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Abstract

In this paper, we present some new variants of the Steffensen integral inequality. Original assumptions are
made, including a monotonicity condition of a transformation of the functions involved. Some of our variants
have the property of depending on three adaptable functions. The theory is illustrated by several examples.
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1 Introduction

Integral inequalities have always played a central role in mathematics. They aim to give tractable bounds on
integrals that are difficult to determine. They form the basis of key results in functional analysis, probability
theory, statistical theory, differential equations, optimization and numerical analysis. Classical examples in-
clude the Cauchy-Schwarz integral inequality, the Jensen integral inequality, the Holder integral inequality,
the Hilbert integral inequality, the Hardy integral inequality and the Steffensen integral inequality, each of
which contributes to different goals. For more details on this classic topic, see [1], [2], [3], [4] and [5]. Let us
focus here on the Steffensen integral inequality introduced by Johan Frederik Steffensen in [6]. It is presented
in the proposition below.

Proposition 1.1 (Steffensen integral inequality, [6]). Let (a,b) € R? U {+o0}? witha < b, and f, g :
(a, b) — (0, +00) be two integrable functions, such that

e [ is non-increasing,

e foranyt € (a, b), we have
0<g() <1.

b
A =/ g(t)de.

a+d b
/ F()di > / (g (0)dr.

This inequality has the ability to autocomplete itself with the following lower bound:

Let us set

Then we have

b b
fb S < / F(0)g ().
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In recent decades, the Steffensen integral inequality has been extended, generalized and modified in several
ways. Significant progress on this topic can be found in [7], [8], [9], [10], [11] and [12]. See also the detailed
monograph in [13].

This paper proposes a new approach to this inequality. It consists mainly in modifying the monotonicity
assumption; instead of imposing it only on f, we make a monotonicity assumption on a special transformation
of f and g. This, together with a different choice of 1, i.e.,

b
A= / Ve,

leads to a new integral inequality which can be seen as a variant of the Steffensen integral inequality. Examples
and auxiliary results are given. Then, under different assumptions, a more general variant is established. It
is characterized by the addition of a new adaptable function. Further results for integral inequalities are also
derived. The theory is illustrated by numerous examples with specific functional configurations and numerical
studies.

The rest of the paper consists of the following sections: Section 2 discusses our main integral inequality.
Section 3 is devoted to its generalization. A conclusion is given in Section 4.

2 A variant of the Steffensen integral inequality
2.1 Main result
Our main variant of the Steffensen integral inequality is described in the proposition below.
Proposition 2.1 Let (a,b) € R2 U {+o00}2 witha < b, and [, g : (a, b) — (0, +00) be two functions such that

* /g is integrable,

o foranyt € (a,b), we have 0 < g(t) < 1,

o [1++/glf is non-increasing.

Let us set ,
A =/ Vg(t)dt.

Then we have
a+A b b
[ 1w [ roewds [ oV
a a a+l

Proof of Proposition 2.1. Note that, since 0 < g(t) < 1 forany ¢ € (a,b), we have 0 < 1 = fab Ve (t)dt <

b . . . . .
fa dr = b — a. Using this and the Chasles integral relation, we can write

/ " o - / e
-/ " o - / " f i - / if(t)g(t)dt
_ / el - / ifmg(t)dt
a+A b
- / |1 e@| [ 1+ Ve | £y - /mf(t)g(t)dt- (M)
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This last decomposition, and in particular the factorization carried out, is the key point of our approach. Using
0 < g(t) < 1foranyt € (a,b), the fact that [1 + +/g]/ is non-increasing, the definition of 2 and the Chasles
integral relation, we have

a+d
[ [1-Ve®| |1+ s
a+d
> [1+\/g(a+/l)]f(a+/l)/ [1—\/g(t)] di
- B a+d
= 71+\/g(a+/l _f(a+/l) A —/ \/g(t)dt]
- : b a+d
= _1+\/g(a+/l)_ fla+A) / \/g(t)dt—/ Veg(t)dt
. : b
= »1 +\/g(a+/l)_ fla+ ) Vg (t)dt. (2)

a+d

~

It follows from Equations (1) and (2), the Chasles integral relation and the fact that [1++/g]/ is non-increasing

that
/ " prde - / ' gt
> [1 +m]f(a+/l)/a+bﬂ @dt—[l:f(t)g(t)dz
=/ab {|1+Ve@+D] f(a+2) - F0VO} Ve

+1

= [ A NG ) - |1 Ve 0] Ve s [ e
> /aif(t)@dt'

We thus concludes that

a+d b b
/ F()di > / FDg ()i + / S0,
a a a+A

which is the desired inequality. m]

Remark 2.2 In Proposition 2.1, if we assume that [1 + \/g][ is non-decreasing instead of non-increasing, we can
show that the final inequality is reversed, i.e.,

a+l b b
/ F()dr < / Fwedes [ et

The main difference between the Proposition 2.1 and the classical Steffensen integral inequality is the non-
increasing assumption, which applies to [1 ++/g]f, not just to f. Also, the parameter A is redefined, and a sum
of two integral terms is the lower bound. This makes the result in Proposition 2.1 a novel integral inequality
to the best of our knowledge.

As an immediate remark, in the exact framework of Proposition 2.1, we have

a+l b b b
/a f()di > / F()g ()i + /mf(t)«/g(t)dtz / F(g e,

which is the form of the Steffensen integral inequality, but with a different definition of 4 and, more impor-
tantly, different assumptions on f and g. More refined results related to Proposition 2.1 are developed in
Subsection 2.3.
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2.2 Some examples

Let us now illustrate Proposition 2.1 with two examples which consider specific functions and lead to calculating

various integrals.
e Letusconsidera=0,b=1,g()=1-1t,and

1

f(t)=m-

Itis clear that 0 < g(t) =1 —¢ < 1 foranyt € (0, 1), and so g is integrable on (0, 1). Furthermore, f is
non-monotonic because we have

lim /(1) = +o, f(%) =92[V2-1] ~0.828427, f(1)=1,

so that +oo > 0.828427 < 1. Therefore, the standard Steffensen integral inequality can not be applied.
However, keeping in mind the framework of Proposition 2.1, for any ¢ € (0, 1), we have

1+\/ng(t)_[1+«/_] [1 \/_] 1
N

which is obviously non-increasing. The monotonicity assumption of Proposition 2.1 is thus satisfied. In

order to apply this proposition, we calculate

Az'/ab@dt=£1mdt=—

a+l 2/3 1 9
/ f()dt = / — At =V2-V6+2arcsin [\/jl ~ 0.8754,
a 0 E[1VT=] 3

b 1 1
/a F(g (@)t = /0 m(l—zm:

and

/f(t)@dt //gﬁ\/_dt

=4 - 5\/§+ V2 — 9arctan [i] ~ 0.1008.
3 V2

0.8754 > 0.7124 + 0.1008 = 0.8132,

We clearly have

which illustrates the inequality in Proposition 2.1.

» As another example, let us consider a =0, b = 1, g(¢) = sin(xt), and
1

o= |1+ ysinGe |

4
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It is clear that 0 < g(¢) = sin(nt) < 1 foranyt € (0, 1), and so g is integrable on (0, 1). Furthermore, f

is non-monotonic because we have

. 1 1 1
}E}%f(ﬂzl, f(g):§7 f(l):§7

sothat 1 > 1/8 < 1/2. Therefore, the standard Steffensen inequality is not directly applicable. However,
foranyt € (0, 1), we have

- 1 1
[1+ 201/ (@) = [1+5in(r0)] I R

which is obviously non-increasing. This is an assumption of Proposition 2.1. In order to apply this

proposition, we calculate

b (. V2 [ (3\]? X
A= / Ve = /0 \/—sm(ﬂt)dt:m[r(z)] ~ 0.76276,

where I'(x) is the standard gamma function defined by I'(x) = fom t*~etdt,

a+A 0.76276 1
/ f(yde = / dt ~0.822034,
a 0

(1+0) |1+ ysin(ao) |

b 1 1
f()g(t)de = sin(nt)dt ~ 0.233646
/a ¢ /0 (1+1) [1 + \/sin(ﬂt)] ’

and

b 1 1
SOV ydt ~ Vsin(t)de
» g A.76276 (1+1) [1 + W] sin(m

~ 0.0445287.

We clearly have
0.322034 > 0.233646 + 0.0445287 = 0.2781747,

which illustrates the inequality in Proposition 2.1.

Other examples of various kinds can be presented similarly.

2.3 Complementary results

We now establish some additional results which, in a sense, complete Proposition 2.1.
The proposition below is about an inequality involving the integrals of / and f g over (a, b).

Proposition 2.8 In the exact framework of Proposition 2. 1, we have

b b b
/ Fde > / F(Og@)dt + / [1+ g1/ (0)dr.
a a a+A

If a and b are finite, we can possibly lower bound the last term as follows:

b
/ [1+/(O]VgW)dt 2 (b—a—)[1+g()]/ ().

+1
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Proof of Proposition 2.3. Thanks to Proposition 2.1, we have

a+l b b
/ F()de > / FOg(0)dt + / F()Vg .
a a a+A

If we add the integral term fa i S ()dt on both sides, by the Chasles integral relation, we obtain

/abf(t)dt = /aaﬁf(t)dH/a; S (t)de

b b b
> / F(D)g ()i + / S+ / i

i ) a+
= f(t)g(t)dt+/ [1++g®)]f(t)de.
a a+d

The first result is proved. For the last term, since [1 +/g]f is non-increasing, it is immediate that

b

b
/ (1R 0 > (1435 B0 / == a= D1+ B ).

The second result is established, ending the proof. m]

Remark 2.4 In Proposition 2.5, if we assume that [1 + \/g]f is non-decreasing instead of non-increasing, we can
show that the main inequalities are reversed, i.e.,

b b b
/ F()de < / F(Og(0)dt + / [1+ g1/ (O)dt
a a a+A

and, if a and b are finite,

b
/ O = (== D1+ Ve B/ )

+

In the result below, with a new definition of 1 and under different assumptions, a variant of Proposition 2. 1
is proposed.

Proposition 2.5 Let (a,b) € R? U {+o0}2 witha < b, and [, g : (a, b) — (0, +00) be two functions such that
o 1= g is integrable,
o foranyt € (a,b), we have 0 < g(¢) < 1,
e [1+ M] [ is non-increasing.
Let us set

b
A =/ V1 —g(t)dt.

Then we have

b b b
/ S (g ()de > / f()dt +/ S (V1 - g(t)de.
a a+A a+A

Proof of Proposition 2.5. The proof is based on Proposition 2.1 under a particular configuration. Let us
define gy : (a, b) — (0, +o0) by g = 1 — g. Then the assumptions of Proposition 2.1 are satisfied for / and gx
instead of g. Noticing that

b b
A= / VT~ g(di = / oL

6
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the main integral inequality can be rewritten as
a+d b b
/ F)de 2 / S (Og(0)dt + / F OV @
a a a+A
b b
- / SO - g()]de + / ST gl
ab b ‘ b
- / @i - / SO0yt + / JONT=g0h,

Therefore, according to the Chasles integral relation, we obtain
b b a+d b
[ rwewarz [“rod- [ rodes [ paNT=gt
a a a a+.
b b
=‘/lf(t)dt+/ﬂf(t)\/l —g(t)dt.
a+. a+.

This concludes the proof. |

Remark 2.6 In Proposition 2.5, if we assume that [1 + /1 — g|f is non-decreasing instead of non-increasing, we
can show that the final inequality is reversed, i.e.,

b b b
/ FOg)dr < / F)di + / FONT=g)dr.
a a+A a+A

In the exact framework of Proposition 2.5, we also have

b b b b
/ FDg()dr > / F)di+ / FONT—g@dr > / F()d,
a a+A a+d a+A

which can be seen as a reversed variant of the Steffensen integral inequality.
The proposition below considers the definition of the parameter A in the standard Steffensen integral in-
equality and offers an alternative inequality. The proof actually adapts the result in Proposition 2.1.

Proposition 2.7 Let (a,b) € R% U {+c0}2 witha < b, and [, g : (a, b) — (0, +o0) be two functions such that
* g is integrable,
o foranyt € (a,b), we have 0 < g(t) < 1,
o (1+g)f is non-increasing.

Let us set

A= /abg(t)dt.

a+ b . b
/ rwdex [ 70+ / S

Then we have

Proof of Proposition 2.7. The proof is based on Proposition 2.1 under a particular configuration. Let us
define g; : (a, b) = (0, +o0) by g = g%. Then the assumptions of Proposition 2.1 are satisfied for f and g;
instead of g. Noticing that

pl :/abg(t)dt:/ab\/mm,

7
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the main integral inequality can be rewritten as

a+Ad b b
[ roas [ roewds [ ros6
a a a+A
so that
/ " e > i rogt ot + i " e,
a h a a+Ad

This completes the proof. |

Remark 2.8 In Proposition 2.7, if we assume that [1+g| [ is non-decreasing instead of non-increasing, we can show
that the final inequality is reversed, i.e.,

[W f@)de <

Proposition 2.7 thus shows that, under integrability and monotonicity assumptions involving some interaction
+1 . .
“** f(¢)dt. This provides

b . b
FOg(t)de + / Fedr.
a+A

a

. . b .
between f and g, by considering A = fa g(t)dt, we can obtain a new lower bound for fa
an alternative inequality to the Steffensen integral inequality.

3 Generalization

The generalization of some of the above results is discussed in this section.

3.1 A general result

The proposition below can be seen as a general version of Proposition 2.1, with the addition of an intermediate

function h.

Proposition 8.1 Let (a,b) € R? U {xc0}2 witha < b, and f, g, h : (a,b) — (0, +00) be three functions such
that

* /g is integrable,

o by setting
b
1= [ Ve,

Joranyt € (a, b), we have
0 <A%g(t) <h(1),

o [Vh+2 Vg1/ is non-increasing.

Let us consider the real number 8 € (0, b — a) such that

a+6
/ Vh(t)dt = A2.

Then we have

/a+0f(t)h(t)dt >

b b
2 / Fg )i + / HWW”N"”]‘
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Proof of Proposition 3.1. Since § € (0, b — a), the Chasles integral relation gives

a+6 . b
/ FOh()dt - 22 / F(Dg0)dt
a+6 a+6 b
= h(t)dt — 12 dt — 12 d
/a FOh(0)d - A / FDg(t)di - A / 0gds
a+6 . b
- / [h(t) — A2 ()] (O)dt - 22 / prorer
a+6 b
- [ [V - VO] [ViO + g @ F e =2* [ gt @

Using 0 < 12g(t) < h(t) for any ¢ € (a, b), which implies that \/A(t) — 2+/g(t) > 0, the fact that [V + ANglf
is non-increasing, the Chasles integral relation and the definitions of 1 and 6, we have

[ [V Ve @) Vi@ + 4]
> [\/h(a+9) + Az (a +e)]f(a +9)/aa+9 [W—ﬂ@] di
/a+9 \/mdt . /a+9 @dt]

= [\/h(a +6) +A/g(a+ 9)] f(a+0)

= [\/h(a+9) +/l\/g(a+0)]f(a+9)x
a+0 b b
l/ %dt—/l/ \/g(t)dt+ﬂ/6\/g(t)dt

a+6
= [\/h(a+9)+/l\/g(a+0)]f(a+9){[/ Vh(tdt - 22

b
+l/9\/g(t)dt}

b
-2 [\/h(a 1 0) + g (a+ 0)] f(a+6) / 9 Ve )dt. (4)

It follows from Equations (3) and (1), the Chasles integral relation and the fact that [VA + A+/glf is non-
increasing that

a+0 . b
/ FOh()dt - 22 / F(Dg0)dt

b b
2/1[\/}z(a+9)+/l\/g(a+9)]f(a+0)/ \/g(t)dt—/IQ/ F(Hg(0)dt
a+6 a+6
b
A/9{[x/h(a+9)+Ax/g(a+e)]f(a+9)—Af(t)@} Ve(@)dt
b
A [ [V + el 0] £(a+0) - [VE + 4350 £ 0] Veae
b
e [ RN 0
b
>4 [ N e

‘We thus obtain

/a+9f(t)h(t)dt >

b b
2 / FOg)di + / gmwzmm],
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which is the desired result. O

Remark 8.2 In Proposition 8.1, if we assume that [Vh+ A \g1f is non-decreasing instead of non-increasing, we can
show that the final inequality is reversed, 1i.e.,

a+9f(t)h(t)dt <A

a

b b
2 / Fg()di + / emwwuwl.

If we take A(t) = A2 in Proposition 3.1, we get 8 = A, and the assumptions and result are the same as in
Proposition 2.1. Proposition 3.1 is thus a generalization of Proposition 2.1 in this sense.

3.2 Complementary general results
The proposition below presents an inequality involving the integrals of f/ and fg over (a, b).

Proposition 8.8 In the exact framework of Proposition 3.1, we have

b b b
/ FOh@dt > 22 / Fgdi + / VR + g0 (R

a

If /a i o Vh(t)dt is finite, we can possibly lower bound the last term as follows:

b b
/ VR + ) (OB = V) + e ) / R

Proof of Proposition 3.3. Thanks to Proposition 3.1, we get
a+t b b
/ SOAr()dt = A [/l/ f(t)g(t)dt+/ , \/h(t)\/g(l)f(t)dtl .
If we add the integral term /a 1_1 o (Dh()dt on both sides, by the Chasles integral relation, we obtain
b a+0 b
/a SOh()dt = /a F@h(t)de + /{Hg S@h(t)de
b b
> 1 [A [ rwedes [ R o
b b
=22 [* g [ NRG + g0 0V

The first result is proved. For the last term, since [Vi + vgl/ is non-increasing, we have

b b
/ VA + 1 VR = VG + e ) / Rz

The second result is obtained, ending the proof. m]

b
+ /M Fh(t)de

Remark 8.4 In Proposition 3.5, if we assume that [Vh+ A \g1f is non-decreasing instead of non-increasing, we can
show that the main inequalities are reversed, i.e.,

b b b
/ FOh@)dr < 22 / Fg ()i + / VR + g1/ (R e
and, iffie \/Wdt is finite,
b b
/ VB + VO VD < 1VED) + e B 0) / i,

10
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If we take 4 (t) = 12, Proposition 3.3 becomes Proposition 2.3.
In the result below, with a new definition of A and under different assumptions, a variant of Proposition 3.1
is proposed.

Proposition 8.5 Let (a,b) € R? U {xo0}2 witha < b, and [, g, h : (a,b) — (0, +00) be three functions such
that

o /1 — g is integrable,
o by setting

b
A :/ V1 -—g()dt,

Joranyt € (a, b), we have
0 < A*[1-g)] <h),

o [Vh+ A1 =glf is non-increasing.

Let us consider the real number 8 € (0, b — a) such that
a+6 .
/ Vh(t)dt = A2.
Then we have

a+6 Y b b
/ f(t)h(t)dt+/lz/ SWg)dt = A /l/ f(t)dt+/9\/h(t)\/l—g(t)f(t)dt .

Proof of Proposition 3.5. The proof is based on Proposition 3.1 under a particular configuration. Let us
define g, : (a, b) — (0, +0) by g« = 1 — g. Then the assumptions of Proposition 3.1 are satisfied for / and gx
instead of g. Noticing that

b b
A= / VT =g ()di = / Ve,

the main integral inequality can be rewritten as
a+0 b b
[ ranaaza |4 [ rwswas [ oVswr o],
a a a+6
so that

a+0 b b
/ f(t)h(t)dtzﬂ[ﬂ / FOLL - g(0))de + / Hmw—gmfu)dt]

and

a+6

a

b b b
FOR@)dL > A [1/ f(t)dt—/l/ f(t)g(t)dt+/HW\/I—g(t)f(t)dtl.

We can transform this inequality as

a+6 b
/ FOh()dt +2° / FOede = A

b b
2 / F(o)di + / gmu—g(z)fmdt].

This ends the proof. ]

11
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Remark 8.6 In Proposition 3.5, if we assume that [Nh + A\[1 = g|[ is non-decreasing instead of non-increasing,
we can show that the final inequality is reversed, i.e.,

b b
2 / F(o)de + / NHONT=2(0f ().

In a sense, Proposition 3.5 is an adaptation of Proposition 3.1. Other adaptations of this last proposition

a+6 b
/ SO+ 22 / FOedt <2

are possible. For example, following the spirit of what Proposition 2.7 is to Proposition 2.1, we can think of
considering the functions gi = g2 and h; = A2 instead of g and A, respectively. We do not develop these ideas
further.

4 Conclusion

In this paper, we have established new integral inequalities, which can be seen as variants of the famous Stef-
fensen integral inequality. Different assumptions are made on the functions involved, resulting in original
lower and upper bounds. Several examples are given. Generalizations involving additional functions are also
presented. Applications can be found in mathematical analysis and various branches of applied sciences. A
possible future work is the consideration of multivariate integrals and how the current assumptions can be
adapted to this scenario.

References

[1] G.H. Hardy, J.E. Littlewood, G. Polya, Inequalities, Cambridge University Press, Cambridge, 1934.
[2] E.F. Beckenbach, R. Bellman, Inequalities, Springer, Berlin, 1961.
[8] W. Walter, Differential and Integral Inequalities, Springer, Berlin, 1970.

[4] D. Bainov, P. Simeonov, Integral Inequalities and Applications, Mathematics and Its Applications, vol. 57,
Kluwer Academic, Dordrecht, 1992.

[5] B.C. Yang, Hilbert-Type Integral Inequalities, Bentham Science Publishers, The United Arab Emirates,
2009.

[6] J.F. Steffensen, On certain inequalities between mean values and their application to actuarial problems,

Skandinavisk Aktnarietidskrift (1918) 82-97.
[7]1 ]J. Berch, A generalization of Steffensen’s inequality, J. Math. Anal. Appl. 41 (1973) 187-191.

[8] W.T. Sulaiman, Some generalizations of Steffensen’s inequality, Australian J. Math. Anal. 2 (1) (2005)
1-8.

[9] W.T. Sulaiman, Extensions of Steffensen’s inequality, J. Inf. Math. Sci. 4 (2) (2012) 249-254.

[10] W.T. Sulaiman, Some new generalizations of Steffensen’s inequality, Br. J. Math. Comp. Sci. 2 (3) (2012)
176-186.

[11] P. Rabier, Steffensen’s inequality and L -Le, estimates of weighted integrals, Proc. Amer. Math. Soc. 140
(2012) 665-675.

[12] M.Z. Sarikaya, T. Tunc, S. Erden, Generalized Steffensen inequalities for local fractional integrals, Int.
J. Anal. Appl. 14 (1) (2017) 88-98.

[13] J. Pecari¢, K. Smoljak Kalamir, S. Varosanec, Steffensen’s and Related Inequalities (A Comprehensive
Survey and Recent Advances), Monographs in inequalities 7, Element, Zagreb, Croatia, 2014.

12



	Introduction
	A variant of the Steffensen integral inequality
	Main result
	Some examples
	Complementary results

	Generalization
	A general result
	Complementary general results

	Conclusion

