Xi |\ i ∼ f (x |\ i ) , i = 1, · · · , n

where 𝛼 is the hyperparameter and Xi is the ith observed data point, which is the ith sample point from the
real distribution in the next section. The normal distribution N is added to DMP [10] and the updated model
is as follows:

G | 𝛼 ,G0 ∼ DP (𝛼 ,G0)
(`i ,

∑︁
i

) | G ∼ G

yi | `i ,
∑︁
i

∼ N (`i ,
∑︁
i

) , i = 1, · · · , p

where `i and
∑
i are the mean and variance of normal distribution, yi is the estimated point by Bayesian

method, the conjugate normal-inverted-Wishart G0 is the baseline distribution and p is the dimension of G0
as follows:

G0 = N ( 𝝁 | m1 , (1/k0)
∑︁

)IW (
∑︁

| v1 , 𝝍1) ,
where 𝝁 is one p×1 vector,∑ is one p× pmatrix, m1 is one hyperparemeter, v1 is one real number which must
be larger than p − 1 based on the assumption of Inverse-Wishart distribution (IW ), 𝝍1 is the p × p sample
matrix taken from (IW ) and m1 = m1 × [1, · · · , 1]T with p × 1 dimension.

If 𝝁 ∼ N (m1 , (1/k0)
∑), then their posterior distribution is proportional as follows:

𝜋 ( 𝝁, m1 , (1/k0)
∑︁

)

∝ det((1/k0)
∑︁

)−p/2 exp{−(1/k0)
p∑︁
i

(`i − m1)T
∑︁ −1(`i − m1)/2}

∝ det((1/k0)
∑︁

)−n/2 exp{−(1/k0)tr (𝝍−1
m1

∑︁ −1/2)},

(5)

with 𝝍m1 = (`i − m1) (`i − m1)T and tr represents trace.
If
∑ ∼ IW (v1 , 𝝍1), then its posterior distribution is proportional as follows:

𝜋 (
∑︁

) ∝ det(
∑︁

)−(v1+p+1)/2 exp{−tr (𝝍−1
1

∑︁ −1)/2}. (6)

Thus,

𝜋 (`,
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∝ 𝜋 (
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)
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)−(v1+p+1)/2 exp{−tr (𝝍−1
1

∑︁ −1)/2}

× det((1/k0)
∑︁

)−p/2 exp{−
p∑︁
i

(`i − m1)T
∑︁ −1(`i − m1)/2}

× det(
∑︁

)−n/2 exp{−
p∑︁
i

(Xi − `i )T
∑︁ −1(Xi − `i )/2}

∝ det(
∑︁

)−(n+p+a1+p+1)/2 exp{−tr ((𝝍−1
m1 + 𝝍−1

𝝁 + 𝝍−1
1 )

∑︁ −1/2)},

(7)
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with 𝝍𝝁 = (Xi − `i ) (Xi − `i )T .
To complete the model specication, independent hyperpriors are assumed as follows:

𝛼 | a0 , b0 ∼ Gamma(a0 , b0) ,

m1 | m2, s2 ∼ N (m2 , s2) ,

k0 | 𝜏1 , 𝜏2 ∼ Gamma(𝜏1/2, 𝜏2/2) ,

𝝍1 | v2 , 𝝍2 ∼ IW (v2 , 𝝍2) ,

where a0 , b0 , m2 , s2, 𝜏1 , 𝜏2 , v2 are real numbers and 𝝍2 is one p × p matrix.

Simulation

In this section, we make the simulation of three distributions: one is Cauchy distribution with parameters
x0 = −2 and 𝛾 = 1, one is F distribution with parameters d1 = 5 and d2 = 2 and the last one is the combination
of two normal distributions with `1=1.5, 𝜎1=0.8 and `2=4.0, 𝜎2=0.6 respectively. We draw the graphs in R
to compare the results of density estimations between KDE and Bayesian approach using DPM of Gaussians.
In addition, we change the sample size n to check how it inuences the accuracy of estimations.

When Bayesian approach is applied, formula (5), (6) and (7) are used to take sample points for estimation.
For convenience, we follow [12] and take a0 = 2, b0 = 1, m2 = 0, s2 = 10000, v1 = 5, v2 = 4, 𝜏1 = 4, 𝜏2 = 2
and 𝝍2 = 2 with one dimension. Note that the choices of those numbers do not change the results of density
estimation signicantly when the convergence is guaranteed.

For the Cauchy distribution, Figure 1, 2 and 3 show how density estimations change when n changes from
1000 to 10000. By comparing two dierent estimating methods we can see that Bayesian density estimation
is always better than KDE for dierent n. When n is 1000, KDE is most dierent from the true distribution.
Though KDE becomes closer to the true distribution as n becomes larger, Bayesian density estimation is much
better.
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Figure 1: Kernel and Bayesian estimations for Cauchy distribution with n = 1000
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Figure 2: Kernel and Bayesian estimations for Cauchy distribution with n = 5000
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Figure 3: Kernel and Bayesian estimations for Cauchy distribution with n = 10000
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Figure 4: Kernel and Bayesian estimations for F distribution with n = 1000
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For the F distribution, we have the results in Figure 4, 5 and 6 when sample sizes are 1000, 5000 and
10000 respectively. When n becomes larger Bayesian density estimation becomes better while KDE becomes
worse, so for F distribution DPM makes the error smaller. In addition, when n become larger we obtain an
under smoothed estimator by KDE and Bayesian estimation overcomes such issue.
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Figure 5: Kernel and Bayesian estimations for F distribution with n = 5000
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Figure 6: Kernel and Bayesian estimations for F distribution with n = 10000

For the Mixed Normal distribution, Figure 7, 8 and 9 show how two density estimations change as n
changes. When n is not large enough (n = 1000), both estimations do not match the true distribution well:
MISE between KDE and the true density is 0.185, and MISE between Bayesian density estimation and the
true one is 0.178. However, when n becomes larger Bayesian density estimation is improved while KDE does
not change much.
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Figure 7: Kernel and Bayesian estimations for Mixed Normal distribution with n = 1000
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Figure 8: Kernel and Bayesian estimations for Mixed Normal distribution with n = 5000
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Figure 9: Kernel and Bayesian estimations for Mixed Normal distribution with n = 10000
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Conclusion

We apply two widely used non-parametric methods for density estimation in this work, one mothod is the uni-
variate KDE and the other one is Bayesian density estimation using DPM of Gaussians. Gaussian distribution
is taken as the kernel and MISE is implemented to choose the optimal h for the univariate KDE. Compared
with the univariate KDE, Bayesian density estimation is better most times for Cauchy distribution, F distri-
bution and Mixed normal distribution in the simulation. Furthermore, when the number n becomes larger,
Bayesian density estimation is closer to the true density function in the simulation, while Kernel density esti-
mation becomes better, worse and keeps almost the same for Cauchy distribution, F distribution and Mixed
normal distribution respectively.
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