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Abstract

Studies on zero divisor graphs of completely primary finite rings R have been extensively done from Galois
rings to other rings whose sets of zero divisors Z(R) coincides with the Jacobson radical J(R). The studies
have focused on graph geometric properties such as the girth, clique number, chromatic number and diameter
among others. Some findings are also evident on matrices of zero divisor graphs on certain classes of rings.
The classes of completely primary finite rings considered in the various studies are square radical zero, cube
radical zero and power four radical zero. In this paper we have advanced the study on zero divisor graph I'(R) of
completely primary finite rings by investigating the Wiener Index and its invariants such as the Average disorder
number and Distance index. Further, we analyse the binding number and some bounds on the Zagreb indices

of the rings satisfying the conditions (Z(R))? = (0) and (Z(R))? # (0), (Z(R))* = (0) and (Z(R))? # (0).

Keywords: Completely primary finite rings; Zero divisor graphs; Wiener index; Average disorder number;
Distance index.

1 Introduction

In the entire paper, R represents cube radical zero or power four radical zero completely primary finite ring,
the zero divisor graph of R denoted by I'(R) and R’ = GR(p*", p*) to represent the Galois ring of order p*”
and characteristic p* for some positive integers k, 7. Z(R) and J(R) to represent the subsets of zero divisors
and Jacobson radical respectively. Other notations are standard unless otherwise stated.

The concept on zero divisor graphs of commutative rings was introduced by Beck in [2] who centered
his study on the colouration of the graphs and obtaining the chromatic number. All zero divisors formed the
vertices of the graph. The graph was denoted by G (R). An extension of their research was done by Anderson
and Livingston in [1] which considered the vertices of the zero divisor graph I'(R) using the nonzero-zero
divisors only. Their illustration of I'(R) was considered to be better in terms of graph representation of zero

divisors. Their study investigated the graph geometric properties like the girth, diameter, chromatic number
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among others.

Further, Walwenda et al in [15] investigated the zero divisor graphs of finite rings in which the product
of two zero divisors lies in the coefficient subring where char(R) = p*, k > 2 and (Z(R))2 € GR(p*, p*)
satisfying Z(R) = pR’ @ U, (Z(R))*! = p*"1R” and (Z(R))* = (0). The research focussed on the geometric
properties of T'(R) such as the diameter, girth and the binding number index.

Some studies have also been performed on graph indices such as the Wiener index # (G) and its in-
variants such as the average disorder number A4(G) and the average distance u(G). Some results are also
available on the Zagreb indices Z(G). The Wiener index is a graph invariant that belongs to the molecules
structure -descriptors called topological indices and are used for the design of molecules with desired property
[14]. In [10], a research was conducted on the Wiener index of the graph G and their line graph L(G). They
demonstrated that if G is of minimum degree at least 2, then W (G) < W (L(G)). It was further illustrated
that for any nonnegative integer g,, there exist g > g such that there are finitely many graphs G of girth g
satisfying W (G) = W (L(G)). All the graphs considered were simple and undirected.

In chemical graph theory, computations for Wiener indices for cyclic carbon-chained organic com-
pounds and its applications cannot be underestimated. This index has been quite handy in determination of
the boiling points and polarity number of alkanes and their branched isomers. Further, the most and common
natural field in the application of the Wiener index is the quantitative structure relationships especially in the
estimation of emission spectra of the ultra violet radiations of @ and B -unsaturated Ketone.

Another index, the Zagreb index was introduced in [7] and given an elaboration in [8]. Fundamental
properties of the indices were given a summary in [11]. Other than the Wiener index # (I'(R)), average
disorder number A(I'(R)), the average distance index u(I'(R)) and the binding number 6(I'(R)) of the zero
divisor graph I'(R), we have also obtained the bounds on the first and second Zagreb indices Z; (I'(R)) and
Z9(T'(R)) respectively of the cube radical zero and power four radical zero completely primary finite rings R.
For the bounds on the Zabreb indices, the invariants considered are the maximum degree A(I'(R)) and the
minimum degree §(I'(R)).

The constructions for the cube radical zero and power four radical zero completely primary finite rings

considered in this paper can be obtained from [4] and [13] respectively.

2 Preliminaries
In this section, we provide some results and standard definitions which are useful in the sequel.

Definition 1. The binding number of I'(R) denoted by b(T'(R)) = % where S €V (I'(R)), N(S) £V (T'(R)), S #
¢ such that

@ NS)US =V ((R)).
@) NS)NS = ¢.
(1) deg(u) < deg(v) Yu € S, v € N(S).

(iv) No pair of vertices in S are adjacent.
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Lemma 1. [6] Let G be a graph of order n with m edges then

n—1

Zd2 <m| 2m +n—1].
i=1

. .. 1 1
Lemma 2. [3] For positive real numbers ay, ag, -+ , a,, A2 > B~T where

2
A=————(ajag+ajag+---+aja, +agag+---+a,_14a,)
r(r—1)

1

B= ;(ala2"'ar—l +ayay---ar_9a,---+agag - - a,_14y).

Lemma 3. [9] Let (a) = (a1, ag, -+ , a,), (b) = (b1, bg, -+ - , b,) be two real r-tuples. Then

r

S Y- Gab= 3 (b -
j=1 i=1

i=1 1<i<j<r
3 Constructions

3.1 Construction I

We provide the general construction of the classes of the cube radical zero completely primary finite ring R.

This construction can be obtained in [4].

For any prime integer p and a positive integer 7, let R” = GR(p*", p¥) be a Galois ring of order p¥ and
of characteristic p¥ and consider the annihilator of Z(R) be (Z(R))? so that R = R’ @ U @ V' is an additive
abelian group where U and J are finitely generated R’—modules. Let s, ¢ be non negative numbers of elements
in the generating sets {uy, ug, -+, us} and {vy,ve, --- , v} for U and V' respectively. Consider ¢ = #
for a fixed s and let uy, ug, - -+ , u; be commuting indeterminates over Galois ring R’ = GR(p*", p*) where
1 <k < 3. Then

R=R'®Y _Ru®o Zf,j:l R’u;ju;. The multiplication in R is given by the following relations:

uuj = uju; = afjv, u? = afiv, u? = u?uj = uiu]? =0, 1<i,j<s

where (al}fj) defined in the multiplication of R is —linearly independent matrices of dimension s X s with 1’s in
the (¢, /)" and (j, i)" positions and O—elsewhere.

If wo + X5 xu; + Z‘;,Fl xjuu; and yo + X yiu; + Z';,jzlyjuiuj are any two elements in R where
Zo, Yo € R’ i, i, xj,y; € R’/pR’ then from the multiplication defined on R,

s s S s
(xo + inui + Z xjuin;) (Vo + Zyiui + Z YViuiuj) =
i=1 ij=1 i=1 ij=1

S

S S
Zoyo+ 3 (o + PR )i + i (yo + PR i + Y (o +2j ()™ + Y abiai (3) i
i=1 i,j=1 i,j=1
where o7 is an identity automorphism in R’. From [4], the multiplication turns R into a commutative ring
with identity (1,0,---,0,0,---,0).

3.2 Construction II

The following construction describes the power four radical zero rings.
Let R’ = GR(p*", p¥) be a Galois ring of order p*” and characteristic p¥ where 1 < & < 4. Consider finitely
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generated R’-modules U, V', and W such that dimgU =5, dimg/V =t and dimpgW =2 ands+i+A =h. Let
the R’ modules be generated by {uy, ug - - -, us},

{v1,v9, - ,v,} and {wy, wy, - -+ , w, } respectively so that R = R’ @ U &}V @& W is an additive abelian group.
Suppose s =1, t =1 and A = h — 2, then for char(R) = p,

R=R"®@R'u®Rv&® ZZ;%R'U% where pu =0, pv =0, pw, = 0 such that 1 <k < h — 2 for any prime integer
p. We define multiplication on R as follows;

(aO) ay, ag, -, ah)(bo, bl,bz, e )b}l) =
(aobo, aobl +a1bo, aobg + agbo +a1b1, aob3 + agbo + albg +a2b1, e, aobh +ahbo +a1bg +a2b1).

For char(R) = p?, assume s =h — 1, t = 1 and 1 = 0 so that ,
R =R@o Zi-‘;llR’ui ® R’v where pu; # 0, p?u; = 0 and pv = 0 with 1 < i < 5. The following defines

multiplication on R.

(ao, a1, A2, 5" 5 Ap—1, dh)(bo) bla bQ; > Tt 5bh—17 b}l) =
h-1
(aho+p Y aiby, aohy +arbo, <+ , acby_y +ai-1bo, achy +azbo)
i,j=1

where @, b, € R’/pR’.

For char(R) = p®, considers =h -1, t =1and 1 = Osothat R = R’ & Z?;ll R’u; & R'v where p%u; #
0, p3u; = 0 where 1 < i < s and pv = 0. The following multiplication is defined on R:

(ao, 517 627 ] ah—l’ EZ'}l)(b07 bla bﬂy Tt bh—l: b}L) =
(acbo, achy +@1bo, -+ , @obio1 + Tp-1bo, achy + Gibo + ) aiby)
i,j=1

where @;,b; € R’ /p*R’ and @, b, € R’ /pR’.

For char(R) = p*, Assume s =k, t =0 and 2 = 0 so that
R=R"®Y; | R'u; with pu; = 0, 0 <i <s. The multiplication on R is defined by;

(ao, @1y, @) (bo, by, -+, by) =

(aobo, aobl +Elbo, e, aobh +5}1bo)

where @;, Zj ER'/pR’and 1 <i,j <s.
As established in [5, 12, 13], respectively for char(R) = p, p2, p* and p*, R is turned by these multiplications
into a commutative ring with identity (1,0, 0, --- , 0).

4 The Wiener Index of I'(R) and its Invariants for the Classes of Com-
pletely Primary Finite Rings

In this section, we present some findings on the Wiener index # (I'(R)), the average disorder number 4(I'(R))
and the average distance index u(I'(R)) of the zero divisor graph I'(R). The Wiener index denoted as #” and
also known as path number or the Wiener number is a graph index defined on a graph with n nodes as

n n

W = %ZZW]U

i=1 j=1
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where [d];; is the graph distance matrix. The Wiener index /# (I'(R)) of the graph G with vertex count |

V(I'(R)) | has a relationship with the average disorder number of the zero divisor graph A(I'(R)) = %
and the average distance u(I'(R)) between the vertices of I'(R) which is given by
W (T(R))
u(r () = LD
| V(T'(R)) |
2

In chemical graph theory, computations for Wiener indices for cyclic carbon-chained organic compounds
and its applications cannot be underestimated. This index has been quite handy in determination of the
boiling points and polarity number of alkanes and their branched isomers. Further, the most common
natural field in the application of the Wiener index is the quantitative structure relationships especially
in the estimation of emission spectra of the ultra violet radiations of @ and B-unsaturated Ketone. We
therefore present the following results on the Wiener index of I'(R) and other results describing average disor-
der number and the average distance indices of I'(R) due to their close interdependence with the Wiener index.

Proposition 1. Let T'(R) be the zero divisor graph of the classes of rings given by Construction I. Then for any prime
integer p and r, s € Z* with s fixed, the Wiener index, W (I'(R))

L(gp 5™y (SN (S5 (BB o) irehar(R) = py
59435 s243s 52 4854 s2435
%(gp(%zr’)“)r"'i’z(( 2%>)r_P(< 3 Z))’—5p(( 21>)r+2), ifchar(R):pQ,puizo;
1 ( (252 +85+4) ) 92 (s2+35+2) ) ( (s2+55+2) ) . 9
g(2pt 2 +p 2 -p 2 - 5p +2), if char(R) = p=, pu; # 0;

(252+105+6) o/ (2524105+4) o/ (s2+55+4) (s2+55+2)
S p2 T 2 5 (T 9y if char(R) =

Proof. Case(i): Char(R) = p. The maximum degree of v; € V' (I'(R)) =

52435 2435
p(( #7 _ 9 and there are p(( 5215 _ 1 of such vertices. This is due to the fact that | ann(Z(R))* |=
p(“ e Therefore, the sum of minimum distances between v; of a maximum degree and any other

vertex v € V' (T(R)) is (p 3
p((s +3s) 1)7‘

( (32+§x+2) )

o (pT by _ 1). For the vertices of minimum degrees, each is of degree

— 1 and sum of the distances between a vertex of minimum degree and any other vertex in the set

(s +is) )T (x2+3s)

=7 in number, then from the argument we

2. If they are p!
obtain the sum as ((p(%ﬁ_l)’ -1+ (p((s Fr 2))p(“2‘¥_1)’. The multiple % handles the fact that each
path between v; and v; is also counted as the path between v; and v; henee

W D(R)) = §( 5 = 2)(p 57 1) 4 (D7 1) & (T g
Q(P(W Dr _P(%)r _ QP(“t—f” Dr 9 +pz(<‘ 2B 1)y +P(@_1)r _ 3P(%_1)r) _

of vertices of minimum degree is pt2

(v +35) l)r

2435 2435 2435 s243s
_((2 (z( 3 1y, p2(%_1)r _5P(%_1)r _p(%)r_'_g)).

Case(ii): Char(R) = p® where pu; = 0.

Using the same argument similar to char(R) = p, we obtdin

W«HR»—I«ﬂ“””V 2x<“)”—1ww@“ )V—n+<“”“”)<“m”)—
1 p(m 2+ds)+2)r _ Zp( (s ; s))r + 2 +p(2(s +3s) )7‘ P(Z(s 2+d$) +2)T _ 31)( (s ;—ds) )T) _

2

( (s +g.\+2) )T

2 2 g 2
_( Z(t +?r) +2)7‘ Pz( (s ;3.?))7. _P((t +3.r+2) )r _ 51)((; ;33))r + 2).

Case(iii): Char(R) = p? where pu; # 0,
x2+ix+‘
W(R)) = §((pUTF7) = 9)(p 7

(.\'2+.‘;3+2)r Vo 1) + ((p( <’2+3’+2))r _ 1) + (p( (,-2+Sx+2))r _ 2))p( (’2+3“+2))r) _
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2 4 5o 248549 24548 952 48544 2 48548
((2.\ +8.‘+4)) p( (s +;a+2) )r ((. +ga+2) )r " 2 " (PQ( (s +gs+2) )r +p( (2s +28.\+4) )r _ 3p( (s +;3.\+2) )1') _

g -2p

(.v +ds+l) )7”

2 48544 s24+35+9 52455+
%(21)((3 g 4))r+P2((23 Z))r_p(( : Z)) 5P( 2)
Case(iv): Char(R) = p3.

We have . ,o vy . .
s“+5s+4 5% +55+2 5% +55+2 s“+5s+4 s“4+55+2
WIR) = T = T 1)+ (T~ 1)+ pUTET) - 2pET

952 +10s+ 52410546 52455+
%(21) -2p +2+ (p((z‘ 7 +p((2 7 31%%)’) =

( (252+éos+6) ) ( (.v2+gx+4) ) ( (52+gs+2) )

92110546 92 y 2, 51 2 4564
1(210((25 +é0;+b))r +p((23 +é()s+-1))r _p(%)r _ 51)(%)7 + 2)

O

Proposition 2. Let T'(R) be the zero divisor graph of the classes of rings given by Construction I and W (I'(R)) be its
Wiener index. Then for any prime integer p, positive integers r, s with s fixed, the average distance of T'(R)

(2(s%+35) o (s2435) (% +3s) (% +3s)
( XQ s 7])r+Pz( s : s ’])’_p( s : s )’_51)( s 3 s “r

1
5(2p +2) = p-
(s2+85) (52+35) ’ Char(R) =P
2 P( 22 "1 P(z : )r_2) 2
2(s%+438s5) ¢ 2(s%+3s) | (s“+85+2) (s +38s)
109, (= #2)r (5 ) ( S ) _ g ()T g
3(2p 2 +p 2 —-p 2 =5p° 2 +2) <
- , Char(R) = p?, pu; = 0;

( (3'2 +3x+2) )

u(T(R)) = v ) 2

(P( (az+§x+2) )
(952 +83+4) (248542) ., (245542) (s2+8542)
19’ I N

2 Char(R) = p2, pu; # 0;

2 4554 2 4 5549
( (s +L2m+1) )r ( (s +§s+2) )

-D(p -2)

(252 +105+6) o (2524105+4) o, (45544 (s2+5542)

1 ( 3 ) L 2( ) ) 2( 5 ) ( )

@ Ty A ), 3

2 —

((s2+'n+4) ) ((.r2+5x+4) )" » Char(R)=p
@ -Dp 2 -2)
. . 3 W (T(R))
Proof. The Proof follows from the previous Proposition 1 and the fact that u(I'(R)) = —————*——.
|V (T(R)) |
2

Proposition 8. Let I'(R) be the zero divisor graph of the classes of rings described by Construction I. Then for any prime
integer p, positive integers r, s and s fixed, the average disorder number of the zero divisor graph

(2(s2+85) (52+35) (s2+35) (s2+85)
A B A S T B Char(R) = p;
) b

((s2+3s)
(o)

9(s243¢ 9(s2 4 2 43549 2435
2(s 2+'33) 2(s 2+c}x) )r_P( (s +gx+2) )r_5p( (s ;ds) )

+2

((s2+3542) | ’
p 2 )T

(252 +85+4) o (s2+85+2) (s2+55+2) (s2+35+2)

9p( T I 2T (BT g (g

95 27,

Char(R) = p?, pu; = 0;

A[(R)) =

"4+9

_ 42 . .
((:2+5542) ) Char(R) = p*, pu; # 0;
gy
(252+10s+4) o (s2+55+4) (s2+5542)
P r_y2 T gyl o) )y

(952 +10s+6)
p' "p

2 Char(R) = p8.

-1)

P( ((x2+25x+4) )

Proof. Using the ratio A(T'(R)) = % and the Wiener indices obtained in Proposition 1, the result

follows. O

Proposition 4. Let T'(R) be the zero divisor graph of a ring of characteristic p given by Construction I1. Then the Wiener
index,

W(D(R)) = (p"““f +p2 = 2% +p") +2).
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Proof. Let}7, Vo and V3 be the order of partitioning of the vertices in T'(R). Consider /| = Ann(Z(R))\{0}.
we have that | /] |= p" — 1 and the degree of every vertex x € V},deg(x € V1) = p" =1 =1 = p# — 2 due
to avoidance of self annihilation. Therefore the sum of the distances between vertices x € /7 and any other
vertex in ¥ (C(R)) is (p" = 2)(p" = 1) = p+Dr — phr —_ 9pr 4 9
Next, consider the set of vertices /5 which are linked by edges with vertices in /] and among themselves such
that d(z, y € Vo) = p + 2. Since | Vo |= p", we have that

D@, y) = p (" +2) = pr 4 9pr

yely

Finally, let 3 be the set of vertices such that z € V3 is only adjacent z € V;. Therefore, | V3 |= (0" — 1) — (p" +
p" = 1) = p" — 2p" and the distance between every vertex in /3 and all other vertices in T'(R) is p"" + p” + 1.
Therefore, the sum of the minimum distances between z € V3 and vertices V' (I'(R)) is obtained as

D@,z = (" =2 (P +p 1) =

z€l3

P?hr +P(h+1)r +Phr _ 2P(h+l)r _ 2P2r _ 2pr :PQhr _P(h+l)r +phr _ 2P2r _ 2pr

Therefore,
1 r r r r r r r
W(F(R)) — §([)(}H])r _Phr _QPT +2+P(/z+]) +2P +P2h _P(}l+1) +Ph _ 2[)2 _ 2P )
which simplifies to

%(p(}wl)r +P2hr _ 2P2r _ 2pr +2) — %(P(/&l)r +P2hr _ 2(P2r +Pr) + 2)

Proposition 5. Let W (I'(R)) be the Wiener index of the zero divisor graph of a ring of characteristic p given by
Construction II. Then the average disorder number A(I'(R)) and the average distance index u(I'(R)) are given by;

() A(T(R)) = L2070

Phr_l
. ‘l(P(IHI)r+P2hr72(P2r+Pr)+2)
— 2
(ll) /J(F(R)) - (Phr,l)(Phr,Q)
_ phr . . _ A ([TR)
Proof. From the fact that | V' (I'(R)) |= p* — 1, using the ratios A(T'(R)) = TR and the average
distance u(I'(R)) between the vertices of T'(R), w(I'(R)) = — WIR) " the results follows from the
| V(T(R)) |
2
previous Proposition 4. o

Proposition 6. Let T'(R) be the zero divisor graph of classes of rings given by the Construction I of characteristics p*, p*
and p* and W (U'(R)) be the Wiener index. Then,

%(P(h+2)r +1)(2h+1)r _ 2(p3r +P2r)), when Char(R) — P2i
W(L(R) Y ("D +p@2r —9(ptr 4+ p7)),  when Char(R) = p;
%(P(h+4)r +P(2h+3)r _ 2(P5r +P4r))’ when Char(R) — P4'

Proof. The proof follows from Proposition 4. |
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5 Binding Numbers of the Classes of Completely Primary Finite Com-

mutative Rings

The reason for rapid and steady development in the study of the binding number b(I"(R)) in graphs is related to
its diversity in both theoretical and real world applications. This is an important characteristic quantity which
is applicable in understanding the graph characteristics and vulnerability. We provide an investigation of the
binding numbers of some classes of cube radical zero and power four radical zero completely primary finite
rings in the following results.

Proposition 7. Let T'(R) be the zero divisor graph of a ring of characteristic p given by Construction I. Then the binding
number,
(7“2:'33') -)r _ 1

b(U(R)) =

(L2439, 2189 1),

(s%43s)
P -p
Proof. Due to the det that N(S) = Ann(Z(R)) \ {0} and S =V (I'(R)) \ N(S).
we have | N(S) |= p(( =
( (s2+35) ) ( (s2+35) -1 ( (s2+35) ) ( (s2+35) -1 ( (s2+35) )
But [ S [=[V(TRDANGS) [=pt 2 " =102 " =D=p- 2 " —1-p- 2z " +l=pl2 ) -
2435
p(%_l)’. Therefore, the binding number of T'(R),

l)r_l.

| NGS) | p(EE Dy
b(F(R)) = S = (s2+35) (s2+435) ’
| | p(T)r _p(T_l)r

O

Proposition 8. Let T'(R) be the zero divisor graph of a ring of characteristic p* given by Construction I. Then the binding

number,
(%+30)
P( 5 3 s )r_] p
((M;:-;.s) )" ’

ui=0;

(s2+35+2)

( )r_P

2
( (s +:;§x+2) )

bIr(R) =4 7

p( (“.2+33+2) )T_P( (32+3x+2) N ) Pui * 0.
Proof. Case(i), pu; = 0.
Since N(S) = Ann(Z(R)) \ {0} and S=VIR))\N(),

x ?))r

it is established that | N(S) |= p¢ 1.
$T+os5+. 32+($ .Y2+(.§+ 32+($ S2+(5+
But | § =] 7/ (T(R) \ N(S) = p =57 1 (pUFr 1) = pUm580r g pC5tr g = p( 2
V2+(’S
p((‘ 7 Therefore, the binding number of T'(R),
s2435)
N(S (5
b(F(R))=| 51 _ A ! '
| S | ((sz+3x+2))r (<x2+33))r
pT ) p(Co

Case(ii), pu; # 0.

s2+5x+ s2+( 5+
Given that | 7 (T(R)) |= p=5)7 ~1, consider the Ann(Z(R))* = N (S). We notice that N (§) = p(*= 771
and therefore

| S |: ( ((s 55+ ))r 1) (P((s +3.\+2))r 1) ((‘Q‘ﬁ#)r _ 1 _ (%ﬁ)r " 1 —

( (s2+;235+2) o p( (52+§x+2) a
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Clearly,
( (32+;)x+2) o

1

((32+35+2) o P( (x2+:3x+2) ) :

b(I'(R)) =

O

Proposition 9. Let R be a ring of characteristic p? described by Construction I and T'(R) be its zero divisor graph. Then,

2,96
((s +gx+2))r

-1

(x2+25+2) )r) :

b(I'(R)) =

( (s2 +;.y+4> )

- (P(

Proof. The proof follows from the fact that
24854
| N(S) |=| Ann(Z(R))* |= pt =2 _ 1

52455+ s24+85+9
for the rings of characteristic p® and S = V' (I'(R))\N (S). We have that | S |= (p( gy l)—(p(< 7 1) =
((52+35+4) o 1 _ P ((52+2s+2) )

Using the ratio IA‘léél) ‘ , we obtain

29010 2 45544
<(s +§h+2))r + 1 _ P((s +;s+4) )r

243549
(s 21 ))r

-1

((.:2+Zs+4))r _ ((s2+2x+2))r :

b(I'(R)) =

O
Proposition 10. Let R be rings given by Constructions Il and T'(R) be the zero divisor graph. Then the binding number,

1)/1,;_2, when Char(R) = p;
plzr71

b(F(R)) = H0B i when C}laT(R) = p2;
P when Char(R) = p® and p*.

P(h+3)r_p(/z—l)r ’

Proof. With the fact that N(S) = Ann(Z(R))" and S = V(T'(R)) \ N(S), applying the ratio l“vl‘(gﬁ)l , the

results follows from the Proofs in Propositions 7, 8 and 9. O

6 Bounds On the Zagreb Indices of the Zero Divisor Graphs I'(R) of the
Classes of Completely Primary Finite Rings

Let G =T'(R) be a simple graph such that G = (//, E) whose vertex set /' (G) consist of elements {vy, --- , v, }
such that | ¥ (G) |= n and the set of edges E(G) of order m. Given that the minimum degree of G is denoted
by 6(G) and A(G) is the maximum degree. Let d; = degrg)(v;), i = 1,2,---,n be the vertex degrees of
v; € T(R) sothatd; > dg > - -+ > d,,. The first Zagreb index is the sum of the squares of degrees of the vertices
and the second Zagreb index is the sum of the products of the degrees of the pairs of adjacent vertices. We
denote the first and second Zagreb indices of T'(R) by Z; (I'(R)) and Zg(I'(R)) respectively. Therefore,

ZUT(R) = ) (deg(@))?,
i=1

n

Zy(D(R)) = ) (deg(v:))(deg(v;))

ij=1

where v;, v are adjacent.
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6.1 Bounds On First Zagreb Index, Z;(I'(R)) of the Classes of Completely Primary
Finite Rings

We make use of Lemma 1, 2 and 3 to generally describe some of the results on the bounds on the first Zagreb
index of I'(R) of the classes of power four radical zero rings.

Proposition 11. Let R be classes of rings described in Construction Il and T'(R) be the zero divisor graph with m
edges such that | T(R) |= pU+*=D)r — 1. If A(T(R)) and 5(T(R)) are the maximum and minimum degrees of T'(R)
respectively, then for any r, k € Z*, p prime, and h is the dimension of R'—module U,

. 2,09, _ 2 9 (ph+(k=1))r _g .
() Z1(N(R)) = LA B O o - (Ao (T(R)) — §(T(R)))?, where Ag(I'(R)) is the second

maximum degree of T'(R).

@ Zi(T(R) < 4m* + 2((A(l“(l’?)))2 — 4m((AT(R) = ((pUE=Dr) — ) ((pU+t=n

c T(C(R)
I Grmnagixmray TR -

Tyl

Proof. (i) From Lemma 8, set r = pUr=Dr _9 g =diy,b;=1,i=1,2, ---r which results to
h+(k=1))r ‘ h+(k=1))r h+(k=1))r P
(pU+tk=1Dr _ 2)(2[)( - ld.l) (ZP( = de)2 Zf(] ; - 1)(cl~ dj)z. This results to
(h(k=1))r _
(pM =) (Z(D(R)) = (AT (R)))? = (2m — (A(T(R))? + X7 (d; - d;). Now,
P(h+(/e 1))r_ 1

(h+(k=1))r _
S ldi—di = U = 8)dy — B

(t(k-1))r _g (et (=1))r _y
p | d _ d | +ZP d (PUH—Ue D)r _ 4)dp(lz+(k71))r_1 =

i,j=2

i,j=3
(h+(k=1))7 _g _ 1
(P —8)(dy = dyosacrne ) + 2 Ly N di=d; |2 (pT T —8) (Ag(T(R) = (§(T(R))) (%) which
1
results to U G-1)r 9 pUrk=D)r_1
2172 (dl_d]) 2112 |dl_d]|
(U1 —9) (pUhst-1)r8) = (pUitk-Dir—9) (ph+k-1)r-3) *
2 2

From this we obtain
P(}H—(k—l))r 1 P(}H—(k—l))r_l

2 S
Z 25 E .12
(di = d; ) (p(h+(k D)r _ 2)(p(/t+(k—1))r _ 3)( | di df ")

i,j=2 i,j=2

which together with (* * ) gives

P(h+(/e 1)r_ 1

Mt (di —dj)?* > 2(P(}H(/e&(A (T(R)) — 8(T(R)))? which is simplified to give the result as desired
i,j=2 i T4 = Ty P2 p give t .

(ii) We let the simple topological index of T'(R) be T(I'(R)) = Hf:lf(kf”)r*l d; and the inverse degree of T'(R)
(h+(k=1))r _
be I(G)=30 L.
Setr=pt+tk=1r _9 g =dipy,i=1,2---,r. Making use of Lemma 38, we have
Pl =17
dl'dj >

b

=2

Dot (b et (e plt=1)r g pGeGk=D)r _]
U -9ttt -3, 1 M« 5 s -
2 pUrG=1)r _ 9 I d:

j=2 i=2 !

2
KGRI —

(P(/H-(k—l))r_2)2(p(h+(k—l))r_3) [

p(h+(1e 1))r_ 2 1 1
(PO 2><A<F<R)>) Moy 437 - AT@))

(p(/n-(k—l))r_g) (P(h+(k—l))r_3) T(C(R))
2 [ (p+&=T)r_9) (A(T'(R))) (I(F(R))

2
1 (h+(k=1)) 7 _g
[EEp—— 3)
A(F(R))] )

From this we have that

P(}H—(lcfl))r_l

D, (di-dp)’=

i,j=2
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P(}H—(k—l))r_l p(/1+(k—1))r_1
h+(k—1))1 2
plrtr—g N dr-2 Y didj <
=2 1,j=2

(D = 8)(Z1 (D(R)) = AT (R)) (p D = 9) (p 107 — 8)x

T(I'(R))
(pU+=Dr) —2)A(T'(R))

P)
17005

[

(I(T'(R))) - ATR)

Which describes the upper bound on Z; (I'(R). O

Proposition 12. Let R be classes of rings described in Construction II and T'(R) be the zero divisor graph with m edges
such that | T(R) |= pU*+*=D)r _ 1 If A(T(R)) is the maximum degree of each v; € T'(R) then,

Z1TR)) < (P D) ACR)) (pEDr — 1)~ AT(R))) + 2 ALER)
P(h+(k—l))r -3

Proof. Let v; be a vertex of maximum degree in I'(R) and H = {v;1, vi2,.. vpr@),} S V(T(R)) be the
vertex set consisting of vertices adjacent to vy. Let I, (R) = T'(R) — v1 be the induced subgraph of T'(R)

obtained by removing a vertex of minimum degree and d; be its degree. Then we have

J = di-1, v €H;
i d v; € V(IT(R)) \ H

Since I', (R) has pU+k=1)r _ 9 yertices and m — A(T'(R)) the maximum degree of a vertex in the subgraph,
then by Lemma 1 we obtain

di = 2(m — A(T'(R))),
v eV (D(R))

Therefore

2((m — A(T'(R))))

20m = AC(RY) < (n = AR G

v;eV (D(R))

+ (p(h+(k—l))r + 2)] .

Now,

ZiTR)) = (ACR)?+ D d2+ > dP=
v;eH v; €V (C(R)))\H ,i#1

ATCERY?+ D @ +D2+ > 4=

v el v eV (Toy (R))\H

(A(T(R))? + A(T(R)) + 2 Z 4 + Z A, | H |= A(T(R))
vieH vi EI/(FT/I (R)))
<AC@R)*+ATCR)+2 > d+ ) d’
uel (T, (R) el (T (R))

2((m — A(T'(R))))

< (A(T(R))? + A(T(R)) +4(m = ACT(R))) + (m = AT (RN [ = F=s
p T+2

].
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6.2 Bounds On the Second Zagreb Index, Zo(I'(R)) of the Classes of Completely Pri-
mary Finite Rings

Using the previous results obtained in Propositions 11 and 12, we generally present some results on the upper
and lower bounds on the second Zagreb index Z9(I'(R)) from the maximum and minimum degrees of T'(R)
with m-edges as follows.

Proposition 13. Let R be classes of rings described in Construction II and T'(R) is the zero divisor graph with m edges
such that | V(D(R)) |= p™* =D _ 1 and that A(T(R))) and §(T'(R)) are the maximum and minimum degrees of
['(R) respectively. Then for any prime integer p, positive integers r, k, and h the dimension R’—module U,

) Zo(TR) = 2m? = m(p@E=Dr — HATR)) + FATR) - DIATR))? + Zh0" o

pUHETD) g
9 (/1+(12—1))r_3
e (MT(R)) - 6(T(R)))?].

@ii) Z(T(R)) = 2m* = m(p"+ =D — 2)5(T(R)) + §(6(D(R)) = 1) [m(p*=1Ir) — A(T(R)) (p "+ =D —
A(T(R))) + 280"
Proof. (i) Given that u is the average distance of the vertices adjacent to v; € V' (I'(R)), we have that
pU=1)r

BOR)=5 Y &

i=1

We have that
P(/z+(k—1))r71

g 2 dil2m—di— (" 1) —d - DAT®R))] <
i=1

P(}H—(/cfl))r_l

ZQ(F(R»sé Zl di[2m = d; = ((p"* 40" = 1) = di = DEIT(R))]

where 2m? — (p+k=DIr — 2y A(T(R)) + $(A(T(R)) — 1)Z1(T(R))) <

Zo(TRY) < 20 = (D7 — 9y 5(P(R)) + 5 (6(T(R)) ~ DZ1 (T(R))).

The inequality on the right hand side hold if and only if for every v;,
dj = pt k=) _ 9 op d;j = §(T'(R)) for every v; if v; is non adjacent to v; in T'(R).
Proof for (ii) follows from Proposition 12. O
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