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Abstract

This article presents four distinct theorems on maximum-Hilbert-type integral inequalities. Each theorem
introduces innovative maximum-type kernel functions that are either non-symmetric or non-homogeneous,
and establishes the corresponding inequalities with sharp constant factors. Comprehensive proofs are provided
for all results. In a certain sense, this work builds on and extends the contributions of Huang and Yang in 2011.
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1 Introduction

Hilbert-type integral inequalities play a key role in mathematical analysis, particularly in the study of integral
operators and their bounds. They arise naturally in various fields, including harmonic analysis, operator theory,
and mathematical physics. Two important and frequently cited examples are presented below.

Classic Hilbert integral inequality: Let f, g : [0, +00) — [0, +00) be two functions such that

‘/0 f2(x)dx < 400, /0 gg(y)dy < 400,

+oo pteo 400 ) +00 ,
[/ “yf(x)g(y)dxdysn\/ [ (x)dx\/ [ e M)

The constant factor 7 is the best possible.

Then we have

Classic maximum variation of the Hilbert integral inequality: Let /, g : [0, +00) — [0, +o0) be two func-
tions such that

+00 +00
/0 2 (x)dx < +oo, ‘/0 22()dy < +oo.

Then we have

400 p4oo 1 +00 \ oo \ (
</0 /0 max(x,y)f(x)g(y)dxdy s 4\/‘/0 / (x)dx\/‘/o g2(y)dy. 2

The constant factor 4 is the best possible.
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The kernel functions associated to these inequalities are

1

1
ky(x,y) = P kg (x,y) = max(r,y)’

respectively. Since ky(z,y) = ki (v, x) forany x,y > 0, k; is symmetric, and since & (dz, 1y) = 17k (z, y), it
is homogeneous with degree —1. The same holds for g.

Over the years, numerous improvements, modifications, and generalizations of Hilbert-type integral in-
equalities have been developed. These extensions cover a broad spectrum of applications and involve various
kernel functions, dimensions, and function spaces. For comprehensive accounts of these developments, we
refer the readerto [? P ? ? .

Significant attention has particularly been devoted to the maximum and minimum versions of Hilbert-type
integral inequalities. These variations involve either max(z, ¥) or min(x, ¥). Progress in this area can be found
in[1, 3, 4, 62 -13].

Of these contributions, two particular results are of central interest in the study of maximum-Hilbert-type
integral inequalities. The first was established in [7], while the second was presented in [6]. For the sake of
completeness, we state both results precisely below, naming them Results 1 and 2, respectively.

Result 1: [7, Theorem 2.2] Let f, g : [0, +00) — [0, +00) be two functions such that

+00 +00
/ f2(x)dx < +oo, / 22(y)dy < +oo.
0 0
Then we have

400 p4oo 1 1
/0 /0 x+y+—f(x)g(y)dxdy < 9V2arctan [E]

max(zx,y)

x \/ / - fﬂ(x)dx\/ / "~ 20y,

The constant factor 2V2 arctan [1 /\/5] is the best possible. The integrand considered here combines the

structures of those in Equations (1) and (2).

Result 2: [6, Theorems 1 and 2, and Remark 1] Let /, g : [0, +00) — [0, +c0) be two functions such that
+00 +oo
/ f2(2)dx < +o0, / 22(y)dy < +co.
0 0
Then we have

+00 +00 1
/0 /0 mf (x)g (y)dxdy

< 4log<2>\/ /0 mfﬂ(x)dx\/ /0 " 20)dy.

The constant factor 4 log(2) is the best possible. The integrand considered here thus introduces the
product 4/xy to that in Equation (2).

The kernel functions associated with these inequalities are

1
Vi + max(z, )’

respectively. Like k1, and kg, they are symmetric and homogeneous with degree —1.

kg(x,y) = ky(x,y) =

x+y+max(z,y)’
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Building on this theoretical framework, this article establishes four distinct theorems on maximum-Hilbert-
type integral inequalities. Each theorem involves a new kernel function, specifically

1

k() = @, 1)

ks(@.y) = )

1 1
k =
x + /Ty + max(z,y)’ 8(,) 1 + +/xy + max(xy, 1)’

respectively. These kernel functions are either non-symmetric or non-homogeneous, distinguishing them from

k7(x’y) =

the classical kernel functions, k1, kg, kg and k4, that have been studied previously in the literature. We establish
the corresponding Hilbert-type integral inequality with a sharp constant factor for each of them. Detailed
proofs are provided for all results. In this sense, the present work complements and extends the contributions
made by Huang and Yang in [0].

The rest of the article is organized as follows: The four theorems are presented in Sections 2, 3, 4, and 5,
respectively. A conclusion is provided in Section 6.

2  First theorem
The first maximum-Hilbert-type integral inequality is presented in the theorem below.

Theorem 2.1 Letp > 1, q=p/(p— 1), and f, g : [0, +00) — [0, +00) be two functions such that

+00 +00
/ 227V f(2)dx < +o0, / y1271g(y)dy < +co.
0 0

Then we have

+00 +00 1
[ [ e/ @etdads
0 o x+max(x,y)
P +0o . 1/p +00 . 1/q
< (§ + 1) / 227 P (2)dx [/ y"/z_lg"(y)dy} .
0 0

Proof. Decomposing the integrand in a suitable manner and using the Holder integral inequality, we get

+00 +oo 1
/o /0 mf (x)g(y)dxdy

+00 +o0 B B 1
:/ / L0 e e L a0y
0 0 x + max(x,y)

+00 +0o . . 1
_ 1/(2q) ,,~1/(2p)
= x x
,/0 [) Y [x+max(x,y)]1/l’f( )

1/(2p) ,.—1/(29)

Xy [z + max(z, y)] /e g()drdy
< AI/PBI/q’ (8)
where
+00 +00 . . 1 )
e / / 12 L gy
0 0 x + max(x,y)
and

B= /m/+myq/<2p>x—1/2;gq@)dxdy,
0 0 x + max(zx, y)

Let us now investigate 4 and B.
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For A, by the Fubini-Tonelli integral theorem, we have

400 +00 -1/2 1 1
A= p/(20)=1/2 £p / 2 T+ max(] v/ = '
A x 1P (x) 0 (x) 1 +max(1,y/x) Idy e

For the central integral, making the change of variables u = y/x and using the Chasles integral relation, we have

+eo iy -1/2 1 1
g p——
0 x 1 +max(1,y/x)x

+00 1

- 0 \/z_t(l+max(l,u))du

1 1 +00 1
_A mdu+[ mdu
= [\/Z]Z:(l) + [2 2;1rct2111[\,/ﬁ]]u_)Jroo

u=1
9% X _9arct: - _9x T _T
—1—0+2><2 Qarctan(l) =1+ 2><4 2+1.
Thisand ¢ = p/(p — 1) yield
+00

/I:/ IR () (24 1) da
0 2
/o reo

:(—+1)/ 227 P (2)dx. “4)
2 0

For B, by the Fubini-Tonelli integral theorem, we have

@172 = ()7 1 1
B=/ YRR gl (y) / (—) —dx| dy.
0 0 y x/y + max(x/y, 1) y

For the central integral, making the change of variables v = x/y and using the Chasles integral relation, we have

/+°°(x)_1/2 1 y
- —ax
o\ x/y + max(x/y, 1) y

+00 1

0o Vv(v+max(v, 1))dv

1 +00
/ ! d +/ _t d
0 Vo(v+1) 1 Vo(v+o)
= [2 arclan[\/‘(j]]?):1 + [_vfl/ﬁ]v_)m
’ =0 o=1
=2arctan(1)—0+0—(—1):2x%+1:g+1_
This and p = ¢/(q — 1) give

T @p-1/2 n
B:/ §0l @)1 gq(y)(§+1)dy
0

n reo
= (— + 1) / y* g () dy. (5)
2 0
It follows from Equations (3), (4) and (5) and 1/p + 1/g = 1 that

/ m / "~ ;f (x)g (y)dxdy
0 o x+max(z,y)

+oo 1 +00 1
(Fon) [ o] [(E ) [0

T +00 j2-1 1/p +00 j2-1 1/q
< (— + 1) / 21271 P (x)dx / Y11= gl (y)dy .
2 0 0
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This completes the proof. |

Following the procedure outlined in [6, Theorem 2], and considering the same extremal functions, we are
able to prove that the constant factor 7/2 + 1 is the best possible. The kernel function considered is thus

1

k(@) = )

which is obviously non-symmetric. However, it is homogeneous with degree —1. Its nature differs from that
of the standard kernel functions, &1, k9, kg and k4.
Of course the theory still holds with the following modified kernel function:

kf ) = >
5(2,) y + max(zx, y)

giving the following integral inequality:

+00 +00 1
/0 /0 Ty gy
< (E " 1) /+mxp/2—1f‘P(x)dx]l/p [/+my(1/2—1g,1(y)dy]l/q.
2 0 0

For the sake of redundancy, the details are omitted.

3 Second theorem

The second maximum-Hilbert-type integral inequality theorem is presented below.

Theorem 8.1 Letp > 1,q=p/(p— 1), and [, g : [0, +00) — [0, +00) be two functions such that

+00 +00
/ 227 f(2)dx < +oo, / y1271g(y)dy < +co.
0 0

Then we have

+00 oo 1
/o /0 mf(x)g(y)dxdy

+00 l/f) oo 1/

s(g+l)A 2?1271 (2)dx M yq/21gq@)dy} .

Proof. Decomposing the integrand in a suitable manner and using the Holder integral inequality, we get

+oo +00 1
A A m/‘ (x)g (y)dxdy

_ /M /+°°x1/<2q>x—1/<2q>y1/<2p>y—1/<2p) S
0 0 1 + max(xy, 1)

+00 +00 1
_ 1/(2q),,~1/(2p)
= X X
A A ) [+ max(ay, D17 &

1
1/(2p) ,.—1/(29)
X dxd
Y * [1+ max(xy, 1)]1/‘1g(y) wy

< clrplia, (6)

where

+0o +0o 1
C=/ / /0y (2)dady
0 0

1 + max(xy, 1)
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and

+00 +00 1
D= al@P =12~ a(n)dxdy.
/0 ‘/0 Y * 1 + max(xy, l)g O)dzdy

Let us now examine C and D.

For C, by the Fubini-Tonelli integral theorem, we have

400 +0o l
— 2/ 2q)=1/2 rp
¢ ./0 ‘ f@ [./0 VTl max(ay, D] 4

For the central integral, making the change of variables u = xy and using the Chasles integral relation, we have

+00 l
/o Vo 1+ max(ey, D]~

+00 1

0o Vu[l+max(u, 1)]

1 1 +00 1
- et waa
= [\/;]Z:) + [2 arctan[\/;]]zz_rroo

=1—0+2xg—23rctan(l)=1+n—2x%=%+1.

du

Thisand ¢ = p/(p — 1) yield

C= /+mxp/(24)_1/2fp(x) (g + 1) dx
0
= (g + 1) ‘/0.+00x”/2_1f7’(x)dx. (7)

For D, by the Fubini-Tonelli integral theorem, we have
+00 1

dx
o vayll+max(zy, D]°

+0o0
D= yq/(QP)fl/ng(y) [ dy.

0

For the central integral, making the change of variables v = xy and using the Chasles integral relation, we have

+00 1
./0 Vol + max@y, DI

+00 1

0 Vo[l +max(v, 1)]dv

1 1 +o0 1
= [\/z_z]zz(l) + [2 arctan[\/z_J]]z:;roo

:1—0+2xg—2arctan(l)=1+7r—2><%=

b4
—+1.
2+

This and p = ¢/(q — 1) give

™ 2p)-1/2 i
D= 012172 41 (§ " 1)dy
0

= (% " 1) /0+oqu/2‘1g"(y)dy- 8)
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It follows from Equations (0), (7) and (8) and 1/p + 1/g = 1 that

/0 m/O ) mf(x)g(y)dxdy
(g * 1) /0+°° xp/g_lff’(x)dx] h (g + 1) ‘/0+wy11/2—1gq(y)dy] 1/g

- +00 P 1/p +00 j2-1 1/q
< (— + l) / 2= P (x)dx / Y%= gl (y)dy .
2 0 0

This concludes the proof. |

A

Following the procedure outlined in [6, Theorem 2], and considering the same extremal functions, we are
able to prove that the constant factor 7/2 + 1 is the best possible. The kernel function considered is thus

ke (x,y) = Tomax(y, 1)’

which is clearly symmetric. However, it is non-homogeneous, which makes it particularly interesting in the
context of the existing literature on the topic.

4 Third theorem

The third maximum-Hilbert-type integral inequality theorem is presented below. The kernel function is more
technical than those of the previous theorems.

Theorem 4.1 Letp > 1,q=p/(p— 1), and [, g : [0, +o0) — [0, +00) be two functions such that

400 +00
/ 2?7V f(2)dx < +o0, / Y2 g (y)dy < +oo.
0 0

Then we have

+00 oo |
-/0 -/0 »’C+\/x_y+max(x,y)f(x)g(y)dxdy

3 97 +00 /21 p 1/p +00 j2-1 1/q
2log|=| + / xP'=" x dx] [/ 11272 g1 (y)d ] .
g(Q) WALl 17 () L Ve )dy

Proof. Decomposing the integrand in a suitable manner and using the Holder integral inequality, we get
+00 +00 1
dxd
/0 /0 Y max(x’y)f(x)g(y) xdy
1

+00 +00
= 1/(2q) ,=1/(29),,,1/(2p) ,,~1/(2p) dxd
[ ey ey et gy

400 ptoo 1

— 1/(29),,~1/(2p)

= T x
A v/(). Y [x+\/xy+max(x,y)]1/Pf( )

<

G G 1
1/(2p) ,.—1/(29)
X x dxd
Y [x+\/@+max(x,y)]1/qg(y) Y
< El/PFl/(I, 9)
where
T e, 12 1 ? ()dad
E = Dy~

,/0 ,/0 * Y x+\/xy+max(x,y)f ()dxdy

7
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and

+00 +00 . . 1
Fe 0/ (29) =1/2 7(y)dady.
/0 /0 Y * x+\/x_y+rnax(x,y)g O)dzdy

Let us now investigate £ and F.

For E, by the Fubini-Tonelli integral theorem, we have

+00 +00 _1/2
P / 120120 () / (Z) ! Loyl de
0 0 xr 1++/y/x+max(1l,y/x) L

For the central integral, making the change of variables # = y/x and using the Chasles integral relation, we have

+00 y _1/2 1 1
L) e
0 x 1++/y/x + max(1,y/x) %

+00 1

=)o Vell+ Ve s man(L o™
1 1 +00 1
~Jo W[1+W+1]du+/1 Vallevara]™

='/'1;alu+/+m 1 du
o NaZeval D Na{s/ae e+ 1/21%

u= 2 1 U—+00
= [21og[2 + Vu] _1+ arctan{— Vi + = }]
| Lo V3 V3 21) 1=
2log(3) - 210g(2) + — x & — £ arctan[ V3]
=2log(3) — 2log — X & — — arctan
V38 2 V8
3 2r
= 9log | 2]+ 2L
g(Q) 3V3

Thisand ¢ = p/(p — 1) give

+00
E:/ 112 g () [Qlog(§)+2_” de

2] 8v3
_ 8\ 27 | [ e
= [2]0g(2)+3\/§]/0 2P P (x)dz. (10)

For F, by the Fubini-Tonelli integral theorem, we have

/+°° (x)_1/2 1 iy
0 y x/y+\/x_/y+max(x/y, 1)y

+00
F=/0 Y1121 () o] dy.
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For the central integral, making the change of variables v = x/y and using the Chasles integral relation, we have

oo (p\ 712 1 Ly
./0‘ (;) x/y+\/m+max(x/y, 1); ’
oo 1
Vol[v + Vo + max(v, l)]dv

=/ ' e[ 4
0 Volv++ou+1] 1 Volv+ o +9]

! 1 o (] 2
"o Ve {8/a+] \/5+1/2]2}dv+/1 {5_\/5[2\/5+1]}dv

v=1
= [%arctan{\/_ Vo + = }v [log(v) 210g[2\/_+1]]y_)+0°
:jgarctan[ [\/ﬁ +210g( )
3 27
=2]Og(§)+ﬁ

This and p = ¢/(q — 1) yield

P /+°° 0@)-1/2 41 () [21 (3)+ 2n |,
=/ v g og|5|+—=|dy
0 2] 3v3

[210g(3) 32\7;_]/ y2 g (y)dy. (11)

It follows from Equations (9), (10) and (11) and 1/p + 1/¢q = 1 that

400 ptoo 1
./0 /0 x+ Ty + max(;c,y)f(x)g(y)dxdy

+00 1/p
{ 210g(3) 27 / xl)/z_lfp(x)dx}

3V3

{ 9log (3) %2\7_ / /21 g0 (y)dy}l/q
3 ;ﬂ oo Up | poeo 1/g
< |2log (5) + ﬁ} /0 a2l fP(x)dx] [ /0 y"/z_lg”(y)dy] .
This completes the proof. m]

Following the procedure outlined in [0, Theorem 2], and considering the same extremal functions, we
are able to prove that the constant factor 2log (8/2) + 27/[3V8] is the best possible. The kernel function
considered is thus

1
x +xy + max(z,y)’

which is obviously not symmetric. It is however homogeneous with degree —1.

k7(x9y) =

5 Fourth theorem

The fourth and last maximum-Hilbert-type integral inequality theorem is presented below. It can be presented
as a variation of the previous theorem.
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Theorem 5.1 Letp > 1,q=p/(p— 1), and [, g : [0, +o0) — [0, +00) be two functions such that

+00 +00
/ 227 f(2)dx < +o0, / 1271 g(y)dy < +co.
0 0

Then we have

e 1
/0 /0 1 + /xy + max(xy, 1)f(x)g(3’)dxdy

+00 1/p +00 1/
210g(3) 32\7;_ / xp/2‘1ff’(x)dx] [/0 y"/Q_lgq(y)dy] q_

Proof. Decomposing the integrand in a suitable manner and using the Hoélder integral inequality, we get

+00 1
dzd
/0 ./0 1 + +/xy + max(zy, l)f(x)g(y) ey
+oo +00 1
= 1/(29) ,—1/(29),,,1/(2p) ,,~1/(2p) ded
A -/0‘ ) ) Y J 1+ +xy + max(zy, l)f(x)g(y) ray

+00 +0o0 1
— 1/(2q9) ,,—1/(2p)
/0 A ey T e + max(ey, Dy )

1
1/(2p) ,.—1/(29)
X dxd
Y ‘ [1+ &y + max(xy, 1)]1/(1g(y) B
<GYrp'a, (12)
where
/+°°/+°° p1(2),~1/2 1 P (2)dad
G = x x)dx
0 0 YT Vxy + max(zxy, 1) J
and

+00 1
H = q/(2p) ,.—1/2 T(Wdxdy.
0 ,[; 1 + +/xy + max(zy, l)g )dzdy

Let us now examine G and H.
For G, by the Fubini-Tonelli integral theorem, we have

+00 . . +0o 1
G =/ LPI2D-1/2 pp [/ xdy| dz.
0 /H (@) 0o vVxy[l++2xy+max(zy, 1)] Y

For the central integral, making the change of variables = xy and using the Chasles integral relation, we have

1
V1 + a5 + max(ey, DT
+0o 1

= du
0 Vu[l ++u+max(u, 1)]

—/ ——du+ ;d

_o\/171+\/_+1]u 1 \/_1+\/_+u]u
! 1
\/_2+\/_ 1 \/_{3/4+ \/_+1/2]2}

- [210g[2+ﬁ]]zzo jgarctan{ [\/_ ]}]Hm

4 T 4
=92log(3) — 2log(2) + — X = — — arctan[ V3]
V3 2 VB8
3 2Qr
=2lo
g( ) 3V3'

10
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Thisand ¢ = p/(p — 1) give

+eo 3 o
G = a!GO=V2 1P (1) 1210 (—) + }dx
0 S & 2 3V3
3 o reo
2lo ] / 271 P (2)dx. (13)
g( ) 3V3 /

For H, by the Fubini-Tonelli integral theorem, we have
" alen-1/2 - 1
H:/ a/(2p)- ‘1()[/ dx]d.
0o o T Ey + max(ay, DI

For the central integral, making the change of variables v = xy and using the Chasles integral relation, we have

1
VZy[1 + /xy + max(xy, 1)]ydx
+0o 1

") Ve vormam@ D1

1
:/0 va[1+v~5+1]d“/1 Vollrvaral "
—/ ;dv+ - ! dv
CJo ABI2+vel S Vo {874+ [Vo+ 1/2]2)

= [210g[2+‘/5]]:z(1) + %arctan{% [\/5+ %]H:: N
=2log(3) — \;lg X g - % arctan[\/g]
3 2Qr
=921
Og( ) 3V3’

Thisand p = ¢/(¢ — 1) give

H/ §01(20)=1/2 Q(y)[zlog() \/_

210 ] / Y1271 g4 (y)d (14)
[ g( ) 3V8 S
It follows from Equations (12), (13) and (14) and 1/p + 1/q = 1 that

+00 +00 1

./0 ‘/0 1 + /xy + max(zy, 1)f(~’f)g(y)dxdy
+eo 1/p
{ 210g(3) 32\7/1_ / Ip/2—lfp(x)dx}
2 +eo 1/q
2log (%)*ﬁ A ;v"”‘lg"(y)dy}
3), 2 +oo Up [ paeo Ve

Zlog( ) 3\7/7_] / xP/2—1fP(x)dx] [‘/0 y11/2—1gq(y)dy] .

This concludes the proof. |

Following the procedure outlined in [0, Theorem 2], and considering the same extremal functions, we
are able to prove that the constant factor 2log (8/2) + 27/[8V3] is the best possible. The kernel function
considered is thus

1

kg(x,y) = 1+ yxy + max(zy, 1)’

11
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which is clearly symmetric. However, it is non-homogeneous, which makes it particularly original in the field
of maximum-Hilbert-type integral inequalities.

6 Conclusion and perspectives

In this article, we establish four new maximum-Hilbert-type integral inequalities involving non-symmetric or
non-homogeneous kernel functions. These results extend the classical framework developed in [6, 7], offering
more precise insights into integral inequalities with mixed structures. Future work could explore analogous
inequalities in higher dimensions or for weighted function spaces, in which maximum-type kernel functions
could play a pivotal role. Furthermore, the potential applications of these inequalities to operator theory
and probability, particularly in the study of maximal functions and correlation inequalities, warrant further
investigation.

Contflicts of interest: The author declares that he has no competing interests.
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