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Abstract

In this paper, the A-cyclic codes of block length (a@i;jw4)i,jr € [ are investigated, where A =
MoyooMipoM110M117 and I = {(0, 0, 0), (1,0, 0), (1,1,0), (1,1, 1)} in order to search one application of
them. By defining a Gray map, we obtain the Gray images of A-cyclic codes. Their generator polynomials
are given. The structures of separable codes are discussed. The necessary and suflicient conditions of A-cyclic
codes to be reversible and reversible complement are discussed. We obtain cyclic DNA codes from A-cyclic
codes.
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Introduction

Cyclic codes are error-correcting codes and they have algebraic properties that are suitable for efficient error
correction and detection. In addition to studying some features of cyclic codes, studying the application areas
of these codes attracted the attention of researchers. One of the application areas of cyclic codes is DNA codes.
Some researchers studied cyclic codes over a finite ring or a family of finite rings to obtain DNA codes [2, 5],
respectively. Recently, researchers have begun to study cyclic code over a mixed alphabet to obtain DNA
code [3]. Motivated by the work [3], we decide to study on A = MygoM190M110M111-cyclic codes in order to
construct DNA codes, where Moo = I, are finite fields with ¢ = p° elements, p is a prime, ¢ > 1 is a positive
integer and M9 = F; [u]/(u2 - ﬁw) , Mo = Fy[u, v]/(u2 - Biu, v — Bov, uv — vu> ,
M1 = Fylu,v, w]/<u2 - Biu, v — Bov, w? — Byw, uv — vu, uw — wu, VW — wv) are finite commutative rings,
where 81, B2, Bs € Mypo*. The aim of this paper is that we hope that to find optimal DNA codes that would
not be found in the literature.

The paper is organized as follows. In section 2, some basic knowledge is given. The sets M;j; are introduced
for (i, j, k) € I, where I is lexicographic ordered set and it is equal to {(0, 0, 0), (1, 0,0), (1, 1, 0), (1, 1, 1)}.
The structures of the linear codes over M, i, for (i, j, k) € I', where I' = {(1,0,0), (1,1,0), (1,1, 1)} and
the Gray maps are given. The structures of the cyclic codes over M;j; are obtained, for (7, j, k) € I'. In section
3, A- linear codes are investigated. A-cyclic codes are introduced. The Gray map is given, in section 4. The
Gray images of A-cyclic are obtained. In section 5, the algebraic structures of A- cyclic codes are discussed.
The separable codes are searched. In section 6, the necessary and sufficient conditions of the A- cyclic to be
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reversible and reversible complement are determined. It is obtained the DNA codes, by using a map and A-
cyclic codes.

Preliminaries

Let F, denote finite fields of characteristic p with ¢ elements. A k dimensional subspace C of F," is called
a linear code over I, of length n. Each element ¢ € C is called a codeword. A linear code C over F; with
length 7 is cyclic code if ¢ = (cg, ..., c4—1) € C, then its cyclic shift o(c) = (¢,-1, o, ---» ca—g) € C. The
Hamming weight of c¢ is defined as the number of its non-zero components, it is denoted by wyy(c). The
Hamming weight of a code C is defined as the smallest Hamming weight among all its non-zero codewords,
it is denoted by w7 (C). The Hamming distance between ¢ and e is defined dj;(c, e€) = wy(c —e). The
Hamming distance of a code C is defined as dyy (C) = min{dy (c, €)|c # e, Ve, e € C}. The dual of C is defined
Ct= {é = (5(), . 5,,_1) S Fqn|6()5() + ..+ Cyo1Cp1 = 0, all c = (C(), ceey Cn—l) S C}

Let R denote any finite commutative ring. A nonempty subset D of R" is called linear code of length n over
R if D forms an R-submodule of R". A linear code D over R with length n is cyclic code if d = (dy, ..., d,-1) €
D, then its cyclic shift o(d) = (d,_1, dy, ..., d,_9) € D. By identifying each codeword d = (dy, ..., d,_1) to a
polynomial d(x) = dy +dyx + ... +d,_12"~! in R[z]/(x" — 1), a linear code D is a cyclic code if and only if it is
an ideal of the ring R [x]/{z" — 1).

Let

w? = Bsw, B1, B2, Bs € Mooo*

be commutative rings, where (i, j, k) € I' = {(1,0,0), (1, 1,0), (1, 1, 1)} and Moo = F, are finite fields with
q = p° elements, p is a prime, e > 1 is a positive integer. For (i, j, k) = (1, 0, 0), then the finite ring M9 =
Fq[u]/<u2 - ﬁ1u> .For (i, j, k) = (1, 1, 0), then the finite ring M119 = I [u, "()]/(u2 - Biu, v — Bov, uv —vu> .
For (i, j, k) = (1, 1, 1), then the finite ring

M1 = Fylu,v, w]/(u2 — Biu, v — Bov, w? — Byw, uv — vu, uwW — WK, VW —wv> , where B1, Bg, Bs € Mypo™.

S B R 9 _ 9 _
M“k_{ 120 2j=0 2p=o 4 VW aijtlaijp € Mooo, u” = Biu, v° = Bov, }
ijk =

They have ¢2, ¢*, ¢® elements, respectively.
For (i, j, k) € I, an arbitrary element Mmjji = Zil:o Z}:O 22:0 uivjwkaijk € M;j; can be uniquely

z nrstbai+j+k,rxz

(r,s,t) €T

where baiﬂ.%m € Mygp and the set T is lexicographic ordered on the cartesian product 4 x B x C. Since
A =10, 1}, B={0}, C = {0}, for Ryg9, then T = {(0, 0, 0), (1, 0,0)}. Since 4 = {0, 1}, B={0, 1}, C = {0},
for Ry10, then T' = {(0, 0, 0), (0, 1, 0), (1,0, 0), (1, 1,0)}. Since A = {0,1},B = {0, 1}, C = {0, 1}, for
Ryq1,then T = {(0, 0, 0), (0,0, 1), (0,1, 0), (0,1, 1), (1,0,0), (1,0, 1), (1, 1,0), (1, 1, 1)}.

Moreover, 1,5 are idempotent generators, where (7, s,t) € T, for (i, j, k) € I . That is, Zrsner st = 1,
n2, =1 and 0,407z, = 0, where 1,4 # 12, all (r, 5, 1), (I, z,n) € T, for (i, j, k) € I.

For the finite ring M1, then

n000 = «/B1, 1100 = (B1 —u)/B1-

For the finite ring M1, then
nooo = (wv)/B1B2, no10 = (uBe —uv)/B1B2,
n100 = (vB1 —uv)/B1B2, n110 = (B1B2 — B1v —uPfg +uv)/B1Ps.

For the finite ring M1, then

1000 = (wuv)/B1B2B3, noo1 = (uvfz —uvw)/B1B2P3,
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noto = (uw By —uvw)/B1BeBs, nont = (uP2Bfs —uwpPa —vuPg +uvw)/B1B2Bs3,
n100 = (vwB1 —uvw)/B1BeB3, nio1 = (vB1Bs —vwP1 — uvPfy +uvw)/B1B2B3,
ni10 = (B1Bow — Brow —uwPe +uvw)/B152P3,
mi1 = (B1BsPe —wh1B2 — B1Bsv+vwh —uPfefs +uwpPe +uvfs —uvw)/B1Pefs.
The Gray map is defined as follows;

2i+j+k
Yije = M — Mgy,

Z nrstb(kiﬂ-ﬁ,/e,rst — (ﬁ)leU

(r,s,t)€T
where f; = bai+j+k,rsz7 for (r,s,t) e Tand U = {1, 2, 8, ..., 2"7*} for (4, j k)€ I'. For example;

4
Yo Mio — My,

mi10 > (bag,0005 Pay,0105 bay, 100, bay,110)-

We define the Lee weight of m;j;, € M;j; as ;

wr, (mijr) = wy (Yije(miji))

where (i, j, k) € I' and wy denotes the Hamming weight over M.
Ma’i+j+k2i+j+k

000 as follows,

This map can be extended from MZ.ZN‘ to

itk
. Qjrjtk a/i+j+le2 A
Yij : M5 > Mg

my = (my)aer > (bg,, ,y rs) (s, €T ael

- , Wjyisk Qiyik—1
where (,7,k) € I'. The elements my, = (m;ljk)"EV € Ml.jl:"” denotes my, = (m?jk,...,miﬂ:“k ). The

Lee weight of my, = (mlfljk)ael/ € MZ.}:M where V' = {0, 1, ..., @jsjue — 1} for (i, j, k) € I is wy (myg) =

Qitjsh

Ay i k—l . A~ ~
> wL(ml”]k) The Lee distance between any two elements mjj, = (mlf’].k)aey,mijk = (ml‘.‘jk)aey € Mijk ,

a=0
where V' ={0, 1,2, ..., @jyjur — 1} for (i, j, k) € I’ is defined as

dp (mg, i) = wpg (Y 6 (M5 — i)

i+j+k

It is easily seen that the Gray map y; ; is an Mygo-linear and distance preserving map from M;k (Lee distance)

Qi+j+k2i+j+
to Mo

Let C,

Qjpjrk

k ’
(Hamming Distance), where (i, j, k) € I .
be a linear code of length a;. . over M;j; for (i, j, k) € I'. We define

eC

Ty jivk

_ a Qiyjrk |
C _ baiﬂ-w,oln = (ba,-+j+k,oln)’lEV € M()(JO . Z(r,s,t) eT nrslba%ﬂ;e,rxt
@ik ,0ln
for some bai+j+k»”t # ba’i+j+}e,01"

where (0,1, n) € T for (i, j, k) € I'. Then C,,

i+jek,0ln
and Ca’ i+j+k

are linear codes of length a;, ;. over Moo for (7, j, k) € I
can be uniquely written as;

Ca“ﬂ;( = 69(o,l,n) eTNoln Coz,-Jerrk,oln

for (Z’ j’ k) € 1,' Then |Ca;+j+k| = H(o,[,n)ETlcaiﬂ#{,olnI) for (l’ j’ k) € 1,'
Since ¥, is distance preserving map and ;j (C,, ) = ®(o,1,n) €T Cayy sy 00 for (i, j, k) € I', we get

dp(Cayyp) = minf{dp (Co,, o)l (0, L, m) € T}
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Example 1 Ifca2 is a linear code oflength ag over Mo, then C[l2 = nooocwy()oo + TIOIOC@,O]O + T]]()()Cw,]()o +
1110Cay, 110, where

Cay,000 = {bay,000 € My, 17000bay,000 + 7010bay,010 + 7100bay, 100 + 7110bay, 110 € Cay for some by, 000 #
bay,rsi

Cay,010 = {bay,010 € M3,1m1000bay,000 + 7010bay,010 + 7100bay, 100 + 7110bay, 110 € Cay for some by 010 #
bag,rst};

Cay,100 = {bay,100 € M, 11000bay,000 + 7010bay,010 + 7100bay, 100 + 7110bay, 110 € Cay for some by, 100 #
bozg,rst};

Cay,110 = {bay,110 € My, 11000bay,000 + 7010bay,010 + 7100bay, 100 + 7110bay, 110 € Cay for some by, 110 #
bag,rst}'

Theorem 2 Let C,

jtjrk
Cay,jyy 18 a cyclic code of length a;yjyy if and only if C,
T for (i,j, k) el

= 69(0,1,71)eTﬂolnCaiﬂmoln be a linear code of length ;. iy over My, for (i, j, k) € I'. Then

jeproln ATE cyclic codes of length a;j., over Mooo, where (0,1, n) €

Proof. Let (b2i+j+k;0[")a€,/ e C,
Then ¢ = (¢cy)4ep € Cy
(i,j, k) € I'. Suppose C,

oln» where V- = {0, 1,2, ..., @jyjsp — 1} and (0,1, n) € T for (i, j, k) € I.
where /" ={0, 1,2, ..., ajyje — 1} and ¢g = X5 1 nyer nognbiﬂ_md", where d € V" for

i+j+k>
i+j+k?

is a cyclic code of length aj,j, over M;j; for (i, j, k) € I', the o (c) € Cy where

i+j+k i+j+k?
O-(C) = Z(a,[,n)eT nolwlo-(bgﬂﬂk’oln)aeV- So O-(bzi+j+k,ol7z)”€y € C(Yi+j+]e,01n’ where (o, l n) € T for (iaja k) elr.

Therefore CQHM,OM are cyclic codes over Moo, where (o, [, n) € T for (i, j, k) € I .
Conversely, lets = (s;),ep € Cq
where z € V. Then (!,

where ) = {O; 19 2’ ey a’i+j+k_l} such that St = Z({),l,n)eT rlolnb;iﬂ_%’oln;

i+j+k?

et € Capypipolns where (0,1, n) € T for (i, j, k) € I'. Suppose that Coiyjpp oln ATE

i+j+k701”
cyclic codes of length a@;,j.; over Mooo, where (o, [, n) € T for (i, j, k) € I'. Then O-(b(tli+j+k,oln)lEV € Ca’i+j+lz701"’
where (o,1,n) € T for (i, j, k) € I'. Since X, 1 pyer nvlna—(bfx,-J,M,oln)iEM = 0 (s) € Cy,,py» We get G, is a

cyclic code. =

Corollary 3 Let Cy,,,,, = O (0,1,n) eTMoln Cay oy 0ln be a linear code of length a;y ., over My, for (i, j, k) € I ", Then

its dual Céi+j+k = ®(o,1,n)eTMolnC ;i+j+k’0l" is also cyclic code of length a;yjy over My if and only if C; are cyclic

ivjakr0ln

codes of length a; ., over Mooo, where (0,1, n) € T for (i, j, k) € I.

Theorem 4 Let C,

Qitjrk

M,y 0ln (T) be the generator monic polynomial of the cyclic code Coiyjos 0lns where (0,1, n) €T for (i,j, k) € I'. Then

= O(o,1,n)eTMolnCap,00n be @ cyclic code of length a;y iy over My, for (i, j, k) € I, and

Z(o,l,n) eT nolnmwiﬂ%,aln (x)sa,-ﬁ,,k,oln (l‘) :

Cy. . =
M saﬂj%,oln(x) € Mijk [-r]/<xai+j+lc - 1>

for (i, j, k) € I'. Moreover,
C<15+./+k = <m"i+j+k (x)>

where May o (2) = Xolmyer MolnMa, ;4 0ln (), where (0,1,n) €T for (i,7,k) € I’ such that Mok (x)]xi+t — 1.

Proof. If Coryur
Mooo, where (0,4,n) € T for (i,j, k) € I'. S0 Capp\opoln = <m(,i+j+k,01n(x)> © Mogo[] /% — 1) , where
(0,l> 71) € T for (l>]’k) € 1I~ Since Cai+j+k = ®(0,Z,n)ETnol7LCai+j+1z,oln’ then Cai+j+k = {m(xi+]'+k(‘r)|ma,-+j+k (1‘) =

Z(o,l,n)eT nolnmoz”ﬁ/e,oln (I) for maiﬂ-%,oln (‘r) € MOOO [x]/<xdi+j+k - 1>} So

is a cyclic code of length @;,j over M;j;, then C,,i.ﬂ.%oln is cyclic code of length a@;,j over

Coz,-Jerrk - { Z MolnMa, 4y, 0ln (x)sai+_7»+k,01n(x)lsa,~+j+k,olrt (JU) € MY},
(o,l,n) €T
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where MY = M [x]/{x®+i+ — 1) and (0,1, n) € T for (i, j, k) € I'. The other part is easily seen. That is,

Z nolnma,ﬁ%,oln(x)sa”ﬂk,oln(x)|sai+j+/e,oln(x) eMY C Cai+j+k,
(0,l,m)eT

where MY = M, [x]/{x®++ — 1). So

Z nolnmaiﬂ-%,oln (x)sa,-+]~+k,01n (l')ls(lﬁj-%,alrt (Z) eEMY = C(ti+j+k,
(0,l,n) €T
where MY = M;j,[x]/{x®++ — 1).
Let maiﬂ.%oln(as) be the generator monic polynomial of the cyclic code Caw%oln
T for (l,],/@) € I'. We know that C(Yi+j+1e = {Z(o,l,n)eT nolnmaiﬂ-%,oln(‘r)sai+j+k,01n(I)|sai+j+/e,oln(x) €
M [a]/(x — 1)} for (i, j, k) € I
Let C' = <mai+j+k (x)), where mq,, ., () = Yo 1 mer nalnmai+j+k,oln(x)- Then my,, , (2) € Cq,,,. There-
fore C' C Coypi- By multiplying with 1745, we get nupe (X (0,1, 1 Mpin — (z) = MabcMa, ;4 abe (x), where
a,b,c) € T for (i,j,k) € I'. So C, C (. Therefore C' = C,..., = {(my. . (x)), where mg..  (x) =
J i+j+k i+j+k i+j+k

where (o,[,n) €

i+j+k
Z(o,l,n)eT nolnmaw%,oln (x) Since Cai+j+k,oln = <ma/,-+j+/c,oln (x)> there exists fa,»+j+k,oln (x) € Mooo [x]/<xai+j+k - 1> P
where x%+itt — 1 = mai+j+k,oln(x)fa,urﬂk,oln(x)- So (Z(a,l,n)eT nol'rz)(xaH'M - 1) = (Z(o,l,n)eT Tlolnﬁxiﬁ-#e,oln(x))
(Z(o,l,n) €T MolnMa, 14 ,0ln (x)) = (Z(o,l,n)eT nolnfaw),k,oln (x))mai+j+k (Z) Therefore May, g (x)|xai+j+k -1 m

Corollary 5 Let Cy,,,, = ®(o,1,0)TMoln Coryjproln be a linear code of length a;..j over My, for (i, j, k) € I'. Suppose

Ma, o 0ln (T) are the generator monic polynomial of the cyclic code Casyupoln ands; () are the reciprocal polynomial

+j+le,017l

ofsal.ﬂ.%,,,ln () such that x®++ — 1 = My ol (I)SQHM,OZ,L (x), where (0,1,n) €T for (i,j,k) € I'. Then Cri:-+,-+/g =
<doz,-+j+/¢ (x)> , where d0i+j+k (x) = Z(a,l,n)eT Uolns;,ﬁ%oln (x): where (o, { n) € TfOT (@, Js k) el.

A-Linear Codes
The set
A = MoooMiooMiioMi1 = {(miji) i j ey erlmie € Mije}

forms an M71; module under the componentwise addition and the following multiplication. For any elements
m= Zil:() Z}:o Z/&:o uivjwkaijk € My11 and (myj1)(i,j,kyer € A, the multiplication is defined as

A— A
(m, (mije) i imer) v (iR)G,j kel

where s;j, = m.m;j for (i, j, k) = (1, 1, 1) and s;j = m;j3 (m)m;; where the maps

T 2 My — Mg
1 1 1

w= 333 it o
i=0 j=0 k=0

are projection maps for (i, 7, k) € I" = {(0,0,0), (1,0, 0), (1, 1, 0)}. They are also ring homomorphisms.
For the finite ring Moo, then p;jx = agoo, for the finite ring Mg, then p;j; = Zil:o u' ajoo, for the finite ring
M1, then p;j = Yo Z]Lo u'via;jo.

This multiplication can be extended componentwise on Agyq,agey = Mg&) XM%O X Mlaf() ><Mf‘f1 as follows
forany m € M1y and ((m3)aer) i,jbyer € Nagmragass

Mlll X Aaoalagag — Aagalagag

(m, ((m&)aer ) jper) > (hiji),jker = (hooo, h100, k110, h111)
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where by = m(mier for (k) = (L1L1) and hy = (ra(m)Ont e and Vo =

{0,1,2, ..., ajsjue — 1} for (i,j,k) € I”.  The element ((miajk)aEV)(i,j’k)Gl denotes the element
1 1 1 1 .

(mooo"" 880 , ?00,... %0 , ?]0,... (llfo , (1)”,... m{}]). S0 Aayaagas is an Myj1-module.

Definition 6 A non empty subset C of Agya)aqay i called A-linear code of block length (ai+j+k)(i ikyer if Cis an
M 11- submodule of Aoya,agay, where I ={(0,0,0), (1,0,0) (1,1,0), (1,1, D}

An inner product between m = ((m k)aeV)(ZJk)e[ (k) (i,j kyer and M = ((m k)(lEV)(z]k)el _
(k) 1,7,k e7 1 defined as

g1
m.im = Z ( Z mi. ., ) = Z m; . Mg
ijk""ijk L] 1
(,j,k)el =0 (i, k)l

where /' = {0, 1, 2, ..., @j;jy — 1}. If Cis an A-linear code of block length (a/i+j+k)(i iber then the dual code
of C is defined as

= {c/ € A%ma?a3|c.c/ =0, Vc e C}.

Definition 7 A A-linear code C of block length  (asjir) Gidel is said to be a A-

. P . . _ _ a-1 0 ap—2
cyclic  code if dts  cyclic  shift o (c) = (o (m k)aGV)(z]k)el = (Mo00 s Mo00s +++> Moo »
, a;—1 0 a1—-2 ag—1 0 m ag—2 a; 1 O (1/; 2 _

M100 > ™1000 -+ ™100 ’mll(] MY 100 o M1 s Yy > My sy ) € G forany ¢ = ((my] k)aeV)(uk)el €

Cowhere V' ={0, 1, 2, ..., @jyjue — 1}

For the polynomial representation:
a; 'k—l ..
Let mijp(x) = 2, 5" mf.jkxt where (i, j, k) € I. Then any element ¢ = ((m?jk)aeV)(i,j,k)el € Agpayasass

where /' = {0, 1,2, ..., @j4jsx — 1} can be identified with

c(x) = (miji(x)) (i j kel

i 1 . _1r .o "
where m;j () = mz]k +m1 Tt +mcjk+f*"’ x%i+~V for (i,7,k) € I. Let A = I jeyer (M 2]/ < x%+ =1 >).
There is a one to one correspondence between Ayya a9y and A. The set A is an M711[x]-module under the

following multiplication. For any m(x) = mg + mx + ... + mex® € Mq11[x] and ¢(x) € A
m(x)e(x) = (¥ijr (X)) (i, jk) el

where y;j, = m(x)m;j(x) for (7, j, k) = (1,1, 1) and y;j = 75 (m(x))m;j (x) where mj (m(x)) = mjp(mo) +
mije(my)x + ...+ mi(me)x® € Mij[x] for (i, j, k) € I

Theorem 8 A code C is called A -cyclic code of block length (a;yjir) i j k)1, if and only if Cis an M1y [x]-submodule
of A.

Proof. Let C be an A-cyclic code of block length (@;4jit) i jk)er for (i, j, k) € I. Since every element ¢ =
((m k)HEV)(l iwer € Ccorresponds to the ¢(x) = (m;jx(x))(,j kel the polynomial x.c(x) corresponds to the
elements o (c). As Cis a A-cyclic code, we have o (c) € C. By using the fact that C is a linear, the polynomial
[ (x).c(x) corresponds to element ¢ = ((mgjk)aey)(i)j,k)e, € C, for every f(x) € My11[x]. So Cis an Myq;[x]-
submodule of A. The other part is seen from the definition. =

Theorem 9 Let C be an A-cyclic code of block length (@ iyjst) i j kyer- Thenits dual C* is also an A-cyclic code of block
length (@ivjik) (i, kyel-

Proof. For every d = ((d! k)ael/)@ iber € Gt we will show that o(d) € C*. Let C be an A-cyclic code of
block length (cxl+]+k)(l,])k)€1 Letc = ((c”k),le;/)(l,],k)el € G, where )/ = {0, 1, ..., ajyju} for (i, j, k) € I. Take
lem(ay, @y, a9, a3) =s. As C is cyclic code, we have o1 (¢) € C. So o~ (c)d = 0. Since o~ !(¢)d = co (d),
we get co (d) = 0. Therefore Ct is cyclic code. m
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The Gray map over A
For any element (m;j;)(;,j t)er, the Gray map defined also as follows
Yoo A— My,
(mii) i jwer > (mooo, Wije(miji)) i j pyer)-

- MZ(i,j,k)e[ @igjr 27

000 . The Lee weight of any

This can be extended on Agje,a9es- 1t goes from Agya;agay
element m = ((m;ljk)ael/)(i,j,k)e[ is defined as

i1

wr,(m) = wyy ((mGo)aer) + Z ( Z wL(mﬁjk))

kel 1=0

where wy denotes the Hamming weight over Mygg. The Lee distance between m and h € Ay, a904 1s defined

as dy,(m, m) = w;, (m — m) = wy (¥(m — m)).

Proposition lQ .‘P is an Mooo- linear map which preserves distance from Agya,a904 (Lee distance) to

X0, kel Xiejah 2T
My ver
W(C) is a linear code of length 3. ; i pyer ai+j+k2’+f+}‘ over Mooo with dyy, where dy, = dyy.

i
( Hamming distance). Moreover if C is A-linear code of block length (atjvjst) i j kyer with dy, then

Let C be an A-cyclic code of block length (@;4j)(i,j ¢ er- For (0,1, n) € T and all (i, j, k) € I', we define

@
Co = {(mgo’oo())ael/ € Mogol((mgo,ooo)ael/, ((Z(r,s,l) eT nrslbgHjJrk,rsz)aeV)(i,j)]e)e[’) €
iy a Xiyj+k _ a
C for some ai+j+k,oln)“€V € MOOO } Ca/HjJrk,oln = {(bai+j+k,olrl)aEV €
@ivink
Moo 1((mg go0)acrs (Zrser Mrstbg, s rstdach ) jyer’) € G, for some  (mg o0)acr €

Mo, (08 rdaerr € Mygi™, (b8 Daer # (b° Jaer}, where V' = {0, 1, ..., @™+ — 1}.

0007 N7 @iyjsk,Ts 000 > N @iyjskoTS iajrks0ln

Lemma 11 Let C be an A-cyclic code of block length (iyjii) i, jkyer- Then
lP(C) = Cao ®(o,l,n) eT Cai+j+k,olrl
for (i, 7, k) € I'. Moreover |¥(C)| = |Cm]|H(0,Z,")ETlC%M,a[” |, where (0,1, n) €T forall (i,j,k) 1.

Lemma 12 Let C be an A-cyclic code of block length (@isjk) i j kyer- Then Co and all C, are cyclic codes over

Mooo with length @;.jy, where (0,1, n) €T forall (i, j, k) € I.

i+j+k,oln

Definition 13 Define
K . Fan N FqS"

by k(dy, ..., dn) = (o (d1), ..., o (dn)), where d = (d1, ..., dun) € F}" and o is the cyclic shift from F and F. Then
a code C s called a quasi-cyclic code of index n, if k(C) = C.
Define

. S1 Sn S1 Sn
Kg  F' XX E! — B XLOXE,

by Kg((fl, ey dy) = (o (dh), ..., o (dy)), where d = (dy, ..., dy) € F)' x ... X F}" and o is the cyclic shift from F'
and Fy, fori =1, ..., n. Then a code C is called a generalized quasi-cyclic code of index n, if k(C) = C.

Proposition 14 If k, and ¥ are as above and o is a cyclic shift over Agya,agay, then we have Yo = k4 'P.

Proof. For every ¢ = ((mfjk)ael/)(i,j,/e)el € Aogaragay, where V= {0, 1, ..., @jyjup — 1}, it is easily seen that
Y(o(c)) = kg(¥(c)). So¥Yo =k, ¥. m
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Theorem 15 Let C be an A-cyclic code of block length (@iyjii) i jkyer- Then the Gray image of A-cyclic code is a
generalized quasi-cyclic code of index 15 over Mooo. If @p = a1 = a9 = asg, then the Gray image of A-cyclic code is a
quasi-cyclic code of index 15 over M.

Proof. Let C be an A-cyclic code. So o(C) = C . By applying ¥, we have ¥(o(C) = ¥(C). By using
Proposition 14, we get So W0 (C) = «,¥(C) = ¥(C). Therefore ¥(C) is a generalized quasi-cyclic code. m

The Structures of A-Cyclic codes

Proposition 16 Let C be an A-cyclic code of block length (@;vjsi) i, jkyer- Then & (C) = Cy,,,,, is a cyclic code of
length a;.j over M;ji, where

i 1 A — M [x]/{a¥ 1)

c(x) = (mipp(x)),joyer > (m)(x)
Jor (i, j, k) €.
Theorem 17 Let G be an A-cyclic code of block length (isju) .1 Then
C = (14, ()]0]0]0), (Olmq, (2)]0]0), (0]0]mqy (2)]0), (o ()|fi (2)|f2 (@) [may (2))) ,

where my,,,,, (x) |2 = 1 for (i, j, k) € I and fi,ju(x) € M [a]/(x%+ = 1), where (i,j, k) € I".

for (i,7,k) € I. So C, = <mai+j+k(1>> such that
Ma, () |2 — 1 for (i, j, k) € I. Hence the proof follows from Theorem 3.1 of [0]. m

Proof. From Proposition 16, we have & (C) = Co,,,, ek

Definition 18 Let C be an A-cyclic codes of block length (@;sjik) i jkyer and Cq,
on the @jjy coordinates. The code C is separable if C is the direct product of C,

be the canonical projection of ¢
where (i,7,k) € I. ie, C =

+j+k
i+j+k?
®(i,j by el Coryjure

Theorem 19 Let C = ®; j1)erCa
A-cyclic codes if and only only if Co,

be an A-cyclic codes of block length (atisjii) (i jryer- Then G is separable

i+j+k

are cyclic codes over M, with length a;,j., for (i, j, k) € I, respectively.

+j+k

Let C,

Qjyjrk

be cyclic codes of length @;,j.4, where (7, j, k) € I, respectively. If C is separable, then
C = ( (14, (2)]0]0]0), (Olmq, (2)[0]0), (0]0[mqy (2)]0), (0]0]0]mqy (2))) ,

where Co,, ., = <ma,-+j+k (x)) , where mq,,;,, () [+ — 1.

DNA Codes

In this chapter, some basic definitions and details about cyclic DNA codes over My in literature will be given.
Later the necessary and sufficient conditions cyclic codes over M;j, for (i, j, k) € I' and separable A cyclic
codes to be reversible and reversible complement will be discussed. In this section, we take ¢ = 4,81 = &, B9 =
&%, Bs = &, where Moo = Fy = {0, 1, ¢, £2}.

It is well known that DNA has two strands that are linked by Watson-Crick pairing, every A is linked with
aT and every C is linked with a G, and vice versa, where 4, T', C and G are the four bases of DNA sequences.
i.e. onewrites A=T,T=A,C =G and G = C. The A denotes complement of A.

Let M be a finite commutative ring and D be a linear code of length n over M. Let a = (ay, ..., @,) be a
codeword in D. The reverse of ais a”" = (ay, a,_1, ..., a1). The complement of a is a° = (a1, ay, ..., @,). The
reverse complement of a is 2’ = (a,, a,_1, ..., a1), where @; denotes complement of a;, fori =1, ..., n.
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Definition 20 Let D be a linear code of length n over M. Then D is called reversible if a" € D, for any a € D, D is
called complement if a° € D, for any a € D and D is called reversible complement if a™ € D, for any a € D.

Definition 21 Let D be a linear code of length n over M. Then D is said to be cyclic DNA codes if D is a cyclic and

reversible complement.

Definition 22 For any polynomial s(x) = so + s1x + ... + s,2t € M [x], with s; # 0, the reciprocal polynomial of s(x)
is defined as s*(x) = 2's(1/x). If s*(x) = s(x), then s(x) is called self reciprocal.

With the map ¢ from Mg, to Mogo[x]/{x® = 1), to any element mooo = (mgoo, Migpr s mggal) € My,

corresponds to the elements mgo(x) = mgm) + méoox +.o+ mg(';(;lx““_l € Moo [x]/(x® = 1). If Cy, is a cyclic
code over Mg of length ag, then £ (Cy,) is an ideal in Moo [z]/{x* — 1).

Shortly, we denotes £ (Cq,) as Coy,-

Theorem 23 [1] Let Cy, be a cyclic code of length cco over Mooo. Then there exists a unique monic polynomial fooo (x) €
Moo [x]/{x® — 1) such that Cy, = {fooo(x)) and fooo(x) divides ™ — 1. Moreover Cy, has 4% codewords, where

k1 = ag — deg fooo(x) and the set {fy00(2), xfo00(2), ..., 257 fooo (2)} forms a basis of Cyy-

Lemma 24 [4] Let Cy, = {fo00(x)) be a cyclic code of length ag over Mooo. Then Cy,, is reversible if and only if
Jooo () is self reciprocal.

Lemma 25 [1] Let Co, = {fooo(x))be a cyclic code of length aq over Mooo. Then Cq, is complement if and only if
Jooo(x) is not divisible by x — 1.

Theorem 26 [3] Let Co, = {fooo(x))be a cyclic code of length ey over Mooo. Then Cq, is reversible complement if
and only if fooo () s self reciprocal and fyoo () is not divisible by x — 1.

In [1], they studied cyclic DNA code over Mg and used the bijection map yy between the set of DNA
alphabet SD4 = {A, T,C, G} and Mooo ={0, 1, &, {,:2}, with 0 —A, 1T, & C, §2 — G.
We extend the map from M;j; to S}Z):ﬁk, by using the Gray map ;j;. For the finite ring Mo,
mio0 € Moo Gray Images ¢100(m100)  Codon y1(mio0)

0 (0,0) AA
u (£,0) CA
ué (£2,0) GA
u&? (1,0) TA
1 (1, 1) TT
1+u €2, 1) GT
1 +u&? 0, 1) AT
1 +ué &, CcT
3 (&,¢) cc
ué + & (1,&) TC
ué® + & (£%,8) GC
u+é (0, &) AC
£% +ug? (£,€6%) CG
& vu (1,£%) TG
E% +ug (0, £2) AG
&2 (£2,&%) GG

Similarly, we define a bijection map y9 between M1 to SIA‘)4 as follows, by considering the Gray images of
elements of M11y.
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my10 € Mi1o  Gray Images ¢110(m110)  Codon ya(mi10)

0 (0,0,0,0) AAAA
u (£,£,0,0) CCAA
1+u (€%2,¢2,1,1) GGTT
1 (1, 1,1, 1) TTTT

Similarly, we define a bijection map y3 between M7 to Sg4 as follows, by considering the Gray images of
elements of Miq;.

mi11 € My11  Gray Images ¢111(m111) Codon yg(mi11)

0 (0,0,0,0,0,0,0,0) AAAAAAAA
u (£,£,£,6,0,0,0,0) CCCCAAAA
1+u (€2,8262,62.1,1,1,1) GGGGTTTT
1 (1,1,1,1,1,1,1, 1) TTTTTTTT
Let Co,,,,, be alinear code of length @;, 44 over M;j;, and my, = (mgk, . mszj*k_l) € Cq,,, for (i, 7, k) € 1.
By using the table, the map Iy, ,, is defined as follows,
Faf+j+le Cm+j+le - 12):?]%0"”-/*}‘
0 iyjp—1 0 Qipjrk—1
myjk = (mijk’ o My ) & F(Y,‘+j+k(mijk) = (7i+j+/e(m,'jk); oo 7i+j+/e(mijk ).

Theorem 27 Let Co,,,,

(i,7,k) € I'. Then Coipiut
for (i,j,k) el

= ©(0,1,n) eTMoln Cay 11, 0ln be a cyclic code of length a; ., over Mj, where (0,1, n) € T for
is reversible over My, if and only if Cai+j+1e,oln are reversible over Mg, where all (0,1, n) € T

Proof. Let C,

itjrk

we have my,” = Z(o,l,n)e’fUoln(bgi+j+k’01n wey € Cai+j+]e' Since Ca’i+j+k = 69(0,1,")ETU0171C0i+j+k,01717 we get
a
ai+j+lu01n

suppose that Coyyjoproln ATE reversible, where all (0,1,n) € T for (i,j,k) € I'. Let my € C, Since

i+j+k °

is reversible code over M;j; for (i, j, k) € I'. So for every myj = (m?jle)’leV € Coyyjus
)" € Cay,jppooins Where all (o,l,n) € T for (i,j,k) € I'. So Coyy o oln ar€ reversible. Conversely,

k" = X o.1,m) €T Moln (bgiﬂ_woln rey € Cayypyr we have Cy,,,, are reversible. m
Lemma 28 For any m;j, € M;j, where (i, j, k) € I, mijx +mjj, = 1.

Proof. For vi = a+bu € Mo, ¥100(v1) = (b€ +a, a). It corresponds SE € 521, where S, E € Sp,. Forvi+1 €
Mooo, W100(vi+1) = (a+1+b&, a+1). It correspondsgf_f. Since Y110(ve) = (d+a+bé +c&2, a+bé, a+cé?, a)
forvo = a+bu+co+duv € Myjgand Y111 (vs) = (g+e+a+hé +c&2+ fE2+dé +bE, e+ a+cE2+bE, a+bé +
dé+[E2,a+b&, g+c&2+dé +a, cE2+a,dé +a, a) for vg = a+bu +cv+dw + euv + fuw + gow + huvw € M1
, it is seen similarly. ®

Corollary 29 Let Corjor = <mai+j+;e(x)> = <Z(0,l,n)€T MolnMa, 04, 0ln (x)> be a cyclic code. Then Cayjuy 18 reversible
code if and only ifmaiﬁ.%ogn (x) € Mogo[x] are self reciprocal polynomial where all (0,1, n) € T for (i, j, k) € I

Theorem 30 Let C

iyjrk

(i,j, k) € I'. Then C,

= @(o,1,m) T Moln Cary 0l be a cyclic code of length ;. j., over Mjji, where (0,1, n) € T for

wojoi 18 Teversible complement over My, if and only if Co, .., is reversible and (0, ..., .0) € Cq,, .

Proof. Let C

a;; De Teversible complement, for (7, j, k) € I'. So we have myj = ([mfljk]”)aeV € Cqy,y» for

every mij = (mfj.k)aey € Cu,,;,- Since C is a linear code, so (0, ...,0) € C,

@it jk
C

jyjrk

By using the fact that

ik *

is reversible complement, we get (ﬁa)agy. By using Lemma 28, we get my" = ([ml‘.’jk]")aey + (ﬁa)aey.

10
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.. ’ =a
So my" € Cﬂ/i+j+le' Therefore CQ{+/'+I¢ is reversible over M;j; for (i, j, k) € I . Conversely, let (0 ),ep € CQHM

and Cy,,,,, be reversible. Then for any myy, € Co,,,,,, we have my" € C,, . By using the Lemma 28 and by
. . . =a . .
using the fact that Co,, i linear, we have my ™ = ([miajk]r)aEV +(0 )eer € Cqy,py- Hence Gy, is reversible

complement over M;j, for (i, j, k) € I'. m

Corollary 31 Let Cy,,,,, = <mai+j+k (1)> = <Z(0’l’n)67 NolnMay, ;. oln (x)> be a cyclic code. Then Cy,, . is reversible

i+j+k
complement code if and only if all May, o 0n (X) € Mooo[x] are self reciprocal polynomial where (o0,l,n) € T for
(i,j, k) €I and (1%),ep € Corpiure
Theorem 32 Let Cy,,,,, be a cyclic DNA code of length @;yj. over the ring Mj, where (i, j, k) € I " and minimum
Hamming distance dp. Then, U, (Ca,,.,) is a code of length 2i+j+kai+j+/? over the alphabet {A,T, G, C} with

minimum Hamming distance at least dyy for (i, j, k) € I'.

Definition 83 Let C be an A-linear code of block length (@iyjt)i,jkyer- Then C is said to be reversible, if m” =
([(mG)acr 1 jwer € G, for every element mi = ((my)eer)i,jyer € G where V= {0, 1, ..., @ipjop = 1}, for
(i,7,k) €l

Definition 84 Let C be an A-linear code of block length (@iyjit)i,jkyer- Then C is said to be complement, if m® =
(L) aer 1V jyer € G, for every element m = ((mf, )aer) i jbyer € G where V- = {0, 1, ..., @jyju = 1}, for
(i,j,k) €l

Definition 85 Let C be an A-linear code of block length (@yjit) i,j kyer- Then C is said to be reversible complement, if

m" = ([(mf))aer ] )i jyer € G Jor every element = ((mf) )aer )i jkyer € C whereV ={0, 1, ..., @iyjup = 1},
Jor (i, j, k) € 1.

Theorem 36 Let C = ®; j 1)erCe
cyclic codes of length a;.j. over Myj, for (i, j, k) € I. Then C is reversible if and only if all C,
over My, for (i, j, k) € I.

i e separable A-cyclic code of block length (@iyjsi) i j.#yer> where Co,,.,, are

are reversible codes

i+j+k

Proof. Let C be a reversible code. Take m = ((m{ )eer )i jiyer € G where my = (mf ), where V' =

ijk ijk
{0, 1, ..., @jyjur — 1}, for (i, j, k) € I. By using the fact that C is a reversible, we have m” = (myj") i j #)er € C.
So this shows that my" € C, where (i, j, k) € I. Therefore C,,

i+j+k
over M;j, for (i, j, k) € I. Conversely, let C

jtjrk

are reversible codes of length a;,

i+j+k?
be reversible codes of length @;,j.4 over My, for (i, j, k) € 1
and take m = (my) (i j kyer, for (i, j, k) € 1. By using the fact that C,,, ,, are reversible, then my," € Cy,,,,, for

i+j+k
(7,7, k) € 1. Som” = (m")(;,j kyer € C. Hence Cis reversible. m
be separable A-cyclic code of block length (atisjir) i, jk)e1, where C are

jtjrk

Theorem 387 Let C = ®(i,j k) el Capyjur

cyclic codes of length a;.j. over Mjj, for (i, j, k) € 1. Then C is a reversible complement code if and only if C,, ., are

i+j+k
reversible complement codes of length @;.j. over Myj, for (i, j, k) € 1. ’

Proof. Let C be a reversible complement code. Take m = ((ml‘.‘jk)agy)(i,j,k)el € C, where my, = (ml‘.‘jk)aey,
V =A0,1, ..., jtj — 1}, for (i, j, k) € I. By using the fact that C is a reversible complement code, we have
m’ = (my") i jkyer € C. So this shows that m™ = [(ml.”jk)aey]” € Cay,jy» Where (i, j, k) € I. Therefore
Cay, A€ reversible complement codes of length a;. . over My, for (i, j, k) € I. Conversely, let Coryun be
reversible complement codes of length @, over M;j, for (i, j, k) € I and take m = (mjji) (i j 0 er € G, for
(i,j, k) € I. By using the fact that Cq,,, for (i, j, k) € I. So

m’ = (my") i, j kyer € C. Hence Cis a reversible complement. m

are reversible complement, then my;,"™ € Co,,,,

Definition 38 Let C be an A-linear code of block length (aiijit)ijwyer, for (i,j,k) € I and m =
((m;ljk)aelf)(i,j,k)el € Aoy, agay By using the table, the map Z is defined as follows,

)y

= . (@i,j,k)el i+j+k
= . A(Y(,(Y]Utgafg - SD Qi+j+k2 /

4
m = (my) i jher — Bm) = (Do, (M456)) 6,5 0 el

11
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Theorem 39 Let C be a separable A cyclic DNA code of block length (tiyjur) i,j ket Jor (i, j, k) € T with |C| = M
and minimum Hamming distance dyy. Then, E(C) is a DNA code of length 3 ; pyer ai+j+k2i+j+k over the alphabet
{4, T, G, C} with minimum Hamming distance at least dpy.

Conclusion

The structures of the A-cyclic codes are obtained. Their generator polynomials are constructed. An inner
product is defined. It was shown that if C is an A-cyclic code, then C* is an A-cyclic code. The separable
A- cyclic codes are introduced. The necessary and sufficient conditions of the separable A-cyclic codes to be
reversible and reversible complement are determined. It is shown that DNA codes can be constructed from
them.
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