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Abstract
The Hardy-Hilbert integral inequality is a classic result in mathematics. It has been widely studied, leading
to important developments in functional analysis, including operator theory. In this article, we advance the
�eld by establishing new modi�cations of this inequality based on parametric power and power-logarithmic
functions. The constants in the factor are optimized while the inequality remains su�ciently tractable for
further mathematical manipulation. Several existing results are then extended with more versatile bounds.
The theoretical framework includes special functions, such as the gamma function, the Lerch transcendent
function, and the two-parameter Mittag-Le�er function. Some mixed approaches based on our key results
are also examined. The detailed proofs are given and special cases are emphasized. Overall, this article can
be summarized by its title: it provides a comprehensive collection of new and �exible modi�cations of the
Hardy-Hilbert integral inequality with potential applications in mathematical analysis and related areas.

Keywords: Integral inequalities; optimal constants; gamma function; Lerch transcendent function; two-
parameter Mittag-Le�er function.

1 Introduction

Some integral inequalities are considered classic results in mathematics because of their fundamental role in
analysis. One such inequality is the Hardy-Hilbert integral inequality, introduced by Hardy over a thousand
years ago in [15]. It gives an upper bound on the weighted double integral of the product of two non-negative
functions. The bound is given as the product of a certain constant, called the constant in the factor, and the
unweighted integral norms of the two main functions. The Hardy-Hilbert integral inequality is stated formally
below.
Hardy-Hilbert integral inequality. Let p > 1, q = p/(p−1) be the Hölder conjugate of p, i.e., such that 1/p+1/q =
1, and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0

1
x + y f (x)g (y)dxdy ≤

𝜋

sin(𝜋/p)

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

provided that the two integrals involved in the upper bound converge. These integrals are themain components
of the unweighted Lp and Lq norms of f and g , respectively. The constant in the factor, i.e., 𝜋/sin(𝜋/p), has
the property of being ratio-trigonometric in nature and dependent on p. Furthermore, it is optimal in the
following sense: if we consider a smaller constant, we can �nd functions f and g for which the inequality no
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longer holds. This optimality is a crucial property in the theory of integral inequalities. It is often established
using extremal functions or by analyzing cases where the inequality becomes an equality.

When p = 2, the Hardy-Hilbert integral inequality is reduced to the classical Hilbert integral inequality. It
thus has a simpler form, as expressed formally below.
Hilbert integral inequality. Let f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0

1
x + y f (x)g (y)dxdy ≤ 𝜋

√︄∫ +∞

0
f 2 (x)dx

√︄∫ +∞

0
g2 (y)dy ,

provided that the two integrals involved in the upper bound converge. These integrals are thus the main
components of the unweighted integral L2 norms of f and g , respectively. The constant in the factor reduces
to 𝜋, preserving its optimality in this context. The Hilbert integral inequality is therefore more fundamental
than the Hardy-Hilbert integral inequality, but better suited to certain scenarios involving L2 norms. This
is especially relevant for error analysis with various L2 error benchmarks, approximation theory and related
applications.

These two classical integral inequalities have been studied extensively over time. Research e�orts have
extended their applicability to various weighted, fractional and dynamic settings, explored di�erent norm con-
ditions and developed multidimensional versions. The literature on this topic is very large. Notable "theory
oriented" contributions can be found in [1, 2, 4–11, 13, 16–34, 36, 37], with additional results and historical
perspectives provided in the book [35].

To highlight the signi�cance of this article, we �rst introduce two key modi�cations of the Hardy-Hilbert
integral inequality established in [12]. They are expressed in turn below.
First key modi�cation of the Hardy-Hilbert integral inequality in [12, Theorem 2.2]. Let p > 1, q = p/(p − 1), 𝛼 > 0
and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
f (x)g (y)dxdy ≤ 1

𝛼

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

provided that the two integrals involved in the upper bound converge. The constant in the factor, i.e., 1/𝛼, is
optimal.
Second key modi�cation of the Hardy-Hilbert integral inequality in [12, Theorem 3.1]. Let p > 1, q = p/(p − 1),
𝛼 > 0 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
f (x)g (y)dxdy ≤ 1

𝛼

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

provided that the two integrals involved in the upper bound converge. The constant in the factor, i.e., 1/𝛼, is
optimal. This second modi�cation can be seen as a product version of the �rst. We say "product" because the
sum or di�erence of the variables is transformed into the sum or di�erence of a constant and the product of
the variables, i.e., x − y becomes 1 − xy and x + y becomes 1 + xy.

Compared with the existing results, these modi�cations present three remarkable features. The �rst is the
originality of the integrand in the double integral term, which depends on an adjustable parameter 𝛼, with
the simple condition 𝛼 > 0. The second feature is the moderate complexity of this integrand. In particular,
focusing on the �rst main result, we can write

|x − y |𝛼−1

(x + y)𝛼+1
=

1
(x + y) |x − y |

(
|x − y |
x + y

)𝛼
and the triangle inequality ensures that |x− y |/(x + y) ∈ (0, 1) for x > 0 and y > 0. The power form combined
with this interval property makes the integrand suitable for use in power series expansions and various integral
transformations with respect to 𝛼. The �nal but important feature is the simplicity of the constant in the factor,
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i.e., 1/𝛼, which can be manipulated using the same analytical tools. This �exibility is exploited in [12] through
various approaches, leading to other new modi�cations of the Hardy-Hilbert integral inequality. In addition,
numerous illustrative examples are given to support the theory.

In this article, we extend the main results in [12] by incorporating a one-parameter power-logarithmic
term in the integrands of the main double integral terms, thus increasing their �exibility and applicability.
More precisely, our �rst contributions are centered on bounding the following double integral term:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy ,

where 𝛽 is a new parameter that governs the introduced power-logarithmic term. This leads to more general
constants in the factor de�ned by the gamma function. Their optimality is rigorously established. Inspired
by techniques of [12], we derive other new modi�cations of the Hardy-Hilbert integral inequality, which are
innovative by the functional originality of the integrands and also by the versatility of the associated constants
in the factor. In total, twenty eights theorems are formulated. Some of them involve the primitive of the main
functions, in accordance with the classical Hardy integral inequality (see [16]). The theoretical framework
integrates special functions, including the gamma function, the Lerch transcendent function (see [3]), some-
times reduced to the Riemann zeta function, and the two-parameterMittag-Le�er function (see [14]). Several
examples illustrate the results, and all proofs are given in full detail. Overall, this article o�ers a collection
of new modi�cations of the Hardy-Hilbert integral inequality. It contributes to mathematical analysis and its
applications in related �elds.

The rest of the article is organized as follows: Section 2 introduces the �rst modi�cation of the Hardy-
Hilbert integral inequality, along with related results and examples. Section 3 examines natural product mod-
i�cations of these inequalities. The detailed proofs are given in Section 4. Finally, Section 5 concludes the
article with remarks and future research directions.

2 First contributions

Our �rst contributions to the topic of the Hardy-Hilbert integral inequality are presented in this section.

2.1 Main theorem

The theorem below proposes a new modi�cation of the Hardy-Hilbert integral inequality that has the origi-
nality of depending on two adjustable parameters and a power-logarithmic term.

Theorem 2.1 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then
the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function de�ned by

Γ(a) =
∫ +∞

0
xa−1e−xdx ,

with a > 0, provided that the two integrals involved in the upper bound converge. Furthermore, the constant in the factor,
i.e., Γ( 𝛽 )/𝛼 𝛽 , is optimal.

The proof, which is deferred in Section 4 (as are all the proofs), relies on a suitable decomposition of the
integrand, the Hölder integral inequality and an auxiliary proposition of a new integral result.
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If we set 𝛽 = 1, then Theorem 2.1 gives∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
f (x)g (y)dxdy ≤ 1

𝛼

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

which corresponds to [12, Theorem 2.2]. Therefore, Theorem 2.1 can be seen as a power-logarithmic gener-
alization of this result. As far as we know, it is new in the literature. The constant in the factor is also remarkable,
since the gamma function plays a crucial role and does not depend on the parameter p.

Two other special cases of interest are presented below.

• If we set 𝛼 = 1, then we have∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The constant in the factor is thus reduced to Γ( 𝛽 ), and it is optimal in this context.

• If we set 𝛽 = m + 1/2, where m ∈ ℕ, then Γ( 𝛽 ) = Γ(m + 1/2) = [(2m)!/(m!4m)]
√
𝜋, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
logm−1/2

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ (2m)!
𝛼m+1/2m!4m

√
𝜋

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (1)

The constant in the factor is still optimal, and it is interesting to see how
√
𝜋 naturally emerges in its

de�nition.

Another important aspect of Theorem 2.1 is its degree of applicability. This is due to the fact that the
parameters 𝛼 and 𝛽 modulate di�erent components of the integrand, while the constant in the factor has a
simple form. This makes the inequality a valuable intermediate result that can facilitate the derivation of new
modi�cations of the Hardy-Hilbert integral inequality. This idea is explored in the subsection below from
di�erent theoretical perspectives.

As a more secondary remark on Theorem 2.1, using the decompositions 1 = (x + y)𝛼−1/(x + y)𝛼−1 and
x2 − y2 = (x − y) (x + y) with x > 0 and y > 0, the main inequality can be written as follows:∫ +∞

0

∫ +∞

0
x1/py1/q

|x2 − y2 |𝛼−1

(x + y)2𝛼
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The result below proposes an alternative formulation of Theorem 2.1, more related to the Lp norm and
using only one function.

Theorem 2.2 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0 and f : [0, +∞) ↦→ [0, +∞) be a function. Then the
inequality in Theorem 2.1 is equivalent to∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy ≤ 1

𝛼 𝛽 p Γ
p ( 𝛽 )

∫ +∞

0
f p (x)dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

The proof uses a suitable decomposition of the integrand and the Hölder integral inequality.
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2.2 Primitive versions

The theorem below can be seen as a primitive version of Theorem 2.1. We emphasize the use of the un-
weighted Lp and Lq norms of f and g , respectively, not their primitives.

Theorem 2.3 Let p > 1, q = p/(p − 1), 𝛼 > 0,𝛽 > 0, f , g : [0, +∞) ↦→ [0, +∞) be two functions and
F ,G : [0, +∞) ↦→ [0, +∞) be de�ned their respective primitives given by

F (x) =
∫ x

0
f (r)dr , G (y) =

∫ y

0
g (r)dr ,

provided that they exist. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)G (y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

The proof is based on Theorem 2.1, which serves as an intermediate result, and the Hardy integral inequality.
It is important to note that the two constants in the factor of these results are combined in order to have the
sharpest possible constant for the new inequality. The obtained upper bound still depends on the Lp and Lq
norms of f and g , and the constant in the factor now depends on p.

On the same mathematical basis, a primitive version of Theorem 2.2 is formulated below.

Theorem 2.4 Let p > 1, q = p/(p−1), 𝛼 > 0, 𝛽 > 0, f : [0, +∞) ↦→ [0, +∞) be a function and F : [0, +∞) ↦→
[0, +∞) be its primitive given by

F (x) =
∫ x

0
f (r)dr ,

provided that it exists. Then the following inequality holds:∫ +∞

0

[∫ +∞

0
x1/p−1y1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)dx

] p
dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x)dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

The proof uses Theorem 2.2 and the Hardy integral inequality.

2.3 New modi�cations

In the result below, a sophisticated two-parameter modi�cation of Theorem 2.1 is presented.

Theorem 2.5 Let p > 1, q = p/(p − 1), 𝛽 > 1, 𝛿 > 1 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then
the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

[
1 −

(
|x − y |
x + y

)𝛿−1]
log𝛽−2

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.
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The proof is based on Theorem 2.1 and uses an integration method with respect to the parameter 𝛼. Note that

lim
𝛽→1

1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 ) = log(𝛿) ,

which corresponds to the constant in the factor obtained in [12, Proposition 2.9].
As an example, if we set 𝛿 = 2, noticing that x + y − |x − y | = 2min(x , y), then we have∫ +∞

0

∫ +∞

0
x1/py1/q

min(x , y)
(x + y)3

log𝛽−2
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
2( 𝛽 − 1) (1 − 2

1−𝛽 )Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

As a secondary remark, note that the main inequality of the theorem can be written as follows:∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

log𝛽−2
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
+
∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

(
|x − y |
x + y

)𝛿−1
log𝛽−2

(
x + y
|x − y |

)
f (x)g (y)dxdy.

A three-parameter modi�cation of Theorem 2.1 is described below. The constant in the factor has the
property of being dependent on a special function: the Lerch transcendent function.

Theorem 2.6 Let p > 1, q = p/(p − 1), 𝛽 > 1, 𝜖 > 0, 𝛾 ∈ (0, 1] and f , g : [0, +∞) ↦→ [0, +∞) be two
functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜖−1 (x + y)𝜖−1

[(x + y)𝜖 − 𝛾 |x − y |𝜖 ]2
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Φ is the Lerch transcendent function de�ned by

Φ(a, b , c) =
+∞∑︁
i=0

ai

(i + c)b
,

with a ∈ (−1, 1), b ∈ ℝ and c > 0, or |a | = 1, b > 1 and c > 0, provided that the two integrals involved in the upper
bound converge.

The proof uses Theorem 2.1 and power series expansionmethod. The �exibility in the choice of the parameter
𝛼 is exploited.

Note that

Φ(𝛾 , 𝛽 − 1, 1) =
+∞∑︁
i=0

𝛾 i

(i + 1) 𝛽−1
.

This also corresponds to the polylogarithm function at 𝛾 and 𝛽 −1 divided by 𝛾 and, for 𝛾 = 1, to the Riemann
zeta function at 𝛽 − 1 (see [3]).

In particular, if we set 𝛾 = 1 and 𝜖 = 1, then we have∫ +∞

0

∫ +∞

0
x1/py1/q

1

min2 (x , y)
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 4Γ( 𝛽 )Φ(1, 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Some special cases of this inequality are detailed below.
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• If we set 𝛽 = 3, then Γ( 𝛽 ) = Γ(3) = 2 and Φ(1, 𝛽 − 1, 1) = Φ(1, 2, 1) = 𝜋2/6, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

1

min2 (x , y)
log2

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 4𝜋2

3

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

• If we set 𝛽 = 5, then Γ( 𝛽 ) = Γ(4) = 6 and Φ(1, 𝛽 − 1, 1) = Φ(1, 4, 1) = 𝜋4/90, and we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1

min2 (x , y)
log4

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 4𝜋4

15

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Another modi�cation of Theorem 2.1 of the same kind but with three parameters is examined below. The
constant in the factor also depends on the Lerch transcendent function.

Theorem 2.7 Let p > 1, q = p/(p − 1), 𝛽 > 0, 𝜅 > 0, 𝜂 ∈ (0, 1] and f , g : [0, +∞) ↦→ [0, +∞) be two
functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜅−1
(x + y) 𝜅 (x + y − 𝜂 |x − y |) log

𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )Φ(𝜂 , 𝛽 , 𝜅)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Φ is the Lerch transcendent function, provided that the two integrals involved in the
upper bound converge.

The proof is based on Theorem 2.1 and the power series expansion method, including a geometric series
expansion formula.

In particular, if we set 𝜂 = 1, using x + y − |x − y | = 2min(x , y), then we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜅−1
(x + y) 𝜅 min(x , y) log

𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 2Γ( 𝛽 )Φ(1, 𝛽 , 𝜅)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with

Φ(1, 𝛽 , 𝜅) =
+∞∑︁
i=0

1
(i + 𝜅) 𝛽 .

A two-parameter logarithmic modi�cation of Theorem 2.1 is presented below.

Theorem 2.8 Let p > 1, q = p/(p − 1), 𝛽 > 0, 𝜌 > 0 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then
the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
(x + y) 𝜌

(x + y) 𝜌 − |x − y | 𝜌

]
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝜌 𝛽

Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Φ is the Lerch transcendent function, provided that the two integrals involved in the
upper bound converge.

7



Asian J. Math. Appl. (2025) 2025:10

The proof is based on Theorem 2.1 and the power series expansion method, including the logarithmic series
expansion formula.

Note that

Φ(1, 𝛽 + 1, 1) =
+∞∑︁
i=0

1
(i + 1) 𝛽+1

.

This corresponds to the Riemann zeta function at 𝛽 + 1.
In particular, if we set 𝜌 = 1, using x + y − |x − y | = 2min(x , y), then we have∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
x + y

2min(x , y)

]
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Some special cases of this inequality are detailed below.

• If we set 𝛽 = 1, then Γ( 𝛽 ) = Γ(1) = 1 and Φ(1, 𝛽 + 1, 1) = Φ(1, 2, 1) = 𝜋2/6, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
x + y

2min(x , y)

]
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 𝜋2

6

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

• If we set 𝛽 = 3, then Γ( 𝛽 ) = Γ(3) = 2 and Φ(1, 𝛽 + 1, 1) = Φ(1, 4, 1) = 𝜋4/90, and we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
x + y

2min(x , y)

]
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 𝜋4

45

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The modi�cation of Theorem 2.1 below innovates by including the two-parameter Mittag-Le�er function
in its de�nition, and a relatively simple constant in the factor.

Theorem 2.9 Let p > 1, q = p/(p − 1), 𝛼 > 1, 𝜃 > 0, 𝜇 > 0, 𝜈 ∈ (0, 𝛼𝜃 ) and f , g : [0, +∞) ↦→ [0, +∞) be
two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
Ψ

[
𝜈 log𝜃

(
x + y
|x − y |

)
, 𝜃 , 𝜇

]
log𝜇−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 𝛼𝜃−𝜇

𝛼𝜃 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Ψ is the two-parameter Mittag-Le�er function de�ned by

Ψ(a, b , c) =
+∞∑︁
i=0

ai

Γ(bi + c) ,

with a ∈ ℝ, b > 0 and c > 0, or |a | < 1, b = 0 and c > 0, provided that the two integrals involved in the upper bound
converge.

The proof uses Theorem 2.1 and the power series expansion method.
Considering the standard expressions of the two-parameter Mittag-Le�er function, some special cases of

this theorem are presented below. More details about these expressions can be found in [14].

8
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• If we set 𝜃 = 1 and 𝜇 = 1, then Ψ(x , 𝜃 , 𝜇) = Ψ(x , 1, 1) = ex , and we have∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−𝜈−1

(x + y)𝛼−𝜈+1
log𝜇−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

This corresponds to Theorem 2.1 with the parameters "𝛼 = 𝛼 − 𝜈" and 𝛽 = 1.

• If we set 𝜃 = 2 and 𝜇 = 1, then Ψ(x , 𝜃 , 𝜇) = Ψ(x , 2, 1) = cosh[
√
x], and we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1

[(
x + y
|x − y |

)√𝜈
+
(
|x − y |
x + y

)√𝜈 ]
×

f (x)g (y)dxdy

≤ 2𝛼
𝛼2 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (2)

• If we set 𝜃 = 2 and 𝜇 = 2, then Ψ(x , 𝜃 , 𝜇) = Ψ(x , 2, 2) = sinh[
√
x]/

√
x, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1

[(
x + y
|x − y |

)√𝜈
−
(
|x − y |
x + y

)√𝜈 ]
×

f (x)g (y)dxdy

≤ 2
√
𝜈

𝛼2 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (3)

If we sum the inequalities in Equations (2) and (3) , we get∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−
√
𝜈−1

(x + y)𝛼−
√
𝜈+1

f (x)g (y)dxdy

≤ 1
𝛼 −

√
𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

This corresponds to Theorem 2.1 with the parameters "𝛼 = 𝛼 −
√
𝜈" and 𝛽 = 1.

Thanks to the versatility of the two-parameter Mittag-Le�er function, many other special cases of Theorem
2.9 can be determined in a similar way.

2.4 Functional extensions

This subsection is devoted to functional extensions of themain theorem, using two adaptable functions denoted
h and k. An advantage of such extensions is that the inequalities are established for possibly di�erent supports,
beyond the strict [0, +∞)2.

The result below is a functional extension of Theorem 2.1. Note the presence of weighted Lp and Lq norms
of f and g , respectively. The weights in question depend on the derivatives of h and k.

Theorem 2.10 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞) and g : [c , d] ↦→ [0, +∞) be two functions, and h :
[a, b] ↦→ [0, +∞) and k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing functions such that limt→a h(t) = 0,

9
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limt→b h(t) = +∞, limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following inequality holds:∫ d

c

∫ b

a
h1/p (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

The proof is based on Theorem 2.1 and well-con�gured changes of variables.
Some special cases of this theorem are developed below.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

∫ +∞

0
x 𝜄/py𝜐/q

|x 𝜄 − y𝜐 |𝛼−1

[x 𝜄 + y𝜐]𝛼+1
log𝛽−1

(
x 𝜄 + y𝜐
|x 𝜄 − y𝜐 |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽 𝜄1−1/p𝜐1−1/q

Γ( 𝛽 )
[∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx

]1/p [∫ +∞

0
gq (y) 1

y (𝜐−1) (q−1)
dy

]1/q
.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

∫ +∞

1
log1/p (x) log1/q (y) | log(x/y) |

𝛼−1

[log(xy)]𝛼+1
log𝛽−1

[
log(xy)

| log(x/y) |

]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

1
f p (x)xp−1dx

]1/p [∫ +∞

1
gq (y)yq−1dy

]1/q
.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : [1, +∞) ↦→ ℝ de�ned by k(y) = ey , then we have∫ +∞

−∞

∫ +∞

−∞
ex/p+y/q

|ex − ey |𝛼−1

(ex + ey)𝛼+1
log𝛽−1

(
ex + ey
|ex − ey |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

−∞
f p (x)e−(p−1)xdx

]1/p [∫ +∞

−∞
gq (y)e−(q−1)ydy

]1/q
.

Thus, di�erent domains of integration can be considered, as well as di�erent weighted Lp and Lq norms of f
and g , respectively.

In the same spirit, the theorem below is a functional extension of Theorem 2.2.

Theorem 2.11 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞) be a function, and h : [a, b] ↦→ [0, +∞) and
k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing functions such that limt→a h(t) = 0, limt→b h(t) = +∞,
limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following inequality holds:∫ d

c

{∫ b

a
h1/p (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
f (x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ b

a
f p (x) 1

[h′(x)]p−1
dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

10
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The proof is based on Theorem 2.1 and suitable changes of variables.

Some special cases of this theorem are developed below.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

{∫ +∞

0
x 𝜄/py𝜐/q

|x 𝜄 − y𝜐 |𝛼−1

[x 𝜄 + y𝜐]𝛼+1
log𝛽−1

(
x 𝜄 + y𝜐
|x 𝜄 − y𝜐 |

)
f (x)dx

}p
y𝜐−1dy

≤ 1
𝜐𝛼 𝛽 p 𝜄p−1

Γp ( 𝛽 )
∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

{∫ +∞

1
log1/p (x) log1/q (y) | log(x/y) |

𝛼−1

[log(xy)]𝛼+1
log𝛽−1

[
log(xy)

| log(x/y) |

]
f (x)dx

}p
1
y
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

1
f p (x)xp−1dx.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : [1, +∞) ↦→ ℝ de�ned by k(y) = ey , then we have∫ +∞

−∞

{∫ +∞

−∞
ex/p+y/q

|ex − ey |𝛼−1

(ex + ey)𝛼+1
log𝛽−1

(
ex + ey
|ex − ey |

)
f (x)dx

}p
eydy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

−∞
f p (x)e−(p−1)xdx.

A functional extension of Theorem 2.3 is formulated below.

Theorem 2.12 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞) and g : [c , d] ↦→ [0, +∞) be two functions,
F : [a, b] ↦→ [0, +∞) and G : [c , d] ↦→ [0, +∞) be their respective primitives given by

F (x) =
∫ x

a
f (r)dr , G (y) =

∫ y

c
g (r)dr ,

provided that they exist, and h : [a, b] ↦→ [0, +∞) and k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing
functions such that limt→a h(t) = 0, limt→b h(t) = +∞, limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following
inequality holds:∫ d

c

∫ b

a
h1/p−1 (x)k1/q−1 (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
F (x)G (y)h′(x)k′(y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
.

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

Some special cases of this theorem are developed below.
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• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

∫ +∞

0
x 𝜄(1/p−1) y𝜐 (1/q−1)

|x 𝜄 − y𝜐 |𝛼−1

[x 𝜄 + y𝜐]𝛼+1
log𝛽−1

(
x 𝜄 + y𝜐
|x 𝜄 − y𝜐 |

)
F (x)G (y)x 𝜄−1y𝜐−1dxdy

≤ p2

𝛼 𝛽 𝜄2−1/p𝜐2−1/q (p − 1)
Γ( 𝛽 )

[∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx

]1/p
×[∫ +∞

0
gq (y) 1

y (𝜐−1) (q−1)
dy

]1/q
.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

∫ +∞

1
log1/p−1 (x) log1/q−1 (y) | log(x/y) |

𝛼−1

[log(xy)]𝛼+1
log𝛽−1

[
log(xy)

| log(x/y) |

]
F (x)G (y) 1

xy
dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

1
f p (x)xp−1dx

]1/p [∫ +∞

1
gq (y)yq−1dy

]1/q
.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : ℝ ↦→ [0, +∞) de�ned by k(y) = ey , then we have∫ +∞

−∞

∫ +∞

−∞
ex (1/p−1)+y (1/q−1)

|ex − ey |𝛼−1

(ex + ey)𝛼+1
log𝛽−1

(
ex + ey
|ex − ey |

)
F (x)G (y)ex+ydxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

−∞
f p (x)e−(p−1)xdx

]1/p [∫ +∞

−∞
gq (y)e−(q−1)ydy

]1/q
.

We conclude this section with a functional extension of Theorem 2.4, followed by some special cases of
interest.

Theorem 2.13 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞), F : [a, b] ↦→ [0, +∞) be its primitive given by

F (x) =
∫ x

a
f (r)dr ,

provided that it exists, and h : [a, b] ↦→ [0, +∞) and k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing
functions such that limt→a h(t) = 0, limt→b h(t) = +∞, limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following
inequality holds:∫ d

c

{∫ b

a
h1/p−1 (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
F (x)h′(x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x) 1

[h′(x)]p−1
dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

Some special cases of this theorem are developed below.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

{∫ +∞

0
x 𝜄(1/p−1) y𝜐/q

|x 𝜄 − y𝜐 |𝛼−1

[x 𝜄 + y𝜐]𝛼+1
log𝛽−1

(
x 𝜄 + y𝜐
|x 𝜄 − y𝜐 |

)
F (x)x 𝜄−1dx

}p
y𝜐−1dy

≤ 1
𝜐𝛼 𝛽 p 𝜄2p−1

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx.

12
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• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

{∫ +∞

1
log(1/p−1) (x) log1/q (y) | log(x/y) |

𝛼−1

[log(xy)]𝛼+1
log𝛽−1

[
log(xy)

| log(x/y) |

]
F (x) 1

x
dx

}p
1
y
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
(
p

p − 1

)p ∫ +∞

1
f p (x)xp−1dx.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : [1, +∞) ↦→ ℝ de�ned by k(y) = ey , then we have∫ +∞

−∞

{∫ +∞

−∞
ex (1/p−1)+y/q

|ex − ey |𝛼−1

(ex + ey)𝛼+1
log𝛽−1

(
ex + ey
|ex − ey |

)
F (x)exdx

}p
eydy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

−∞
f p (x)e−(p−1)xdx.

To the best of our knowledge, the Hardy-Hilbert-type integral inequalities presented in this section are new.
They extend the theoretical framework of a classical topic. In the rest of the article, we complement these
contributions with further modi�cations of the Hardy-Hilbert integral inequality of potential interest.

3 Second contributions

This section presents our second set of contributions to the subject. They are mainly product modi�cations of
the inequalities presented in the previous section. We say "product" because, in the main integrands, the sum
or di�erence of the variables is transformed into the sum or di�erence of a constant and the product of the
variables, i.e., x − y becomes 1 − xy and x + y becomes 1 + xy. The theory needs to be adjusted accordingly.

3.1 Main result

The result below proposes a newmodi�cation of the Hardy-Hilbert integral inequality, which can be described
as a product version of Theorem 2.1.

Theorem 3.1 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then
the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge. Furthermore, the
constant in the factor, i.e., Γ( 𝛽 )/𝛼 𝛽 , is optimal.

The proof uses the main lines of Theorem 2.1, with a notable change of variables. This change takes into
account the product nature of the variables. If we set 𝛽 = 1, then Theorem 3.1 gives∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
f (x)g (y)dxdy ≤ 1

𝛼

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The constant in the factor is thus reduced to 1/𝛼, which remains optimal. This modi�cation of the Hardy-
Hilbert integral inequality corresponds to [12, Theorem 3.1]. Therefore, Theorem 3.1 can be seen as a power-
logarithmic generalization of this result. As for Theorem 2.1, the constant in the factor is also characterized by
the gamma function. In addition, there is no dependence with the parameter p.

Two other special cases of interest are described below.

13
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• If we set 𝛼 = 1, then we have∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy)2

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The constant in the factor is thus reduced to Γ( 𝛽 ), and it is optimal in this context.

• If we set 𝛽 = 1/2, then Γ( 𝛽 ) = Γ(1/2) =
√
𝜋, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
1√︁

log [(1 + xy)/|1 − xy |]
f (x)g (y)dxdy

≤
√︂

𝜋

𝛼

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Similarly to Equation (1) , we can generalize this inequality easily by considering 𝛽 = m+1/2 with m ∈ ℕ.

In each case, we emphasize the simplicity of the constant in the factor, which is clearly an advantage for further
mathematical manipulations. This will be supported later via integral and power series manipulations with
respect to the parameters 𝛼 or 𝛽 .

The theorem below proposes an alternative formulation of Theorem 3.1. It is also a product version of
Theorem 2.2.

Theorem 3.2 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0 and f : [0, +∞) ↦→ [0, +∞) be a function. Then the
inequality in Theorem 3.1 is equivalent to∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy ≤ 1

𝛼 𝛽 p Γ
p ( 𝛽 )

∫ +∞

0
f p (x)dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

The proof adapts that of Theorem 2.2.
As an example, if we set p = 2 and 𝛽 = 1/2, then Γ( 𝛽 ) = Γ(1/2) =

√
𝜋, and we have∫ +∞

0

[∫ +∞

0

√
xy

|1 − xy |𝛼−1

(1 + xy)𝛼+1
1√︁

log [(1 + xy)/|1 − xy |]
f (x)dx

]2
dy ≤ 𝜋

𝛼

∫ +∞

0
f 2 (x)dx.

Such a result could be useful in operator theory. The subsection below deals with primitive versions of Theo-
rems 3.1 and 3.2.

3.2 Primitive versions

A product version of Theorem 2.3, as well as a primitive version of Theorem 3.1, is given below.

Theorem 3.3 Let p > 1, q = p/(p − 1), 𝛼 > 0,𝛽 > 0, f , g : [0, +∞) ↦→ [0, +∞) be two functions and
F ,G : [0, +∞) ↦→ [0, +∞) be de�ned their respective primitives given by

F (x) =
∫ x

0
f (r)dr , G (y) =

∫ y

0
g (r)dr ,

provided that they exist. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
F (x)G (y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

14
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The proof is based on Theorem 3.1 and the Hardy integral inequality for the treatment of integrals of power-
weighted primitives. It is not claimed that the obtained constant in the factor is optimal, but since it is based
on two optimal constants in two di�erent contexts, it can be considered as sharp. The obtained upper bound
still depends on the Lp and Lq norms of f and g , and the constant in the factor now depends on p.

On the same mathematical basis, a product version of Theorem 2.4, as well as a primitive modi�cation of
Theorem 3.2, is formulated in the statement below.

Theorem 3.4 Let p > 1, q = p/(p−1), 𝛼 > 0, 𝛽 > 0, f : [0, +∞) ↦→ [0, +∞) be a function and F : [0, +∞) ↦→
[0, +∞) be its primitive given by

F (x) =
∫ x

0
f (r)dr ,

provided that it exists. Then the following inequality holds:∫ +∞

0

[∫ +∞

0
x1/p−1y1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
F (x)dx

] p
dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x)dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

New modi�cations of Theorem 3.1 are examined in the subsection below.

3.3 New modi�cations

New modi�cations of Theorem 3.1 are developed in this section, starting with the result below. It can be seen
as a product version of Theorem 2.5.

Theorem 3.5 Let p > 1, q = p/(p − 1), 𝛽 > 1, 𝛿 > 1 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then
the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy)2

[
1 −

(
|1 − xy |
1 + xy

)𝛿−1]
log𝛽−2

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

The proof is based on Theorem 3.1 and uses an integration method with respect to the parameter 𝛼. Applying
𝛽 → 1, this result reduces to [12, Proposition 3.8].

As a special case, if we set 𝛿 = 2, noticing that 1 + xy − |1 − xy | = 2min(1, xy), then we have∫ +∞

0

∫ +∞

0
x1/py1/q

min(1, xy)
(1 + xy)3

log𝛽−2
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
2( 𝛽 − 1) (1 − 2

1−𝛽 )Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

A three-parameter modi�cation of Theorem 3.1 is described below. It can also be seen as a product version
of Theorem 2.6.
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Theorem 3.6 Let p > 1, q = p/(p − 1), 𝛽 > 1, 𝜖 > 0, 𝛾 ∈ (0, 1] and f , g : [0, +∞) ↦→ [0, +∞) be two
functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜖−1 (1 + xy)𝜖−1

[(1 + xy)𝜖 − 𝛾 |1 − xy |𝜖 ]2
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Φ is the Lerch transcendent function, provided that the two integrals involved in the
upper bound converge.

The proof uses Theorem 3.1 and the power series expansion method.
In particular, if we set 𝛾 = 1 and 𝜖 = 1, noticing that 1 + xy − |1 − xy | = 2min(1, xy), then we have∫ +∞

0

∫ +∞

0
x1/py1/q

1

min2 (1, xy)
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 4Γ( 𝛽 )Φ(1, 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Some special cases of this inequality are detailed below, inspired by those of Theorem 2.6.

• If we set 𝛽 = 3, then Γ( 𝛽 ) = Γ(3) = 2 and Φ(𝛾 , 𝛽 − 1, 1) = Φ(1, 2, 1) = 𝜋2/6, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

1

min2 (1, xy)
log2

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 4𝜋2

3

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

• If we set 𝛽 = 5, then Γ( 𝛽 ) = Γ(4) = 6 and Φ(𝛾 , 𝛽 − 1, 1) = Φ(1, 4, 1) = 𝜋4/90, and we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1

min2 (1, xy)
log4

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 4𝜋4

15

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Another modi�cation of Theorem 3.1 with three parameters and a power-log transformation is examined
below. It is also a product version of Theorem 2.7. The constant in the factor is de�ned as the product of the
Lerch transcendent function and the gamma function, which remains quite original for the topic.

Theorem 3.7 Let p > 1, q = p/(p − 1), 𝛽 > 0, 𝜅 > 0, 𝜂 ∈ (0, 1] and f , g : [0, +∞) ↦→ [0, +∞) be two
functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1
(1 + xy) 𝜅 (1 + xy − 𝜂 |1 − xy |) log

𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )Φ(𝜂 , 𝛽 , 𝜅)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Φ is the Lerch transcendent function, provided that the two integrals involved in the
upper bound converge.

The proof follows the main lines than that of Theorem 2.7. More precisely, it relies on Theorem 2.1 and the
power series expansion method.

Two special cases are detailed below, inspired by those of Theorem 2.7.

16
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• If we set 𝜂 = 1, using 1 + xy − |1 − xy | = 2min(1, xy), then we have∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1
(1 + xy) 𝜅 min(1, xy) log

𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 2Γ( 𝛽 )Φ(1, 𝛽 , 𝜅)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with

Φ(1, 𝛽 , 𝜅) =
+∞∑︁
i=0

1
(i + 𝜅) 𝛽 .

• If we set 𝜂 = 1/2, using the same arguments, then we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1
(1 + xy) 𝜅 (1 + xy + 2min(1, xy)) log

𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
2
Γ( 𝛽 )Φ

(
1
2
, 𝛽 , 𝜅

) [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with

Φ

(
1
2
, 𝛽 , 𝜅

)
=

+∞∑︁
i=0

1
2i (i + 𝜅) 𝛽

.

A two-parameter modi�cation of Theorem 3.1, as well as a product version of Theorem 2.8, is presented
below.

Theorem 3.8 Let p > 1, q = p/(p − 1), 𝛽 > 0, 𝜌 > 0 and f , g : [0, +∞) ↦→ [0, +∞) be two functions. Then
the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
(1 + xy) 𝜌

(1 + xy) 𝜌 − |1 − xy | 𝜌

]
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝜌 𝛽

Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Φ is the Lerch transcendent function, provided that the two integrals involved in the
upper bound converge.

The proof uses Theorem 3.1 and the logarithmic series expansion.
In particular, if we set 𝜌 = 1, using 1 + xy − |1 − xy | = 2min(1, xy), then we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
1 + xy

2min(1, xy)

]
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with

Φ(1, 𝛽 + 1, 1) =
+∞∑︁
i=0

1
(i + 1) 𝛽+1

.

On this basis, some special cases are detailed below, inspired by those of Theorem 2.8.
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• If we set 𝛽 = 1, then Γ( 𝛽 ) = Γ(1) = 1 and Φ(1, 𝛽 + 1, 1) = Φ(1, 2, 1) = 𝜋2/6, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
1 + xy

2min(1, xy)

]
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 𝜋2

6

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

• If we set 𝛽 = 3, then Γ( 𝛽 ) = Γ(3) = 2 and Φ(1, 𝛽 + 1, 1) = Φ(1, 4, 1) = 𝜋4/90, and we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
1 + xy

2min(1, xy)

]
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 𝜋4

45

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Themodi�cation of Theorem 3.1 below has the originality of using the two-parameterMittag-Le�er func-
tion in the integrand. It is also a product version of Theorem 2.9.

Theorem 3.9 Let p > 1, q = p/(p − 1), 𝛼 > 1, 𝜃 > 0, 𝜇 > 0, 𝜈 ∈ (0, 𝛼𝜃 ) and f , g : [0, +∞) ↦→ [0, +∞) be
two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
Ψ

[
𝜈 log𝜃

(
1 + xy
|1 − xy |

)
, 𝜃 , 𝜇

]
log𝜇−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 𝛼𝜃−𝜇

𝛼𝜃 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function and Ψ is the two-parameter Mittag-Le�er function, provided that the two integrals
involved in the upper bound converge.

The proof uses Theorem 3.1 and power series expansions, including a geometric series formula.
Some special cases of this theorem are presented below.

• If we set 𝜃 = 1 and 𝜇 = 1, then Ψ(x , 𝜃 , 𝜇) = Ψ(x , 1, 1) = ex , and we have∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−𝜈−1

(1 + xy)𝛼−𝜈+1
log𝜇−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

This corresponds to Theorem 3.1 with "𝛼 = 𝛼 − 𝜈" and 𝛽 = 1.

• If we set 𝜃 = 2 and 𝜇 = 1, then Ψ(x , 𝜃 , 𝜇) = Ψ(x , 2, 1) = cosh[
√
x], and we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1

[(
1 + xy
|1 − xy |

)√𝜈
+
(
|1 − xy |
1 + xy

)√𝜈 ]
×

f (x)g (y)dxdy

≤ 2𝛼
𝛼2 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (4)

• If we set 𝜃 = 2 and 𝜇 = 2, then Ψ(x , 𝜃 , 𝜇) = Ψ(x , 2, 2) = sinh[
√
x]/

√
x, and we have∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1

[(
1 + xy
|1 − xy |

)√𝜈
−
(
|1 − xy |
1 + xy

)√𝜈 ]
×

f (x)g (y)dxdy

≤ 2
√
𝜈

𝛼2 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (5)
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If we sum the inequalities in Equations (4) and (5) , we get∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−
√
𝜈−1

(1 + xy)𝛼−
√
𝜈+1

f (x)g (y)dxdy

≤ 1
𝛼 −

√
𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

This corresponds to Theorem 3.1 with "𝛼 = 𝛼 −
√
𝜈" and 𝛽 = 1.

These are examples among many that can be derived from the versatile expressions of the two-parameter
Mittag-Le�er function, demonstrating the �exibility of the theorem.

The rest of the section is devoted to various functional extensions of some of the above results, as well
mixed approaches.

3.4 Functional extensions

The theorem below is a functional extension of Theorem 3.1, using two intermediate functions, h and k. It can
be seen as a product version of Theorem 2.10. We emphasize the presence of weighted Lp and Lq norms of f
and g , respectively. The weights in question depend on the derivatives of h and k.

Theorem 3.10 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞) and g : [c , d] ↦→ [0, +∞) be two functions, and h :
[a, b] ↦→ [0, +∞) and k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing functions such that limt→a h(t) = 0,
limt→b h(t) = +∞, limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following inequality holds:∫ d

c

∫ b

a
h1/p (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

The proof is based on Theorem 3.1 and well-con�gured changes of variables.
Some special cases of this theorem are developed below, inspired by those of Theorem 2.10.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

∫ +∞

0
x 𝜄/py𝜐/q

|1 − x 𝜄y𝜐 |𝛼−1

[1 + x 𝜄y𝜐]𝛼+1
log𝛽−1

(
1 + x 𝜄y𝜐
|1 − x 𝜄y𝜐 |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽 𝜄1−1/p𝜐1−1/q

Γ( 𝛽 )
[∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx

]1/p [∫ +∞

0
gq (y) 1

y (𝜐−1) (q−1)
dy

]1/q
.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

∫ +∞

1
log1/p (x) log1/q (y) |1 − log(x) log(y) |

𝛼−1

[1 + log(x) log(y)]𝛼+1
log𝛽−1

[
1 + log(x) log(y)
|1 − log(x) log(y) |

]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

1
f p (x)xp−1dx

]1/p [∫ +∞

1
gq (y)yq−1dy

]1/q
.
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• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : ℝ ↦→ [0, +∞) de�ned by k(y) = ey , then we have∫ +∞

−∞

∫ +∞

−∞
ex/p+y/q

|1 − ex+y |𝛼−1

(1 + ex+y)𝛼+1
log𝛽−1

(
1 + ex+y
|1 − ex+y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

−∞
f p (x)e−(p−1)xdx

]1/p [∫ +∞

−∞
gq (y)e−(q−1)ydy

]1/q
.

A complementary result to Theorem 3.10 is proposed below. It is also a product version of Theorem 3.2.

Theorem 3.11 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞) be a function, and h : [a, b] ↦→ [0, +∞) and
k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing functions such that limt→a h(t) = 0, limt→b h(t) = +∞,
limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following inequality holds:∫ d

c

{∫ b

a
h1/p (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
f (x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ b

a
f p (x) 1

[h′(x)]p−1
dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

Some special cases of this theorem are developed below, inspired by those of Theorem 2.11.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

{∫ +∞

0
x 𝜄/py𝜐/q

|1 − x 𝜄y𝜐 |𝛼−1

[1 + x 𝜄y𝜐]𝛼+1
log𝛽−1

(
1 + x 𝜄y𝜐
|1 − x 𝜄y𝜐 |

)
f (x)dx

}p
y𝜐−1dy

≤ 1
𝜐𝛼 𝛽 p 𝜄p−1

Γp ( 𝛽 )
∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

{∫ +∞

1
log1/p (x) log1/q (y) |1 − log(x) log(y) |

𝛼−1

[1 + log(x) log(y)]𝛼+1
log𝛽−1

[
1 + log(x) log(y)
|1 − log(x) log(y) |

]
f (x)dx

}p
1
y
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

1
f p (x)xp−1dx.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : ℝ ↦→ [0, +∞) de�ned by k(y) = ey , then we have∫ +∞

−∞

{∫ +∞

−∞
ex/p+y/q

|1 − ex+y |𝛼−1

(1 + ex+y)𝛼+1
log𝛽−1

(
1 + ex+y
|1 − ex+y |

)
f (x)dx

}p
eydy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

−∞
f p (x)e−(p−1)xdx.

A product version of Theorem 3.3 is given below, still using the primitives of the main functions.
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Theorem 3.12 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞) and g : [c , d] ↦→ [0, +∞) be two functions,
F : [a, b] ↦→ [0, +∞) and G : [c , d] ↦→ [0, +∞) be their respective primitives given by

F (x) =
∫ x

a
f (r)dr , G (y) =

∫ y

c
g (r)dr ,

provided that they exist, and h : [a, b] ↦→ [0, +∞) and k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing
functions such that limt→a h(t) = 0, limt→b h(t) = +∞, limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following
inequality holds:∫ d

c

∫ b

a
h1/p−1 (x)k1/q−1 (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
F (x)G (y)h′(x)k′(y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

Some special cases of this theorem are developed below, inspired by those of Theorem 2.12.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

∫ +∞

0
x 𝜄(1/p−1) y𝜐 (1/q−1)

|1 − x 𝜄y𝜐 |𝛼−1

[1 + x 𝜄y𝜐]𝛼+1
log𝛽−1

(
1 + x 𝜄y𝜐
|1 − x 𝜄y𝜐 |

)
F (x)G (y)x 𝜄−1y𝜐−1dxdy

≤ p2

𝛼 𝛽 𝜄2−1/p𝜐2−1/q (p − 1)
Γ( 𝛽 )

[∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx

]1/p
×[∫ +∞

0
gq (y) 1

y (𝜐−1) (q−1)
dy

]1/q
.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

∫ +∞

1
log1/p−1 (x) log1/q−1 (y) |1 − log(x) log(y) |

𝛼−1

[1 + log(x) log(y)]𝛼+1
log𝛽−1

[
1 + log(x) log(y)
|1 − log(x) log(y) |

]
×

F (x)G (y) 1
xy
dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

1
f p (x)xp−1dx

]1/p [∫ +∞

1
gq (y)yq−1dy

]1/q
.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : ℝ ↦→ [0, +∞) de�ned by k(y) = ey , then we have∫ +∞

−∞

∫ +∞

−∞
ex (1/p−1)+y (1/q−1)

|1 − ex+y |𝛼−1

(1 + ex+y)𝛼+1
log𝛽−1

(
1 + ex+y
|1 − ex+y |

)
F (x)G (y)ex+ydxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

−∞
f p (x)e−(p−1)xdx

]1/p [∫ +∞

−∞
gq (y)e−(q−1)ydy

]1/q
.

The theorem below is a functional extension of Theorem 3.4, and also a product version of Theorem 2.13.
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Theorem 3.13 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, a ∈ ℝ ∪ {−∞}, b ∈ ℝ ∪ {+∞} with b > a,
c ∈ ℝ ∪ {−∞}, d ∈ ℝ ∪ {+∞} with d > c, f : [a, b] ↦→ [0, +∞), F : [a, b] ↦→ [0, +∞) be its primitive given by

F (x) =
∫ x

a
f (r)dr ,

provided that it exists, and h : [a, b] ↦→ [0, +∞) and k : [c , d] ↦→ [0, +∞) be two di�erentiable non-decreasing
functions such that limt→a h(t) = 0, limt→b h(t) = +∞, limt→c k(t) = 0 and limt→d k(t) = +∞. Then the following
inequality holds:∫ d

c

{∫ b

a
h1/p−1 (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
F (x)h′(x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x) 1

[h′(x)]p−1
dx ,

where Γ is the gamma function, provided that the integral involved in the upper bound converges.

Some special cases of this theorem are developed below, inspired by those of Theorem 2.13.

• If we set a = 0, "b = +∞", c = 0, "d = +∞", h : [0, +∞) ↦→ [0, +∞) de�ned by h(x) = x 𝜄 with 𝜄 > 0 and
k : [0, +∞) ↦→ [0, +∞) de�ned by k(y) = y𝜐 with 𝜐 > 0, then we have∫ +∞

0

{∫ +∞

0
x 𝜄(1/p−1) y𝜐/q

|1 − x 𝜄y𝜐 |𝛼−1

[1 + x 𝜄y𝜐]𝛼+1
log𝛽−1

(
1 + x 𝜄y𝜐
|1 − x 𝜄y𝜐 |

)
F (x)x 𝜄−1dx

}p
y𝜐−1dy

≤ 1
𝜐𝛼 𝛽 p 𝜄2p−1

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x) 1

x ( 𝜄−1) (p−1)
dx.

• If we set a = 1, "b = +∞", c = 1, "d = +∞", h : [1, +∞) ↦→ [0, +∞) de�ned by h(x) = log(x) and
k : [1, +∞) ↦→ [0, +∞) de�ned by k(y) = log(y), then we have∫ +∞

1

{ ∫ +∞

1
log(1/p−1) (x) log1/q (y) |1 − log(x) log(y) |

𝛼−1

[1 + log(x) log(y)]𝛼+1
log𝛽−1

[
1 + log(x) log(y)
|1 − log(x) log(y) |

]
×

F (x) 1
x
dx

}p 1
y
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
(
p

p − 1

)p ∫ +∞

1
f p (x)xp−1dx.

• If we set "a = −∞", "b = +∞", "c = −∞", "d = +∞", h : ℝ ↦→ [0, +∞) de�ned by h(x) = ex and
k : ℝ ↦→ [0, +∞) de�ned by k(y) = ey , then we have∫ +∞

−∞

{∫ +∞

−∞
ex (1/p−1)+y/q

|1 − ex+y |𝛼−1

(1 + ex+y)𝛼+1
log𝛽−1

(
1 + ex+y
|1 − ex+y |

)
F (x)exdx

}p
eydy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

−∞
f p (x)e−(p−1)xdx.

Some mixed approaches of our main integral results are presented in the subsection below.

3.5 Some mixed approaches

Amixed approach of Theorems 2.1 and 3.1 is proposed below.
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Theorem 3.14 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, 𝛾 > 0, 𝜃 > 0, 𝜆 ∈ [0, 1] and f , g : [0, +∞) ↦→
[0, +∞) be two functions. Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜆 (𝛼−1)

(x + y)𝜆 (𝛼+1)
|1 − xy | (1−𝜆 ) (𝛾−1)

(1 + xy) (1−𝜆 ) (𝛾+1)
log𝜆 ( 𝛽−1)

(
x + y
|x − y |

)
×

log(1−𝜆 ) (𝜃−1)
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼𝜆 𝛽 𝛾 (1−𝜆 )𝜃 Γ

𝜆 ( 𝛽 )Γ1−𝜆 (𝜃)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

The proof relies on the Hölder integral inequality and Theorems 2.1 and 3.1. The key to this mixed approach
is characterized by the presence of 𝜆 . If 𝜆 = 1, the result reduces to Theorem 2.1, and if 𝜆 = 0, it reduces to
Theorem 3.1; the intermediate values of 𝜆 lead to new integral inequalities.

A mixed approach using the primitives of the main functions, based on Theorems 2.3 and 3.3, is given
below.

Theorem 3.15 Let p > 1, q = p/(p − 1), 𝛼 > 0, 𝛽 > 0, 𝛾 > 0, 𝜃 > 0, 𝜆 ∈ [0, 1] and f , g : [0, +∞) ↦→
[0, +∞) be two functions and F ,G : [0, +∞) ↦→ [0, +∞) be de�ned their respective primitives given by

F (x) =
∫ x

0
f (r)dr , G (y) =

∫ y

0
g (r)dr ,

Then the following inequality holds:∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|x − y |𝜆 (𝛼−1)

(x + y)𝜆 (𝛼+1)
|1 − xy | (1−𝜆 ) (𝛾−1)

(1 + xy) (1−𝜆 ) (𝛾+1)
log𝜆 ( 𝛽−1)

(
x + y
|x − y |

)
×

log(1−𝜆 ) (𝜃−1)
(
1 + xy
|1 − xy |

)
F (x)G (y)dxdy

≤ p2

𝛼𝜆 𝛽 𝛾 (1−𝜆 )𝜃 (p − 1)
Γ𝜆 ( 𝛽 )Γ1−𝜆 (𝜃)

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

where Γ is the gamma function, provided that the two integrals involved in the upper bound converge.

The proof uses the Hölder integral inequality and Theorems 2.3 and 3.3. Again, we emphasise the linking role
of the parameter 𝜆 . If 𝜆 = 1, the result reduces to Theorem 2.3, and if 𝜆 = 0, it reduces to Theorem 3.3; the
intermediate values of 𝜆 lead to new integral inequalities.

4 Proofs

The proofs of all results are provided in this section. For the sake of self-containment, reproducibility, and ease
of veri�cation, we have included the maximum level of detail.

4.1 A key integral result

The proposition below is needed to prove our main results.

Proposition 4.1 Let 𝛼 > 0 and 𝛽 > 0. Then we have∫ +∞

0

|1 − x |𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
|1 − x |

)
dx =

1
𝛼 𝛽

Γ( 𝛽 ).
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Proof of Proposition 4.1. Applying the Chasles integral formula at the threshold value x = 1, we obtain∫ +∞

0

|1 − x |𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
|1 − x |

)
dx =

∫ 1

0

(1 − x)𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
1 − x

)
dx

+
∫ +∞

1

(x − 1)𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
x − 1

)
dx.

Using the change of variables x = 1/s, the last integral term can be expressed as∫ +∞

1

(x − 1)𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
1 − x

)
dx =

∫ 0

1

(1/s − 1)𝛼−1

(1 + 1/s)𝛼+1
log𝛽−1

(
1 + 1/s
1 − 1/s

) (
− 1
s2
ds
)

=

∫ 1

0

(1 − s)𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
s − 1

)
ds.

As a result, we have∫ +∞

0

|1 − x |𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
|1 − x |

)
dx = 2

∫ 1

0

(1 − x)𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
1 − x

)
dx. (6)

Using the change of variables t = (1 − x)/(1 + x), we have

2
∫ 1

0

(1 − x)𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
1 − x

)
dx =

∫ 1

0

(
1 − x
1 + x

)𝛼−1
log𝛽−1

(
1 + x
1 − x

)
2

(1 + x)2
dx

=

∫ 0

1
t𝛼−1 log𝛽−1

(
1
t

)
(−dt) =

∫ 1

0
t𝛼−1 log𝛽−1

(
1
t

)
dt. (7)

The expression of the logarithmic term suggests the change of variables t = e−u , and we obtain∫ 1

0
t𝛼−1 log𝛽−1

(
1
t

)
dt =

∫ 0

+∞
e−u (𝛼−1)u 𝛽−1 (−e−udu) =

∫ +∞

0
u 𝛽−1e−𝛼udu. (8)

To match the expression of the gamma function, the change of variables v = 𝛼u gives∫ +∞

0
u 𝛽−1e−𝛼udu =

∫ +∞

0

( v
𝛼

) 𝛽−1
e−v

(
1
𝛼
dv

)
=
1
𝛼 𝛽

∫ +∞

0
v 𝛽−1e−vdv =

1
𝛼 𝛽

Γ( 𝛽 ). (9)

Combining Equations (6) , (7) , (8) and (9) , we get∫ +∞

0

|1 − x |𝛼−1

(1 + x)𝛼+1
log𝛽−1

(
1 + x
|1 − x |

)
dx =

1
𝛼 𝛽

Γ( 𝛽 ).

Proposition 4.1 is proved. �

4.2 Proofs of the �rst contributions

Proof of Theorem 2.1.
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Main integral inequality. By a suitable product decomposition of the integrand via the equality 1/p + 1/q =

1/p + (p − 1)/p = 1 and the Hölder integral inequality, we obtain

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/p

|x − y | (𝛼−1)/p

(x + y) (𝛼+1)/p
log( 𝛽−1)/p

(
x + y
|x − y |

)
f (x)×

y1/q
|x − y | (𝛼−1)/q

(x + y) (𝛼+1)/q
log( 𝛽−1)/q

(
x + y
|x − y |

)
g (y)dxdy

≤
[∫ +∞

0

∫ +∞

0
x
|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f p (x)dxdy

]1/p
×[∫ +∞

0

∫ +∞

0
y
|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
gq (y)dxdy

]1/q
. (10)

We need to express each double integral term of this bound. It follows from the Fubini-Tonelli integral theorem
(ensuring the exchange of the order of integration), the change of variables s = y/x and Proposition 4.1, that

∫ +∞

0

∫ +∞

0
x
|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f p (x)dxdy

=

∫ +∞

0
f p (x)

[∫ +∞

0

|1 − y/x |𝛼−1

(1 + y/x)𝛼+1
log𝛽−1

(
1 + y/x
|1 − y/x |

)
1
x
dy

]
dx

=

∫ +∞

0
f p (x)

[∫ +∞

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds
]
dx

=

∫ +∞

0
f p (x) × 1

𝛼 𝛽
Γ( 𝛽 )dx = 1

𝛼 𝛽
Γ( 𝛽 )

∫ +∞

0
f p (x)dx. (11)

Similarly but with the change of variables t = x/y, we obtain

∫ +∞

0

∫ +∞

0
y
|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
gq (y)dxdy

=

∫ +∞

0
gq (y)

[∫ +∞

0

|1 − x/y |𝛼−1

(1 + x/y)𝛼+1
log𝛽−1

(
1 + x/y
|1 − x/y |

)
1
y
dx

]
dy

=

∫ +∞

0
gq (y)

[∫ +∞

0

|1 − t |𝛼−1

(1 + t)𝛼+1
log𝛽−1

(
1 + t
|1 − t |

)
dt
]
dy

=

∫ +∞

0
gp (y) × 1

𝛼 𝛽
Γ( 𝛽 )dy = 1

𝛼 𝛽
Γ( 𝛽 )

∫ +∞

0
gp (y)dy. (12)

Combining Equations (10) , (11) and (12) , we get

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤
[
1
𝛼 𝛽

Γ( 𝛽 )
∫ +∞

0
f p (x)dx

]1/p [ 1
𝛼 𝛽

Γ( 𝛽 )
∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.
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Optimality of the constant in the factor.We reason by contradiction by assuming the existence of a better constant
than Γ( 𝛽 )/𝛼 𝛽 . So we consider a constantC such thatC ∈ (0, Γ( 𝛽 )/𝛼 𝛽 ) and, for any f , g : [0, +∞) ↦→ [0, +∞),∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ C
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
, (13)

provided that the two integrals involved in the upper bound converge. For the candidate functions of the
contradiction, we consider f★ : [0, +∞) ↦→ [0, +∞) de�ned by

f★(x) =
{
x−(1+1/n)/p if x ∈ [1, +∞)
0 if x ∈ [0, 1)

and g★ : [0, +∞) ↦→ [0, +∞) de�ned by

g★(y) =
{
y−(1+1/n)/q if y ∈ [1, +∞)
0 if y ∈ [0, 1) ,

where n ∈ ℕ\{0}. Note that∫ +∞

0
f p★ (x)dx =

∫ +∞

1
(x−(1+1/n)/p)pdx =

[
−nx−1/n

] x→+∞

x=1
= n

and ∫ +∞

0
gq★ (y)dy =

∫ +∞

1
(y−(1+1/n)/q)qdy =

[
−ny−1/n

] y→+∞

y=1
= n.

It follows from the equality 1/p + 1/q = 1 and Equation (13) that

C = C
1
n
n1/pn1/q =

1
n

{
C
[∫ +∞

0
f p★ (x)dx

]1/p [∫ +∞

0
gq★ (y)dy

]1/q}
≥ 1
n

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f★(x)g★(y)dxdy. (14)

We need to express the double integral term of this bound. Using the de�nitions of f★ and g★, the change of
variables x = sy, the Fubini-Tonelli integral theorem and the equality 1/p + 1/q = 1, we get∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f★(x)g★(y)dxdy

=

∫ +∞

1

∫ +∞

1
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
x−(1+1/n)/py−(1+1/n)/qdxdy

=

∫ +∞

1

[∫ +∞

1

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
x−1/(np)dx

]
y−1/(nq)dy

=

∫ +∞

1

[∫ +∞

1/y

|1 − s |𝛼−1

(1 + s)𝛼+1
1
y2
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np) y−1/(np) yds

]
y−1/(nq)dy

=

∫ +∞

1

[∫ +∞

1/y

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

]
y−(1+1/n)dy. (15)
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It follows from the Chasles integral formula at the threshold value s = 1, the Fubini-Tonelli integral theorem
and the equality 1/p + 1/q = 1 that∫ +∞

1

[∫ +∞

1/y

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

]
y−(1+1/n)dy

=

∫ +∞

1

[∫ 1

1/y

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

]
y−(1+1/n)dy

+
∫ +∞

1

[∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

]
y−(1+1/n)dy

=

∫ 1

0

[∫ +∞

1/s
y−(1+1/n)dy

]
|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

+
[∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

] [∫ +∞

1
y−(1+1/n)dy

]
=

∫ 1

0
(ns1/n) |1 − s |

𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

+ n
[∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

]
= n

[ ∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(nq)ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

]
. (16)

Combining Equations (14) , (15) and (16) , we get

C ≥
∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(nq)ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds.

Since this inequality is valid for any n ∈ ℕ\{0}, we can take the inferior limit with respect to the integer n,
denoted by limn→+∞. By virtue of the Fatou integral lemma, which is possible because the integrand is non-
negative, limn→+∞ s

1/(nq) = 1 for s ∈ (0, 1), limn→+∞ s
−1/(np) = 1 for s ∈ [1, +∞), the Chasles integral formula

at the threshold value s = 1 and Proposition 4.1, we obtain

C ≥ lim
n→+∞

∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(nq)ds

+ lim
n→+∞

∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(np)ds

≥
∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

) [
lim
n→+∞

s1/(nq)
]
ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

) [
lim
n→+∞

s−1/(np)
]
ds

=

∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds

=

∫ +∞

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds =

1
𝛼 𝛽

Γ( 𝛽 ).
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A contradiction comes since C is assumed to satisfy C < Γ( 𝛽 )/𝛼 𝛽 . As a result, the constant Γ( 𝛽 )/𝛼 𝛽 is
optimal. Theorem 2.1 is established. �

Proof of Theorem 2.2.

Proof that Theorem 2.1 implies the presented inequality. We assume that the inequality in Theorem 2.1 holds. It
follows from the Fubini-Tonelli integral theorem and a suitable decomposition of the integrand that∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

]
×[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p−1
dy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)×[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p−1
dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g† (y)dxdy , (17)

where

g† (y) =
[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p−1
.

Applying Theorem 2.1 to the functions f and g†, we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g† (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq† (y)dy

]1/q
. (18)

Let us now determine the second integral of this bound. Since q(p − 1) = p, we have∫ +∞

0
gq† (y)dy =

∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

]q (p−1)
dy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy. (19)

Combining Equations (17) , (18) and (19) , we have∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p
×{∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy

}1/q
.
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We therefore get {∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy

}1−1/q
≤ 1

𝛼 𝛽
Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p
.

Using the relation 1/p + 1/q = 1, this is equivalent to∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0
f p (x)dx.

The desired inequality is established.
Proof that the presented inequality implies Theorem 2.1. We now assume that the presented inequality holds, and
show that it implies Theorem 2.1. It follows from the Fubini-Tonelli integral theorem, the Hölder integral
inequality only with respect to the variable y, and the assumed integral inequality that∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

]
g (y)dy

≤
{∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)dx

] p
dy

}1/p [∫ +∞

0
gq (y)dy

]1/q
≤

[
1

𝛼 𝛽 p Γ
p ( 𝛽 )

∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The desired inequality is established.
The proof of Theorem 2.2 ends. �

Proof of Theorem 2.3. Let us notice that∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)G (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f�(x)g�(y)dxdy , (20)

where

f�(x) =
1
x
F (x) , g�(y) =

1
y
G (y).

Applying Theorem 2.1 to the functions f� and g�, we get∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f�(x)g�(y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p� (x)dx

]1/p [∫ +∞

0
gq� (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0

1
xp
F p (x)dx

]1/p [∫ +∞

0

1
yq
Gq (y)dy

]1/q
. (21)
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It follows from the Hardy integral inequality applied to the function f that∫ +∞

0

1
xp
F p (x)dx ≤

(
p

p − 1

)p ∫ +∞

0
f p (x)dx. (22)

The same applied to the function g , together with the equality 1/p + 1/q = 1, gives∫ +∞

0

1
yq
Gq (y)dy ≤

(
q

q − 1

)q ∫ +∞

0
gq (y)dy = pq

∫ +∞

0
gq (y)dy. (23)

Combining Equations (20) , (21) , (22) and (23) , we obtain∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)G (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[(

p
p − 1

)p ∫ +∞

0
f p (x)dx

]1/p [
pq

∫ +∞

0
gq (y)dy

]1/q
=

p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 2.3 is demonstrated. �

Proof of Theorem 2.4. Let us notice that∫ +∞

0

[∫ +∞

0
x1/p−1y1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)dx

] p
dy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f�(x)dx

] p
dy , (24)

where

f�(x) =
1
x
F (x).

Applying Theorem 2.2 to the function f� and using the Hardy integral inequality, we get∫ +∞

0

[∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f�(x)dx

] p
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0
f p� (x)dx =

1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0

1
xp
F p (x)dx

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x)dx. (25)

Combining Equations (24) and (25) , we obtain∫ +∞

0

[∫ +∞

0
x1/p−1y1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)dx

] p
dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x)dx.

Theorem 2.4 is proved. �

Proof of Theorem 2.5. By virtue of Theorem 2.1, we have∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

30



Asian J. Math. Appl. (2025) 2025:10

with 𝛼 > 0 and 𝛽 > 0. Integrating both sides with respect to the parameter 𝛼 treated as a variable with
𝛼 ∈ (1, 𝛿), and developing only the upper bound by taking into account that 𝛽 > 1, we obtain

∫ 𝛿

1

[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
d𝛼

≤ Γ( 𝛽 )
[∫ 𝛿

1

1
𝛼 𝛽

d𝛼
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= Γ( 𝛽 )

[
1

𝛽 − 1 (1 − 𝛿1−𝛽 )
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=

1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (26)

For the main triple integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange of the order
of integration) and basic integral calculus, we get

∫ 𝛿

1

[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
d𝛼

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

[∫ 𝛿

1

(
|x − y |
x + y

)𝛼−1
d𝛼

]
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

[
− 1
log[(x + y)/|x − y |]

(
|x − y |
x + y

)𝛼−1]𝛼=𝛿
𝛼=1

×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

[
1 −

(
|x − y |
x + y

)𝛿−1]
log𝛽−2

(
x + y
|x − y |

)
f (x)g (y)dxdy. (27)

Combining Equations (26) and (27) , we have

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y)2

[
1 −

(
|x − y |
x + y

)𝛿−1]
log𝛽−2

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 2.5 is established. �

Proof of Theorem 2.6. Theorem 2.1 gives

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,
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with 𝛼 > 0 and 𝛽 > 0. Taking 𝛼 = 𝜖 i with i ∈ ℕ\{0}, multiplying both sides by i𝛾 i , summing both sides with
respect to the integer i and developing only the upper bound using the Lerch transcendent function, we have

+∞∑︁
i=1

i𝛾 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜖 i−1

(x + y)𝜖 i+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
≤

[ +∞∑︁
i=1

i𝛾 i
1

(𝜖 i) 𝛽 Γ( 𝛽 )
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜖 𝛽

Γ( 𝛽 )
[ +∞∑︁
i=1

𝛾 i

i 𝛽−1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜖 𝛽

Γ( 𝛽 )𝛾
[ +∞∑︁
i=0

𝛾 i

(i + 1) 𝛽−1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= 𝛾

1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (28)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange
of the sum and integrals) and a basic geometric series formula based on 𝛾 |x − y |𝜖 /(x + y)𝜖 ∈ (0, 1) (almost
everywhere), we get

+∞∑︁
i=1

i𝛾 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜖 i−1

(x + y)𝜖 i+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y |

{ +∞∑︁
i=1

i
[
𝛾

(
|x − y |
x + y

)𝜖 ] i}
log𝛽−1

(
x + y
|x − y |

)
×

f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | 𝛾

(
|x − y |
x + y

)𝜖 { +∞∑︁
i=1

i
[
𝛾

(
|x − y |
x + y

)𝜖 ] i−1}
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

= 𝛾

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y |

(
|x − y |
x + y

)𝜖
×

1

[1 − 𝛾 |x − y |𝜖 /(x + y)𝜖 ]2
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

= 𝛾

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜖−1 (x + y)𝜖−1

[(x + y)𝜖 − 𝛾 |x − y |𝜖 ]2
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy. (29)

Combining Equations (28) and (29) , we obtain

𝛾

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜖−1 (x + y)𝜖−1

[(x + y)𝜖 − 𝛾 |x − y |𝜖 ]2
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 𝛾
1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

so that ∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜖−1 (x + y)𝜖−1

[(x + y)𝜖 − 𝛾 |x − y |𝜖 ]2
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.
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Theorem 2.6 is proved. �

Proof of Theorem 2.7. By virtue of Theorem 2.1, we have∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. Taking 𝛼 = i + 𝜅 with i ∈ ℕ, which is possible because 𝜅 > 0, multiplying both sides
by 𝜂 i , summing both sides with respect to the integer i and developing only the upper bound using the Lerch
transcendent function, we obtain

+∞∑︁
i=0

𝜂 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |i+𝜅−1

(x + y)i+𝜅+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
≤

[ +∞∑︁
i=0

𝜂 i
1

(i + 𝜅) 𝛽 Γ( 𝛽 )
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= Γ( 𝛽 )

[ +∞∑︁
i=0

𝜂 i

(i + 𝜅) 𝛽

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= Γ( 𝛽 )Φ(𝜂 , 𝛽 , 𝜅)

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (30)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange
of the sum and integrals) and a basic geometric series formula based on 𝜂 |x − y |/(x + y) ∈ (0, 1) (almost
everywhere), we get

+∞∑︁
i=0

𝜂 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |i+𝜅−1

(x + y)i+𝜅+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜅−1

(x + y) 𝜅+1

{ +∞∑︁
i=0

[
𝜂

(
|x − y |
x + y

)] i}
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜅−1

(x + y) 𝜅+1
× 1
1 − 𝜂 |x − y |/(x + y) ×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜅−1
(x + y) 𝜅 (x + y − 𝜂 |x − y |) log

𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy. (31)

Combining Equations (30) and (31) , we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜅−1
(x + y) 𝜅 (x + y − 𝜂 |x − y |) log

𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )Φ(𝜂 , 𝛽 , 𝜅)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 2.7 is demonstrated. �
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Proof of Theorem 2.8. Theorem 2.1 gives

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. Taking 𝛼 = 𝜌i with i ∈ ℕ\{0}, multiplying both sides by 1/i, summing both sides with
respect to the integer i and developing the upper bound using the Lerch transcendent function, we obtain

+∞∑︁
i=1

1
i

[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y | 𝜌i−1

(x + y) 𝜌i+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
≤

[ +∞∑︁
i=1

1
i

1
( 𝜌i) 𝛽 Γ( 𝛽 )

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜌 𝛽

Γ( 𝛽 )
[ +∞∑︁
i=1

1
i 𝛽+1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜌 𝛽

Γ( 𝛽 )
[ +∞∑︁
i=0

1
(i + 1) 𝛽+1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜌 𝛽

Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (32)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange
of the sum and integrals), and a basic logarithmic series formula based on |x − y | 𝜌/(x + y) 𝜌 ∈ (0, 1) (almost
everywhere), we get

+∞∑︁
i=1

1
i

[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y | 𝜌i−1

(x + y) 𝜌i+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]
=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y |

{ +∞∑︁
i=1

1
i

[(
|x − y |
x + y

) 𝜌] i}
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y |

{
− log

[
1 −

(
|x − y |
x + y

) 𝜌]}
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
1

1 − |x − y | 𝜌/(x + y) 𝜌

]
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
(x + y) 𝜌

(x + y) 𝜌 − |x − y | 𝜌

]
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy. (33)
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Combining Equations (32) and (33) , we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1
(x + y) |x − y | log

[
(x + y) 𝜌

(x + y) 𝜌 − |x − y | 𝜌

]
×

log𝛽−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝜌 𝛽

Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 2.8 is proved. �

Proof of Theorem 2.9. By virtue of Theorem 2.1, the following inequality holds:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. This can also be written as follows:∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1

[
1

Γ( 𝛽 ) log
𝛽−1

(
x + y
|x − y |

)]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Taking 𝛽 = 𝜃 i + 𝜇 with i ∈ ℕ, which is possible because 𝜇 > 0, multiplying both sides by 𝜈 i , summing both
sides with respect to the integer i and developing the upper bound using a basic geometric series formula taking
into account that 𝜈 ∈ (0, 𝛼𝜃 ), we have

+∞∑︁
i=0

𝜈 i
∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1

[
1

Γ(𝜃 i + 𝜇) log
𝜃 i+𝜇−1

(
x + y
|x − y |

)]
f (x)g (y)dxdy

≤
[ +∞∑︁
i=0

𝜈 i
1

𝛼𝜃 i+𝜇

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝜇

[ +∞∑︁
i=0

( 𝜈

𝛼𝜃

) i ] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝜇

(
1

1 − 𝜈/𝛼𝜃

) [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=

𝛼𝜃−𝜇

𝛼𝜃 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (34)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange of
the sum and integrals) and the two-parameter Mittag-Le�er function, we have

+∞∑︁
i=0

𝜈 i
∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1

[
1

Γ(𝜃 i + 𝜇) log
𝜃 i+𝜇−1

(
x + y
|x − y |

)]
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1

{ +∞∑︁
i=0

1
Γ(𝜃 i + 𝜇)

[
𝜈 log𝜃

(
x + y
|x − y |

)] i}
×

log𝜇−1
(
x + y
|x − y |

)
f (x)g (y)dxdy
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=

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
Ψ

[
𝜈 log𝜃

(
x + y
|x − y |

)
, 𝜃 , 𝜇

]
×

log𝜇−1
(
x + y
|x − y |

)
f (x)g (y)dxdy. (35)

Combining Equations (34) and (35) , we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
Ψ

[
𝜈 log𝜃

(
x + y
|x − y |

)
, 𝜃 , 𝜇

]
×

log𝜇−1
(
x + y
|x − y |

)
f (x)g (y)dxdy

≤ 𝛼𝜃−𝜇

𝛼𝜃 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 2.9 is established. �

Proof of Theorem 2.10. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

∫ b

a
h1/p (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
s1/pt1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
f [h−1 (s)]g [k−1 (t)] 1

h′[h−1 (s)]
1

k′[k−1 (t)]
dsdt

=

∫ +∞

0

∫ +∞

0
s1/pt1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
fm (s)gm (t)dsdt , (36)

where

fm (s) = f [h−1 (s)]
1

h′[h−1 (s)]
, gm (t) = g [k−1 (t)]

1
k′[k−1 (t)]

.

Applying Theorem 2.1 to the functions fm and gm, we get∫ +∞

0

∫ +∞

0
s1/pt1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
fm (s)gm (t)dsdt

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f pm (s)ds

]1/p [∫ +∞

0
gqm (t)dt

]1/q
. (37)

Let us now express the integral terms of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (38)

Similarly, using the change of variables t = k(v), we have∫ +∞

0
gqm (t)dt =

∫ +∞

0

{
g [k−1 (t)] 1

k′[k−1 (t)]

}q
dt =

∫ d

c
gq (v) 1

[k′(v)]q k
′(v)dv

=

∫ d

c
gq (v) 1

[k′(v)]q−1
dv. (39)
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Combining Equations (36) , (37) , (38) and (39) , we get∫ d

c

∫ b

a
h1/p (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
.

Theorem 2.10 is proved. �

Proof of Theorem 2.11. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

{∫ b

a
h1/p (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
f (x)dx

}p
k′(y)dy

=

∫ +∞

0

{∫ +∞

0
s1/pt1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
f [h−1 (s)] 1

h′[h−1 (s)]
ds
}p

×

k′[k−1 (t)] 1
k′[k−1 (t)]

dt

=

∫ +∞

0

[∫ +∞

0
s1/pt1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
fm (s)ds

] p
dt , (40)

where

fm (s) = f [h−1 (s)]
1

h′[h−1 (s)]
.

Applying Theorem 2.2 to the function fm, we get∫ +∞

0

[∫ +∞

0
s1/pt1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
fm (s)ds

] p
dt

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0
f pm (s)ds. (41)

Let us now determine the integral of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (42)

Combining Equations (40) , (41) and (42) , we get∫ d

c

{∫ b

a
h1/p (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
f (x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ b

a
f p (x) 1

[h′(x)]p−1
dx.

Theorem 2.11 is demonstrated. �
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Proof of Theorem 2.12. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

∫ b

a
h1/p−1 (x)k1/q−1 (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
F (x)G (y)h′(x)k′(y)dxdy

=

∫ +∞

0

∫ +∞

0
s1/p−1t1/q−1

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
F [h−1 (s)]G [k−1 (t)]×

h′[h−1 (s)]k′[k−1 (t)] 1
h′[h−1 (s)]

1
k′[k−1 (t)]

dsdt

=

∫ +∞

0

∫ +∞

0
s1/p−1t1/q−1

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
Fm (s)Gm (t)dsdt , (43)

where

Fm (s) = F [h−1 (s)] , Gm (t) = G [k−1 (t)].

Using the change of variables r = h−1 (u), we have

Fm (s) = F [h−1 (s)] =
∫ h−1 (s)

a
f (r)dr =

∫ s

0
f [h−1 (u)] 1

h′[h−1 (u)]
du =

∫ s

0
fm (u)du ,

where

fm (u) = f [h−1 (u)]
1

h′[h−1 (u)]
.

Similarly, using the change of variables r = k−1 (v), we get

Gm (t) = G [k−1 (t)] =
∫ k−1 (t)

c
g (r)dr =

∫ t

0
g [k−1 (v)] 1

k′[k−1 (v)]
dv =

∫ t

0
gm (v)dv,

where

gm (v) = g [k−1 (v)]
1

k′[k−1 (v)]
.

Applying Theorem 2.3 to the functions fm and gm, we obtain∫ +∞

0

∫ +∞

0
s1/p−1t1/q−1

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
Fm (s)Gm (t)dsdt

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f pm (s)ds

]1/p [∫ +∞

0
gqm (t)dt

]1/q
. (44)

Let us now express the integral terms of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (45)

Similarly, using the change of variables t = k(v), we have∫ +∞

0
gqm (t)dt =

∫ +∞

0

{
g [k−1 (t)] 1

k′[k−1 (t)]

}q
dt =

∫ d

c
gq (v) 1

[k′(v)]q k
′(v)dv

=

∫ d

c
gq (v) 1

[k′(v)]q−1
dv. (46)
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Combining Equations (43) , (44) , (45) and (46) , we obtain∫ d

c

∫ b

a
h1/p−1 (x)k1/q−1 (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
F (x)G (y)h′(x)k′(y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
.

Theorem 2.12 is proved. �

Proof of Theorem 2.13. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

{∫ b

a
h1/p−1 (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
F (x)h′(x)dx

}p
k′(y)dy

=

∫ +∞

0

{∫ +∞

0
s1/p−1t1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
F [h−1 (s)]h′[h−1 (s)] 1

h′[h−1 (s)]
ds
}p

×

k′[k−1 (t)] 1
k′[k−1 (t)]

dt

=

∫ +∞

0

[∫ +∞

0
s1/p−1t1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
Fm (s)ds

] p
dt , (47)

where
Fm (s) = F [h−1 (s)].

Using the change of variables r = h−1 (u), we have

Fm (s) = F [h−1 (s)] =
∫ h−1 (s)

a
f (r)dr =

∫ s

0
f [h−1 (u)] 1

h′[h−1 (u)]
du =

∫ s

0
fm (u)du ,

where

fm (u) = f [h−1 (u)]
1

h′[h−1 (u)]
.

Applying Theorem 2.4 to the function fm, we get∫ +∞

0

[∫ +∞

0
s1/p−1t1/q

|s − t |𝛼−1

(s + t)𝛼+1
log𝛽−1

(
s + t
|s − t |

)
Fm (s)ds

] p
dt

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f pm (s)ds. (48)

Let us now determine the integral of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (49)

Combining Equations (47) , (48) and (49) , we obtain∫ d

c

{∫ b

a
h1/p−1 (x)k1/q (y) |h(x) − k(y) |

𝛼−1

[h(x) + k(y)]𝛼+1
log𝛽−1

[
h(x) + k(y)
|h(x) − k(y) |

]
F (x)h′(x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x) 1

[h′(x)]p−1
dx.

Theorem 2.13 is established. �
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4.3 Proofs of the second contributions

Proof of Theorem 3.1.
Main integral inequality. By a suitable product decomposition of the integrand via the equality 1/p + 1/q =

1/p + (p − 1)/p = 1 and the Hölder integral inequality, we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/p

|1 − xy | (𝛼−1)/p

(1 + xy) (𝛼+1)/p
log( 𝛽−1)/p

(
1 + xy
|1 − xy |

)
f (x)×

y1/q
|1 − xy | (𝛼−1)/q

(1 + xy) (𝛼+1)/q
log( 𝛽−1)/q

(
1 + xy
|1 − xy |

)
g (y)dxdy

≤
[∫ +∞

0

∫ +∞

0
x
|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f p (x)dxdy

]1/p
×[∫ +∞

0

∫ +∞

0
y
|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
gq (y)dxdy

]1/q
. (50)

We need to express each double integral term of this bound. It follows from the Fubini-Tonelli integral theorem
(ensuring the exchange of the order of integration), the change of variables s = xy and Proposition 4.1, that∫ +∞

0

∫ +∞

0
x
|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f p (x)dxdy

=

∫ +∞

0
f p (x)

[∫ +∞

0

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
xdy

]
dx

=

∫ +∞

0
f p (x)

[∫ +∞

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds
]
dx

=

∫ +∞

0
f p (x) × 1

𝛼 𝛽
Γ( 𝛽 )dx = 1

𝛼 𝛽
Γ( 𝛽 )

∫ +∞

0
f p (x)dx. (51)

Similarly, we obtain ∫ +∞

0

∫ +∞

0
y
|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
gq (y)dxdy

=

∫ +∞

0
gq (y)

[∫ +∞

0

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
ydx

]
dy

=

∫ +∞

0
gq (y)

[∫ +∞

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds
]
dy

=

∫ +∞

0
gp (y) × 1

𝛼 𝛽
Γ( 𝛽 )dy = 1

𝛼 𝛽
Γ( 𝛽 )

∫ +∞

0
gp (y)dy. (52)

Combining Equations (50) , (51) and (52) , we get∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤
[
1
𝛼 𝛽

Γ( 𝛽 )
∫ +∞

0
f p (x)dx

]1/p [ 1
𝛼 𝛽

Γ( 𝛽 )
∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.
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Optimality of the constant in the factor.We reason by contradiction by assuming the existence of a better constant
than Γ( 𝛽 )/𝛼 𝛽 . So we consider a constantC such thatC ∈ (0, Γ( 𝛽 )/𝛼 𝛽 ) and, for any f , g : [0, +∞) ↦→ [0, +∞),∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ C
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
, (53)

provided that the two integrals involved in the upper bound converge. For the candidate functions of the
contradiction, we consider f� : [0, +∞) ↦→ [0, +∞) de�ned by

f� (x) =
{
0 if x ∈ {0} ∪ [1, +∞)
x (1/n−1)/p if x ∈ (0, 1)

and g� : [0, +∞) ↦→ [0, +∞) de�ned by

g� (y) =
{
y−(1+1/n)/q if y ∈ [1, +∞)
0 if y ∈ [0, 1) ,

where n ∈ ℕ\{0}. Note that∫ +∞

0
f p� (x)dx =

∫ 1

0
(x (1/n−1)/p)pdx =

[
nx1/n

] x=1
x=0

= n

and ∫ +∞

0
gq� (y)dy =

∫ +∞

1
(y−(1+1/n)/q)qdy =

[
−ny−1/n

] y→+∞

y=1
= n.

It follows from the equality 1/p + 1/q = 1 and Equation (53) that

C = C
1
n
n1/pn1/q =

1
n

{
C
[∫ +∞

0
f p� (x)dx

]1/p [∫ +∞

0
gq� (y)dy

]1/q}
≥ 1
n

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f� (x)g� (y)dxdy. (54)

We need to express the double integral term of this bound. Using the de�nitions of f� and g�, the change of
variables s = xy, the Fubini-Tonelli integral theorem and the equality 1/p + 1/q = 1, we get∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f� (x)g� (y)dxdy

=

∫ +∞

1

∫ 1

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
x (1/n−1)/py−(1+1/n)/qdxdy

=

∫ +∞

1

[∫ 1

0

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
x1/(np)dx

]
y−1/(nq)dy

=

∫ +∞

1

[∫ y

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np) y−1/(np)

1
y
ds
]
y−1/(nq)dy

=

∫ +∞

1

[∫ y

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

]
y−(1+1/n)dy. (55)
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It follows from the Chasles integral formula at the threshold value s = 1, the Fubini-Tonelli integral theorem
and the equality 1/p + 1/q = 1 that∫ +∞

1

[∫ y

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

]
y−(1+1/n)dy

=

∫ +∞

1

[∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

]
y−(1+1/n)dy

+
∫ +∞

1

[∫ y

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

]
y−(1+1/n)dy

=

[∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

] [∫ +∞

1
y−(1+1/n)dy

]
+
∫ +∞

1

[∫ +∞

s
y−(1+1/n)dy

]
|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

= n
[∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

]
+
∫ +∞

1
(ns−1/n) |1 − s |

𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

= n
[ ∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(nq)ds

]
. (56)

Combining Equations (54) , (55) and (56) , we get

C ≥
∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(nq)ds.

Since this inequality is valid for any n ∈ ℕ\{0}, we can take the inferior limit with respect to the integer n. By
virtue of the Fatou integral lemma, which is possible because the integrand is non-negative, limn→+∞ s

1/(np) = 1
for s ∈ (0, 1), limn→+∞ s

−1/(nq) = 1 for s ∈ [1, +∞), the Chasles integral formula at the threshold value s = 1
and Proposition 4.1, we obtain

C ≥ lim
n→+∞

∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s1/(np)ds

+ lim
n→+∞

∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
s−1/(nq)ds

≥
∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

) [
lim
n→+∞

s1/(np)
]
ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

) [
lim
n→+∞

s−1/(nq)
]
ds

=

∫ 1

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds

+
∫ +∞

1

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds

=

∫ +∞

0

|1 − s |𝛼−1

(1 + s)𝛼+1
log𝛽−1

(
1 + s
|1 − s |

)
ds =

1
𝛼 𝛽

Γ( 𝛽 ).
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A contradiction comes since C is assumed to satisfy C < Γ( 𝛽 )/𝛼 𝛽 . As a result, the constant in the factor
Γ( 𝛽 )/𝛼 𝛽 is optimal. Theorem 3.1 is proved. �

Proof of Theorem 3.2.

Proof that Theorem 3.1 implies the presented inequality. We assume that the inequality in Theorem 3.1 holds. It
follows from the Fubini-Tonelli integral theorem and a suitable decomposition of the integrand that∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

]
×[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p−1
dy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)×[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p−1
dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g‡ (y)dxdy , (57)

where

g‡ (y) =
[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p−1
.

Applying Theorem 3.1 to the functions f and g‡, we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g‡ (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq‡ (y)dy

]1/q
. (58)

Let us now determine the second integral of this bound. Since q(p − 1) = p, we have∫ +∞

0
gq‡ (y)dy =

∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

]q (p−1)
dy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy. (59)

Combining Equations (57) , (58) and (59) , we have∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p
×{∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy

}1/q
.
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We therefore get

{∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy

}1−1/q
≤ 1

𝛼 𝛽
Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p
.

Using the equality 1/p + 1/q = 1, this is equivalent to

∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0
f p (x)dx.

The desired inequality is established.

Proof that the presented inequality implies Theorem 3.1. We now assume that the presented inequality holds, and
show that it implies Theorem 3.1. It follows from the Fubini-Tonelli integral theorem, the Hölder integral
inequality only with respect to the variable y, and the assumed integral inequality that

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

]
g (y)dy

≤
{∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)dx

] p
dy

}1/p [∫ +∞

0
gq (y)dy

]1/q
≤

[
1

𝛼 𝛽 p Γ
p ( 𝛽 )

∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

The desired inequality is established.

The proof of Theorem 3.2 ends. �

Proof of Theorem 3.3. Let us notice that∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
F (x)G (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f�(x)g�(y)dxdy , (60)

where

f�(x) =
1
x
F (x) , g�(y) =

1
y
G (y).
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Applying Theorem 3.1 to the functions f� and g�, the Hardy integral inequality to the functions f and g , and
the equality 1/p + 1/q = 1, we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f�(x)g�(y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p� (x)dx

]1/p [∫ +∞

0
gq� (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0

1
xp
F p (x)dx

]1/p [∫ +∞

0

1
yq
Gq (y)dy

]1/q
≤ 1

𝛼 𝛽
Γ( 𝛽 )

[(
p

p − 1

)p ∫ +∞

0
f p (x)dx

]1/p [(
q

q − 1

)q ∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝛽

Γ( 𝛽 )
[(

p
p − 1

)p ∫ +∞

0
f p (x)dx

]1/p [
pq

∫ +∞

0
gq (y)dy

]1/q
=

p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (61)

Combining Equations (60) and (61) , we get∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
F (x)G (y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.3 is demonstrated. �

Proof of Theorem 3.4. Let us notice that∫ +∞

0

[∫ +∞

0
x1/p−1y1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
F (x)dx

] p
dy

=

∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f�(x)dx

] p
dy , (62)

where

f�(x) =
1
x
F (x).

Applying Theorem 3.2 to the function f� and using the Hardy integral inequality, we get∫ +∞

0

[∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f�(x)dx

] p
dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0
f p� (x)dx =

1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0

1
xp
F p (x)dx

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x)dx. (63)

Combining Equations (62) and (63) , we obtain∫ +∞

0

[∫ +∞

0
x1/p−1y1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
F (x)dx

] p
dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x)dx.
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Theorem 3.4 is proved. �

Proof of Theorem 3.5. It follows from Theorem 3.1 that∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. Integrating both sides with respect to the parameter 𝛼 treated as a variable with
𝛼 ∈ (1, 𝛿), and developing only the upper bound by taking into account that 𝛽 > 1, we have∫ 𝛿

1

[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
d𝛼

≤ Γ( 𝛽 )
[∫ 𝛿

1

1
𝛼 𝛽

d𝛼
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= Γ( 𝛽 )

[
1

𝛽 − 1 (1 − 𝛿1−𝛽 )
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=

1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (64)

For the main triple integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange of the order
of integration) and basic integral calculus, we obtain∫ 𝛿

1

[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
d𝛼

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy)2

[∫ 𝛿

1

(
|1 − xy |
1 + xy

)𝛼−1
d𝛼

]
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy)2

[
− 1
log[(1 + xy)/|1 − xy |]

(
|1 − xy |
1 + xy

)𝛼−1]𝛼=𝛿
𝛼=1

×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy)2

[
1 −

(
|1 − xy |
1 + xy

)𝛿−1]
log𝛽−2

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy. (65)

Combining Equations (64) and (65) , we get∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy)2

[
1 −

(
|1 − xy |
1 + xy

)𝛿−1]
log𝛽−2

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛽 − 1 (1 − 𝛿1−𝛽 )Γ( 𝛽 )

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.5 is established. �

Proof of Theorem 3.6. Theorem 3.1 gives∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,
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with 𝛼 > 0 and 𝛽 > 0. Taking 𝛼 = 𝜖 i with i ∈ ℕ\{0}, multiplying both sides by i𝛾 i , summing both sides with
respect to the integer i and developing only the upper bound using the Lerch transcendent function, we have

+∞∑︁
i=1

i𝛾 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜖 i−1

(1 + xy)𝜖 i+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
≤

[ +∞∑︁
i=1

i𝛾 i
1

(𝜖 i) 𝛽 Γ( 𝛽 )
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜖 𝛽

Γ( 𝛽 )
[ +∞∑︁
i=1

𝛾 i

i 𝛽−1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜖 𝛽

Γ( 𝛽 )𝛾
[ +∞∑︁
i=0

𝛾 i

(i + 1) 𝛽−1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= 𝛾

1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (66)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange of
the sum and integrals) and a basic geometric series formula based on 𝛾 |1 − xy |𝜖 /(1 + xy)𝜖 ∈ (0, 1) (almost
everywhere), we get

+∞∑︁
i=1

i𝛾 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜖 i−1

(1 + xy)𝜖 i+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy |

{ +∞∑︁
i=1

i
[
𝛾

(
|1 − xy |
1 + xy

)𝜖 ] i}
log𝛽−1

(
1 + xy
|1 − xy |

)
×

f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | 𝛾

(
|1 − xy |
1 + xy

)𝜖 { +∞∑︁
i=1

i
[
𝛾

(
|1 − xy |
1 + xy

)𝜖 ] i−1}
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

= 𝛾

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy |

(
|1 − xy |
1 + xy

)𝜖
×

1

[1 − 𝛾 |1 − xy |𝜖 /(1 + xy)𝜖 ]2
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

= 𝛾

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜖−1 (1 + xy)𝜖−1

[(1 + xy)𝜖 − 𝛾 |1 − xy |𝜖 ]2
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy. (67)

Combining Equations (66) and (67) , we obtain

𝛾

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜖−1 (1 + xy)𝜖−1

[(1 + xy)𝜖 − 𝛾 |1 − xy |𝜖 ]2
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 𝛾
1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

so that ∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜖−1 (1 + xy)𝜖−1

[(1 + xy)𝜖 − 𝛾 |1 − xy |𝜖 ]2
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝜖 𝛽

Γ( 𝛽 )Φ(𝛾 , 𝛽 − 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.
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Theorem 3.6 is proved. �

Proof of Theorem 3.7. By virtue of Theorem 3.1, we have∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. Taking 𝛼 = i + 𝜅 with i ∈ ℕ, which is possible because 𝜅 > 0, multiplying both sides
by 𝜂 i , summing both sides with respect to the integer i and developing only the upper bound using the Lerch
transcendent function, we have

+∞∑︁
i=0

𝜂 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |i+𝜅−1

(1 + xy)i+𝜅+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
≤

[ +∞∑︁
i=0

𝜂 i
1

(i + 𝜅) 𝛽 Γ( 𝛽 )
] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= Γ( 𝛽 )

[ +∞∑︁
i=0

𝜂 i

(i + 𝜅) 𝛽

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
= Γ( 𝛽 )Φ(𝜂 , 𝛽 , 𝜅)

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (68)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange
of the sum and integrals) and a basic geometric series formula based on 𝜂 |1 − xy |/(1 + xy) ∈ (0, 1) (almost
everywhere), we get

+∞∑︁
i=0

𝜂 i
[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |i+𝜅−1

(1 + xy)i+𝜅+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1

(1 + xy) 𝜅+1

{ +∞∑︁
i=0

[
𝜂

(
|1 − xy |
1 + xy

)] i}
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1

(1 + xy) 𝜅+1
× 1
1 − 𝜂 |1 − xy |/(1 + xy) ×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1
(1 + xy) 𝜅 (1 + xy − 𝜂 |1 − xy |) log

𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy. (69)

Combining Equations (68) and (69) , we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝜅−1
(1 + xy) 𝜅 (1 + xy − 𝜂 |1 − xy |) log

𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ Γ( 𝛽 )Φ(𝜂 , 𝛽 , 𝜅)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.7 is demonstrated. �
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Proof of Theorem 3.8. Using Theorem 3.1, we have

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. Taking 𝛼 = 𝜌i with i ∈ ℕ\{0}, multiplying both sides by 1/i, summing both sides with
respect to the integer i and developing the upper bound using the Lerch transcendent function, we obtain

+∞∑︁
i=1

1
i

[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy | 𝜌i−1

(1 + xy) 𝜌i+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
≤

[ +∞∑︁
i=1

1
i

1
( 𝜌i) 𝛽 Γ( 𝛽 )

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜌 𝛽

Γ( 𝛽 )
[ +∞∑︁
i=1

1
i 𝛽+1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜌 𝛽

Γ( 𝛽 )
[ +∞∑︁
i=0

1
(i + 1) 𝛽+1

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝜌 𝛽

Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (70)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange of
the sum and integrals) and a basic logarithmic series formula based on |1 − xy | 𝜌/(1 + xy) 𝜌 ∈ (0, 1) (almost
everywhere), we get

+∞∑︁
i=1

1
i

[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy | 𝜌i−1

(1 + xy) 𝜌i+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]
=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy |

{ +∞∑︁
i=1

1
i

[(
|1 − xy |
1 + xy

) 𝜌] i}
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy |

{
− log

[
1 −

(
|1 − xy |
1 + xy

) 𝜌]}
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
1

1 − |1 − xy | 𝜌/(1 + xy) 𝜌

]
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
(1 + xy) 𝜌

(1 + xy) 𝜌 − |1 − xy | 𝜌

]
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy. (71)
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Combining Equations (70) and (71) , we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

1
(1 + xy) |1 − xy | log

[
(1 + xy) 𝜌

(1 + xy) 𝜌 − |1 − xy | 𝜌

]
×

log𝛽−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝜌 𝛽

Γ( 𝛽 )Φ(1, 𝛽 + 1, 1)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.8 is proved. �

Proof of Theorem 3.9. Theorem 3.1 gives∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
log𝛽−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
,

with 𝛼 > 0 and 𝛽 > 0. This can also be written as follows:∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1

[
1

Γ( 𝛽 ) log
𝛽−1

(
1 + xy
|1 − xy |

)]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Taking 𝛽 = 𝜃 i + 𝜇 with i ∈ ℕ, which is possible because 𝜇 > 0, multiplying both sides by 𝜈 i , summing both
sides with respect to the integer i and developing the upper bound using a basic geometric series formula taking
into account that 𝜈 ∈ (0, 𝛼𝜃 ), we have

+∞∑︁
i=0

𝜈 i
∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1

[
1

Γ(𝜃 i + 𝜇) log
𝜃 i+𝜇−1

(
1 + xy
|1 − xy |

)]
f (x)g (y)dxdy

≤
[ +∞∑︁
i=0

𝜈 i
1

𝛼𝜃 i+𝜇

] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝜇

[ +∞∑︁
i=0

( 𝜈

𝛼𝜃

) i ] [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=
1
𝛼 𝜇

(
1

1 − 𝜈/𝛼𝜃

) [∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
=

𝛼𝜃−𝜇

𝛼𝜃 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (72)

For the main series-double integral term, using the Fubini-Tonelli integral theorem (ensuring the exchange of
the sum and integrals) and the two-parameter Mittag-Le�er function, we have

+∞∑︁
i=0

𝜈 i
∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1

[
1

Γ(𝜃 i + 𝜇) log
𝜃 i+𝜇−1

(
1 + xy
|1 − xy |

)]
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1

{ +∞∑︁
i=0

1
Γ(𝜃 i + 𝜇)

[
𝜈 log𝜃

(
1 + xy
|1 − xy |

)] i}
×

log𝜇−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy
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=

∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
Ψ

[
𝜈 log𝜃

(
1 + xy
|1 − xy |

)
, 𝜃 , 𝜇

]
×

log𝜇−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy. (73)

Combining Equations (72) and (73) , we obtain∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛼−1

(1 + xy)𝛼+1
Ψ

[
𝜈 log𝜃

(
1 + xy
|1 − xy |

)
, 𝜃 , 𝜇

]
×

log𝜇−1
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 𝛼𝜃−𝜇

𝛼𝜃 − 𝜈

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.9 is established. �

Proof of Theorem 3.10. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

∫ b

a
h1/p (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0
s1/pt1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
f [h−1 (s)]g [k−1 (t)] 1

h′[h−1 (s)]
1

k′[k−1 (t)]
dsdt

=

∫ +∞

0

∫ +∞

0
s1/pt1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
fm (s)gm (t)dsdt , (74)

where

fm (s) = f [h−1 (s)]
1

h′[h−1 (s)]
, gm (t) = g [k−1 (t)]

1
k′[k−1 (t)]

.

Applying Theorem 3.1 to the functions fm and gm, we �nd that∫ +∞

0

∫ +∞

0
s1/pt1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
fm (s)gm (t)dsdt

≤ 1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f pm (s)ds

]1/p [∫ +∞

0
gqm (t)dt

]1/q
. (75)

Let us now express the integral terms of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (76)

Similarly, using the change of variables t = k(v), we have∫ +∞

0
gqm (t)dt =

∫ +∞

0

{
g [k−1 (t)] 1

k′[k−1 (t)]

}q
dt =

∫ d

c
gq (v) 1

[k′(v)]q k
′(v)dv

=

∫ d

c
gq (v) 1

[k′(v)]q−1
dv. (77)
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Combining Equations (74) , (75) , (76) and (77) , we get∫ d

c

∫ b

a
h1/p (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
f (x)g (y)dxdy

≤ 1
𝛼 𝛽

Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
.

Theorem 3.10 is proved. �

Proof of Theorem 3.11. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

{∫ b

a
h1/p (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
f (x)dx

}p
k′(y)dy

=

∫ +∞

0

{∫ +∞

0
s1/pt1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
f [h−1 (s)] 1

h′[h−1 (s)]
ds
}p

×

k′[k−1 (t)] 1
k′[k−1 (t)]

dt

=

∫ +∞

0

[∫ +∞

0
s1/pt1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
fm (s)ds

] p
dt , (78)

where

fm (s) = f [h−1 (s)]
1

h′[h−1 (s)]
.

Applying Theorem 3.2 to the function fm, we get∫ +∞

0

[∫ +∞

0
s1/pt1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
fm (s)ds

] p
dt

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ +∞

0
f pm (s)ds. (79)

Let us now determine the integral of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (80)

Combining Equations (78) , (79) and (80) , we get∫ d

c

{∫ b

a
h1/p (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
f (x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p Γ

p ( 𝛽 )
∫ b

a
f p (x) 1

[h′(x)]p−1
dx.

Theorem 3.11 is established. �
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Proof of Theorem 3.12. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

∫ b

a
h1/p−1 (x)k1/q−1 (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
F (x)G (y)h′(x)k′(y)dxdy

=

∫ +∞

0

∫ +∞

0
s1/p−1t1/q−1

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
F [h−1 (s)]G [k−1 (t)]×

h′[h−1 (s)]k′[k−1 (t)] 1
h′[h−1 (s)]

1
k′[k−1 (t)]

dsdt

=

∫ +∞

0

∫ +∞

0
s1/p−1t1/q−1

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
Fm (s)Gm (t)dsdt , (81)

where

Fm (s) = F [h−1 (s)] , Gm (t) = G [k−1 (t)].

Using the change of variables r = h−1 (u), we have

Fm (s) = F [h−1 (s)] =
∫ h−1 (s)

a
f (r)dr =

∫ s

0
f [h−1 (u)] 1

h′[h−1 (u)]
du =

∫ s

0
fm (u)du ,

where

fm (u) = f [h−1 (u)]
1

h′[h−1 (u)]
.

Similarly, using the change of variables r = k−1 (v), we get

Gm (t) = G [k−1 (t)] =
∫ k−1 (t)

c
g (r)dr =

∫ t

0
g [k−1 (v)] 1

k′[k−1 (v)]
dv =

∫ t

0
gm (v)dv,

where

gm (v) = g [k−1 (v)]
1

k′[k−1 (v)]
.

Applying Theorem 3.3 to the functions fm and gm, we obtain∫ +∞

0

∫ +∞

0
s1/p−1t1/q−1

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
Fm (s)Gm (t)dsdt

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f pm (s)ds

]1/p [∫ +∞

0
gqm (t)dt

]1/q
. (82)

Let us now express the integral terms of this bound. Using the change of variables s = h(u), we have∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (83)

Similarly, using the change of variables t = k(v), we have∫ +∞

0
gqm (t)dt =

∫ +∞

0

{
g [k−1 (t)] 1

k′[k−1 (t)]

}q
dt =

∫ d

c
gq (v) 1

[k′(v)]q k
′(v)dv

=

∫ d

c
gq (v) 1

[k′(v)]q−1
dv. (84)
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Combining Equations (81) , (82) , (83) and (84) , we obtain∫ d

c

∫ b

a
h1/p−1 (x)k1/q−1 (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
F (x)G (y)h′(x)k′(y)dxdy

≤ p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
{∫ b

a
f p (x) 1

[h′(x)]p−1
dx

}1/p {∫ d

c
gq (y) 1

[k′(y)]q−1
dy

}1/q
.

Theorem 3.12 is demonstrated. �

Proof of Theorem 3.13. Using the changes of variables s = h(x) and t = k(y), so that x = h−1 (s) and y = k−1 (t),
and dx = [1/{h′[h−1 (s)]}]ds and dy = [1/{k′[k−1 (t)]}]dt, we obtain∫ d

c

{∫ b

a
h1/p−1 (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
F (x)h′(x)dx

}p
k′(y)dy

=

∫ +∞

0

{∫ +∞

0
s1/p−1t1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
F [h−1 (s)]h′[h−1 (s)] 1

h′[h−1 (s)]
ds
}p

×

k′[k−1 (t)] 1
k′[k−1 (t)]

dt

=

∫ +∞

0

[∫ +∞

0
s1/p−1t1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
Fm (s)ds

] p
dt , (85)

where
Fm (s) = F [h−1 (s)].

Using the change of variables r = h−1 (u), we have

Fm (s) = F [h−1 (s)] =
∫ h−1 (s)

a
f (r)dr =

∫ s

0
f [h−1 (u)] 1

h′[h−1 (u)]
du =

∫ s

0
fm (u)du ,

where

fm (u) = f [h−1 (u)]
1

h′[h−1 (u)]
.

Applying Theorem 3.4 to the function fm, we get∫ +∞

0

[∫ +∞

0
s1/p−1t1/q

|1 − st |𝛼−1

(1 + st)𝛼+1
log𝛽−1

(
1 + st
|1 − st |

)
Fm (s)ds

] p
dt

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f pm (s)ds. (86)

Let us now determine the integral of this bound. Using the change of variables s = h(u), we �nd that∫ +∞

0
f pm (s)ds =

∫ +∞

0

{
f [h−1 (s)] 1

h′[h−1 (s)]

}p
ds =

∫ b

a
f p (u) 1

[h′(u)]p h
′(u)du

=

∫ b

a
f p (u) 1

[h′(u)]p−1
du. (87)

Combining Equations (85) , (86) and (87) , we obtain∫ d

c

{∫ b

a
h1/p−1 (x)k1/q (y) |1 − h(x)k(y) |

𝛼−1

[1 + h(x)k(y)]𝛼+1
log𝛽−1

[
1 + h(x)k(y)
|1 − h(x)k(y) |

]
F (x)h′(x)dx

}p
k′(y)dy

≤ 1
𝛼 𝛽 p

(
p

p − 1

)p
Γp ( 𝛽 )

∫ +∞

0
f p (x) 1

[h′(x)]p−1
dx.
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Theorem 3.13 is proved. �

Proof of Theorem 3.14.We can write

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜆 (𝛼−1)

(x + y)𝜆 (𝛼+1)
|1 − xy | (1−𝜆 ) (𝛾−1)

(1 + xy) (1−𝜆 ) (𝛾+1)
log𝜆 ( 𝛽−1)

(
x + y
|x − y |

)
×

log(1−𝜆 ) (𝜃−1)
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

=

∫ +∞

0

∫ +∞

0

[
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)

]𝜆
×[

x1/py1/q
|1 − xy |𝛾−1

(1 + xy)𝛾+1
log𝜃−1

(
1 + xy
|1 − xy |

)
f (x)g (y)

]1−𝜆
dxdy. (88)

It follows from the Hölder integral inequality applied to the parameter 1/𝜆 > 1, and Theorems 2.1 and 3.1
with a suitable de�nition of the parameters that

∫ +∞

0

∫ +∞

0

[
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)

]𝜆
×[

x1/py1/q
|1 − xy |𝛾−1

(1 + xy)𝛾+1
log(1−𝜆 ) (𝜃−1)

(
1 + xy
|1 − xy |

)
f (x)g (y)

]1−𝜆
dxdy

≤
[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]𝜆
×[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛾−1

(1 + xy)𝛾+1
log𝜃−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]1−𝜆
≤
{
1
𝛼 𝛽

Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q}𝜆

×{
1
𝛾𝜃

Γ(𝜃)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q}1−𝜆
=

1
𝛼𝜆 𝛽 𝛾 (1−𝜆 )𝜃 Γ

𝜆 ( 𝛽 )Γ1−𝜆 (𝜃)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (89)

Combining Equations (88) and (89) , we obtain

∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝜆 (𝛼−1)

(x + y)𝜆 (𝛼+1)
|1 − xy | (1−𝜆 ) (𝛾−1)

(1 + xy) (1−𝜆 ) (𝛾+1)
log𝜆 ( 𝛽−1)

(
x + y
|x − y |

)
×

log(1−𝜆 ) (𝜃−1)
(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

≤ 1
𝛼𝜆 𝛽 𝛾 (1−𝜆 )𝜃 Γ

𝜆 ( 𝛽 )Γ1−𝜆 (𝜃)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.14 is established. �
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Proof of Theorem 3.15.We can write∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|x − y |𝜆 (𝛼−1)

(x + y)𝜆 (𝛼+1)
|1 − xy | (1−𝜆 ) (𝛾−1)

(1 + xy) (1−𝜆 ) (𝛾+1)
log𝜆 ( 𝛽−1)

(
x + y
|x − y |

)
×

log(1−𝜆 ) (𝜃−1)
(
1 + xy
|1 − xy |

)
F (x)G (y)dxdy

=

∫ +∞

0

∫ +∞

0

[
x1/p−1y1/q−1

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
F (x)G (y)

]𝜆
×[

x1/p−1y1/q−1
|1 − xy |𝛾−1

(1 + xy)𝛾+1
log𝜃−1

(
1 + xy
|1 − xy |

)
F (x)G (y)

]1−𝜆
dxdy. (90)

It follows from the Hölder integral inequality applied to the parameter 1/𝜆 > 1, and Theorems 2.3 and 3.3
with a suitable de�nition of the parameters that∫ +∞

0

∫ +∞

0

[
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)

]𝜆
×[

x1/py1/q
|1 − xy |𝛾−1

(1 + xy)𝛾+1
log(1−𝜆 ) (𝜃−1)

(
1 + xy
|1 − xy |

)
f (x)g (y)

]1−𝜆
dxdy

≤
[∫ +∞

0

∫ +∞

0
x1/py1/q

|x − y |𝛼−1

(x + y)𝛼+1
log𝛽−1

(
x + y
|x − y |

)
f (x)g (y)dxdy

]𝜆
×[∫ +∞

0

∫ +∞

0
x1/py1/q

|1 − xy |𝛾−1

(1 + xy)𝛾+1
log𝜃−1

(
1 + xy
|1 − xy |

)
f (x)g (y)dxdy

]1−𝜆
≤
{

p2

𝛼 𝛽 (p − 1)Γ( 𝛽 )
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q}𝜆

×{
p2

𝛾𝜃 (p − 1)Γ(𝜃)
[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q}1−𝜆
=

p2

𝛼𝜆 𝛽 𝛾 (1−𝜆 )𝜃 (p − 1)
Γ𝜆 ( 𝛽 )Γ1−𝜆 (𝜃)

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
. (91)

Combining Equations (90) and (91) , we obtain∫ +∞

0

∫ +∞

0
x1/p−1y1/q−1

|x − y |𝜆 (𝛼−1)

(x + y)𝜆 (𝛼+1)
|1 − xy | (1−𝜆 ) (𝛾−1)

(1 + xy) (1−𝜆 ) (𝛾+1)
log𝜆 ( 𝛽−1)

(
x + y
|x − y |

)
×

log(1−𝜆 ) (𝜃−1)
(
1 + xy
|1 − xy |

)
F (x)G (y)dxdy

≤ p2

𝛼𝜆 𝛽 𝛾 (1−𝜆 )𝜃 (p − 1)
Γ𝜆 ( 𝛽 )Γ1−𝜆 (𝜃)

[∫ +∞

0
f p (x)dx

]1/p [∫ +∞

0
gq (y)dy

]1/q
.

Theorem 3.15 is proved. �

5 Conclusion and perspectives

In conclusion, this article presents a generalized perspective on the Hardy-Hilbert integral inequality by incor-
porating parametric power and power-logarithmic functions. The proposed modi�cations have the advantage
of optimizing the associated constants in the factor, while maintaining the tractability necessary for further
mathematical exploration. The proofs are fully detailed, innovating on some technical aspects through the use
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of integral and power series with respect to the parameters involved. Furthermore, by considering special func-
tions and mixed approaches, our results provide a broader framework for future research, including potential
applications in functional analysis, operator theory and related mathematical �elds. A logical continuation of
this article is the exploration of three-dimensional versions of our theorems. The addition of a dimensionality
complicates the situation, requiring more e�ort and new techniques, which we plan to develop for a future
article.
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