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Abstract

This paper present results of w-order preserving partial contraction mapping generating a parabolic equation
of £?(Q) theory. The theory of semigroups of linear operators has approximation theory, ergodic theory and
many others. In this paper we will restrict our attention to the application which are related to the solution
of initial value problems for partial differential equations. We show that 4 generates a semigroup of linear
operator which is closed and analytic on 2?(Q). We also deduced that operator A is associated with strong
elliptic operator A (x, D).
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Introduction

Let us consider the initial value problem

Ou(t,x) _
{ o = Aut, 2) (1.1)

u(0, x) = uo(x)

in the sense of the Banach space X. The solution X thus obtained may actually be a classical solution of the
initial value problem (1.1). If this is the case, it is usually proved by regularity provided by the abstract theory.
Suppose Q is a bounded domain with smooth boundary in R* and let £?(Q) be a Banach space with 1 < p < o
since we wish to obtain optimal regularity results. Assume 1 < p < oo and let Q be a bounded domain with
smooth boundary dQ in R”. Let

Az, D), = Z 4o (2)D% (1.2)

la|<2m
be a strong elliptic differential operator in Q. The operator

4@ D)= 3 (=)D (ag(@)u) (1.3)

|a|<2m

is called the formal adjoint of A(x, D). Assume X is a Banach space, X,, € X is a finite set, o — OCP, the
w-order preserving partial contraction mapping, M,, be a matrix, L(X) be a bounded linear operator on X,
P, a partial transformation semigroup, p(A) a resolvent set, o-(A) a spectrum of 4 and A is a generator of
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Cp-semigroup. This paper consist of results of w-order preserving partial contraction mapping generating a
parabolic equations £?(Q) theory. Agmon et al. [1], approximated some boundary problems for solutions
of elliptic partial differential equation. Akinyele et al. [2], generated a continuous time Markov semigroup of
linear operators and also in [3], Akinyele et al., proved some perturbation results of the infinitesimal generator
in the semigroup of the linear operator. Balakrishnan [4], introduced an operator calculus for infinitesimal
generators of semigroup. Banach [5], established and introduced the concept of Banach spaces. Brezis and
Gallouet [6], obtained nonlinear Schrodinger evolution equation. Chill and Tomilov [7], presented some
resolvent approach to stability operator semigroup. Davies [8], obtained linear operators and their spectra.
Engel and Nagel [9], deduced one-parameter semigroup for linear evolution equations. Omosowon et al.
[10], established some analytic results of semigroup of linear operator with dynamic boundary conditions, and
also in [11], Omosowon et al., obtained dual Properties of w-order Reversing Partial Contraction Mapping in
Semigroup of Linear Operator. Omosowonet al. [12], generated a regular weak*-continuous semigroup of
linear operators. Pazy [13], presented asymptotic behavior of the solution of an abstract evolution and some
applications and also in [14], obtained a class of semi-linear equations of evolution. Priiss [15], showed some
semilinear evolution equations in Banach spaces. Rauf and Akinyele [16], established w-order preserving
partial contraction mapping and obtained its properties, also in [17], Rauf et al., presented some results of
stability and spectra properties on semigroup of linear operator. Vrabie [18], proved some results of Cy-
semigroup and its applications. Yosida [19], established some results on differentiability and representation of
one-parameter semigroup of linear operators.

Preliminaries

Definition 2.1 (Cy-Semigroup) [18]
A Cp-Semigroup is a strongly continuous one parameter semigroup of bounded linear operator on Banach

space.

Definition 2.2 (w-OCP,) [16]
A transformation @ € P, is called w-order preserving partial contraction mapping if Vz,y € Doma : x <
y = ax < ay and at least one of its transformation must satisfy @y = y such that T'(¢ +s) = T'(t)T'(s)
whenever ¢, s > 0 and otherwise for 7'(0) = 1.
Definition 2.3 (Evolution Equation) [13]
An evolution equation is an equation that can be interpreted as the differential law of the development (evolu-
tion) in time of a system. The class of evolution equations includes, first of all, ordinary differential equations
and systems of the form

w = f(t,u),u” = f(t,u,u’),
etc., in the case where u(t) can be regarded naturally as the solution of the Cauchy problem; these equations
describe the evolution of systems with finitely many degrees of freedom.
Definition 2.4 ( Mild Solution) [13]
A continuous solution # of the integral equation.

t
u(t) =T —to)ug + / T —s)f(s,u(s))ds (2.4)
0]
will be called a mild solution of the initial value problem
du®) _
404 Aut) = (0 u(0), ¢ > 1o 0.5
u(to) = uo

if the solution is a Lipschitz continuous function.
Definition 2.5 (Analytic Semigroup) [18]



Asian J. Math. Appl. (2028) 2028:4

We say that a Cy-semigroup {T(¢);¢ > 0} is analytic if there exists 0 < 6 < 7, and a mapping S : Cy — L(X)
such that:

(i) T(¢t) = S(t) for each ¢t > 0;

(ii) S(z1 +29) = S(21)S(ze) for 21, z9 € Cy;

(iii) limZIEQ,Zl_}OS(zl)x =z forx € X; and

(iv) the mapping z; — S(z1) is analytic from Cy to L(X). In addition, for each 0 < § < 6, the mapping
21 — S(z1) is bounded from Cs to L(X), then the Cy-Semigroup {T'(¢);t > 0} is called analytic and uni-
formly bounded.

Definition 2.6 [13] Let A = A(x, D) be strong elliptic operator of order 2m on a bounded domain Q in
R" and let 1 < p < co. Whenever
D(Ay) = W1 (Q) n " (Q) (2.6)

we have that

Apu=A(x,D)yu  for x e D(A). (2.7)

Definition 2.7 [18] Let A(x, D) be the strong elliptic operator of order 2m on the bounded domain Q c R”
with smooth boundary dQ given by (1.2). Set

D(AY) = {u:u e W11 Q) n W (Q), A(x, D)u e L' (Q)} 2.8)

where A(x, D)u is understood in the sense of distributions. For u € D(A;), Ay is defined by

Ayu=A(x, D)u.
Example 1
3 x 3 matrix [M,,(NU {0})]
Suppose
2 2 3
A=(2 2 2
1 2 2
and let T'(t) = ¢, then
€2z th 3t
ezA — €2z th th
o 621 621

Example 2

3 x 8 matrix [M,,(C)], we have

for each 2 > 0 such that 1 € p(A4) where p(A) is a resolvent set on X.
Suppose we have

and let T'(¢) = ¢, then

7 621/1 621/1

Example 3
Let X = C,;(N U {0}) be the space of all bounded and uniformly continuous function from N U {0} to R,
endowed with the sup-norm || - || and let {T'(¢);¢t € R} € L(X) be defined by

[T'(0)/1(s) = [t +5)
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For each f € X and each ¢, s € R, one may easily verify that {T'(¢); ¢ € R} satisfies Examples 1 and 2 above.

Main Results

This section present results of semigroup of linear operator by using w-OCP, to generates a parabolic equa-
tions £?(Q) theory:

Theorem 3.1

Let A4 : D(A) € ZP(Q) — £P(Q) be the infinitesimal generator of Cy-semigroup 7'(z); ¢t > 0. Let A(x, D)
be a strong elliptic operator of order 2m on Q and let 4,, 1 < p < oo, be the operator associated with it. The
operator A%, ¢ = ﬁ associated by Definition 2.6 with the formal adjoint A*(x, D) of A(x, D) on £4(Q) is
the adjoint operator of 4, forall 4 € w — OCP,.

Proof:
We denote by (-) the pairing between the dual spaces £?(Q) and £4(Q) by A’ the adjoint of A4,. A simple
integration by parts yields

(Apu, vy = (u, A;v) 3.9)

for every u € D(A), u € D(Ay) and 4 € w — OCP,. Therefore, D(A;) € D(A’) and for v € D(A4;), we have
A*qu = Av. Letv € D(A’) and w = A’v, then by the definition of the adjoint operator we have

(Apu,v) = (u,w) forallueD(A) and A € w—-OCP,. (3.10)

Since D(Ay) is dense in £7(Q), then there is a sequence v; € D(A4y) such that v; = ¥ in £7(Q). From (3.9)
and (3.10), it follows that

(u, Ajviy = (u,w) forallu e D(A), A€ w-0CP,

and since D(A,) is dense in £?(Q) we conclude that Ajv; converges weaky to w. the closeness of 4 now
implies that v € D(A}) so that D(A") ¢ D(A;) and

A=A

Hence the proof is completed.

Theorem 3.2

Suppose A(x, D) is a strong elliptic operator of order 2m on a bounded domain Q with smooth boundary 6Q
inR"andlet 1 < p < co. If 4, : D(A,) € LP(Q) — LP(Q) is the operator associated with 4 by Definition
2.6, then A4, is the infinitesimal generator of an analytic semigroup on £?(Q) forall 4 € w — OCP,.

Proof:

We have already noted that D(A,) is dense in £#(€) and that A, is a closed operator in £?(€2). Then we have
that since A is a strongly elliptic operator of order 2m on a bounded domain Q with smooth boundary dQ in
R" with 1 < p < co. Then there exists a constant C > 0, R > 0 and 0 < u < 7/2 such that

C
llllo,p < mll(“ +A)ullo,p 3.11)

for every u € W™t (Q) N Wgﬂ’P(Q), AeCand A4 € w— OCP, satisfying [1] 2 Rand 0 — 7 < argd < 7 — 0.
Then it follows that for every

AeZg={u:0-ng<argu<n-0, |u >R} 3.12)
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the operator A1 + A, is injective and has closed range. Similarly, it follows that since operator 4; on £7(Q),
then there are constants R’ > 0 and 0 < 8’ < /2 such that for every

Aelg={pu:0 —n<argu<mx-0, |ul =R}, then
Al + A4 is injective. Let 61 = min(6, 6’) and Ry = max(R, R’), then for every
AeZg={pu:01—-n<argu<m—01, |ul >R}, then

A1+, is bijective. Indeed, we have already seen that it is injective so it remains only to show that it is surjective.
Letd € Xy, and 4 € w—-OCP,. If v € 9(Q) satisfies (A1 +A,)u, v) = 0forallu € D(A,), then from Theorem
3.1, we have that v € D(A4;) and that (u, (11 + Ay)v) = 0 forallu € D(4,) and A € w — OCP,. Since D(Ap)
is dense in £7(Q), (11 + A;)v = 0 and the injectivity of A1 + Ay implies v = 0. Thus for 1 € Xg, (A1 +4,) is
invertible and from (3.11) it follows that

C

AL+A4,)7Y <
har+4) ™ < o

forall A € Xy, and A € w — OCP,

which implies that A4, is the infinitesimal generator of an analytic semigroup on £?(Q), and this achieved the
proof.

Theorem 3.3

Let 1 < p < oo, then the operator 4, : D(A,) € £L7(Q) — £L1(Q) is the infinitesimal generator of an analytic
semigroup of contractions on £7(Q) forall 4 € w — OCP,.

Proof:

Let 1 < p < oo be fixed and let ¢ = p/(p — 1). We denote the pairing between £?(Q) and L9(Q) by (-). If
u € D(A,), then the function u* = [u|P~?% s in £9(Q) and (u, u*) = ||”||ZP Integration by parts yields

(Apu, u™) = - / i (')I ( Ayl 77— )u|u|P 2dx

k=1

/Z g3 Tl

k,l=1

- du Ou a Aulp=2
/Za“(luw Ou O G 2 A7) g
Py} oxy 0xy, (kck oxy,

But

9 1 4 (72 gy P
ulr = 5o - 2l ),

Denoting |u|?=Y/2%(8u/dx;) = ay + i B, we find after a simple computation that

i = [ a0 = Dagan + i +i(p - Danfude. (3.18)
o =1

Let |ap ool M for1 2k, [ Sn,zx € Qand 4 € w — OCP, and set
n
o= [ abde 1p1- Z/ﬁ;d
k:lg k= 1o

then if follows that if we assume coeflicients a; ;(x) = a;;(x) are real valued and continuously differentiable in
Q and that A(x, D) is strongly elliptic, that is there is a constant Cy > 0 such that

D ai@)Eg 2 Co ) &l = Colé (3.14)
k=1

k=1
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forall real &, 1 < k < n. Then it follow easily from (3.13) and (3.14) that

Re{Ayu,u*y 2 Co((p— Dle)* +181*) 2 0 (8.15)
and o
iy, )| 1P = 2AM (lal® + 55181%) 316
IRe{Apu, u*)] = Co((p— Dlal*+|B]?) .
for every p > 0. Choosing p = +/p — 1 in (3.16) yields
|Im(/lpu,u*| < Mp—2| ‘ 3.17)
|Re{Apu, u*)| — 2Co+/p — 1
From (3.15), it follows readily that for every 4 > 0 and « € D(A,) we have
Alllo,p = 1AL+ Ap)ullo,p (3.18)

and therefore, 11+, is injective and has closed range for every 2 > 0. Since (3.18) holds forevery 1 < p < oo,
it follows that for 2 > 0, A1 + A, is also surjective. Indeed, if v € £7(Q) satisfies

(U +Ap)u,vy =0

forallu € D(A4,) and A € w — OCP,. Since A(z, D) is formally self adjoint, then it follows from Theorem 3.1
thatv € D(A,),q =p/(p — 1), and that

(u, (AT +A)v) =0
for every u € D(A,). Since D(A,) is dense in Z7(Q), (I +A,)v =0 and (3.18) with p replaced by ¢, implies

v = 0. Thus, A1 + 4, is bijective for 4 > 0 and as a consequence of (3.18) we have

1
AT +A,) o, < 1 fora>0. (8.19)

The Hille-Yosida theorem now implies that A, is the infinitesimal generator of a contraction semigroup on
2P (Q) for every 1 < p < oo. Finally, to prove that the semigroup generated by A, is analytic we observe by
(3.15) and (3.17) the numerical range S(A4,) of A, is contained in the set

So, = (A : |argd| > 1 —67)

where
0 = arctan(M|p — 2|/2Co\p—-1), 0<0; <n/2.

Choosing 61 < 0 < /2 and denoting
Yp=(A:|argd| <7 —-0) (8.20)
it follows that there is a constant Cy > 0 for which
d(A : S(A,)) = Cold| for A € Zy.

Since A > 0 is in the resolvent set p(A,) of A, by the first part of the proof, it follows that since p(A,) > Zy,
we have

AT +A4,) o, < forall A € =. (8.21)

1
Col]|

Hence, A, is the infinitesimal generator of an analytic semigroup on £?(€) and this achieved the proof.
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Theorem 3.4
The operator 4 : D(A;) € 21(Q) — L1 (Q) is the infinitesimal generator of an analytic semigroup on £2(Q).

Proof:
Let
A@,Dyu= Y am(@)D"u
|a|<2m
and

A, D)= Y (=DI"ID"(a,(2)u).

|la|<2m

Let A, be the operator associated with A4(z, D) on the space C given by
C={u:ueC(Q),u=0o0n0Q} (3.22)

Since A(z, D) is strongly elliptic together with A(z, D) it follows from the infinitesimal generator of analytic
semigroup and we have that there are constants M > 0, R > 0 and 0 < 8 < /2 such that

1T +A) Mo, < M| (3.23)
for every
AeZg={u:|argul >0, |ul >R}
Now, let u € D(A;), and let Q be a bounded domain in R” for all « € £!(Q), then we have

lllo.x = sup / u(@e@)da s ¢ € C2(Q), lgllow <11 (3.24)
Q

Since C° (L) is contained in the range of A7 + A, for every A € £g and 4 € w — OCP,, it follows from (3.23)
and (3.24) that

lullo.x = sup / WU +Ayodz v € D), [ollo, < MIA™
Q

which implies that for every v € D(A,), l0]10,c0 < M|A|7! we have

lzllo,1 < /u(ﬂ[ + A )vdx| = /(/U + Ay)uvdx
Q Q

< T+ ADullollollo,e0 < MIAITHIAT + Ao,

Thus for every A € X4, A1 + Ay is injective and has closed range. Moreover, since D(A9) C D(A;) the range
of A1 + A contains £2(Q), which is dense in £!1(Q), and therefore the range of A1 + A7 is all of £1(Q) and

1T +A)lo,1 < M2

for every A € Zg, it follows therefore that A7 is the infinitesimal generator of an analytic semigroup on £1(Q).
Hence the proof is completed.

Conclusion
In this paper, it has been established that w-order preserving partial contraction mapping generates some
results of parabolic equations £*(Q) theory.
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