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Abstract

In this study, non-Newtonian Gadovan numbers are introduced and their properties are examined within non-
Newtonian calculus, a mathematical approach that has recently garnered significant attention. We also obtain
the generating matrix of non-Newtonian Padovan numbers.
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1 Introduction

The sequence of Padovan numbers was discovered by Richard Padovan. The formula for obtaining the
Padovan sequences is

P7L+3 :Pn+1 +Pn

with Py = P; = Py = 1, [6]. Some of the terms of the Padovan sequence are
1,1,1,2,2,8,4,5,7,9,12, 16, 21, 28, 37, 49, 65, 86, . ...

The sequence of Gadovan numbers was defined by Diskaya and Menken, which generalizes a new class of
Padovan numbers. The formula for obtaining the Gadovan sequences is

GPu3 =GP +GP,
with GPy =a, GP; =band GPy = ¢, [3]. Some of the terms of the Gadovan sequence are
a,b,c,a+b,b+c,a+b+c,a+2b+c,a+20+2,....

The non-Newtonian calculus, introduced by Grossman and Katz in 1972, offers an alternative viewpoint
to classic Newtonian and Leibnizian calculus, creating a novel branch of mathematics, [4]. This emerging
discipline incorporates a wide array of innovative topics for exploration. Non-Newtonian calculus encompasses
various forms of computation, geometric, bigeometric, quadratic and biquadratic approaches. Furthermore,
it demonstrates considerable promise for applications across diverse domains such as technology, engineering,
physics, finance, dynamic systems, and cancer therapy.

A completely ordered field is called arithmetic if its realm is a subset of R. A generator is a one-to-one
function whose domain R and whose range is a subset of R. Let @ be a generator with range 4. The set of
non-Newtonian real numbers is denoted by R,,.
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Let a be arbitrarily chosen generator which image the set R to 4 and *-calculus also be the ordered pairs
of arithmetics. The following notations will be used

izheoa™ (@) <a (b).

a-zero and a-one numbers are denoted by 0 = @ (0) and 1 = & (1), [1].
This paper expands on the concepts introduced in [2, 5] by exploring their application to Gadovan numbers.
The central focus is to define and investigate the non-Newtonian forms of this well-known sequence.

2 Main Results

Definition 1. [2], The non-Newtonian Padovan sequence is defined by the relation for n > 0
NNP,,3=NNP,,;+NNP,,

with initial values NNPy = NNP, = NNPy = 1, where NNP, = P, = a(P,).

The non-Newtonian Padovan numbers are generated by a matrix

Q=

i
0
i

The powers of Q give
NNP,.5 NNP,_3 NNP, 4
Q"=| NNP,_y NNP, 9 NNP,_3
NNP,_3 NNP,_;, NNP,y

The characteristic equation of the non-Newtonian Padovan sequence is
#2321 =0,
so we have to solve this equation, we find three distinct roots q1, g9 and g¢g, [2].
Theorem 2. [2], The Binet-like formula for the n-th non-Newtonian Padovan number is
NNP, = p1x¢}+poxqy+pgXds.
Definition 8. The non-Newtonian Gadovan sequence is defined by the relation for n > 1

NNGP,,3 = NNGP,,1+ NNGP,,

with initial values NNGP; = ¢, NNGPy = b, NNGP3 = ¢, where

NNGP, =a (GP,).
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The non-Newtonian Gadovan sequence, denoted by {NNGP, }, is

a, b, ¢, atb, bi¢, a+b+é, a+2ib+é, a+2ib+94¢, . . . .

Using the generator I, defined by a(x) = x, we obtain Gadovan numbers concerning classical arithmetic.
Also, by choosing the generator exp defined by a(x) = ¢*, we obtain Gadovan numbers with respect to geo-
metric arithmetic, as follows:

a b ¢ eu+b

e, e, e, a+c ea+b+c ea+2b+t: GP,

, e, , R AL P
The characteristic equation of the non-Newtonian Gadovan numbers is

#32i=1=0.

In the following theorem, we focus on the relation between non-Newtonian Padovan and non-Newtonian

Gadovan numbers.

Theorem 4. Let NNP, and NNGP, be n-th non-Newtonian Padovan and n-th non-Newtonian Gadovan numbers,
respectively. Then, forn > 4

NNGP, = aXNNP,_y+bXxNNP,_g+ixNNP,_ 3.
Proof. We establish this using the principle of mathematical induction. Since
NNGP; = axNNPy+bXxNNPy+¢xNNP| = a+b

and
NNGP; = axXNNP+bXNNPs+¢XNNPy = bé

the result is true for n = 4, 5. Assume that the relation is true for all positive integers n < k. Then,

NNGPu3 = NNGP, 1+ NNGP,
= GXNNP_g+OXNNP,_1+¢XNNPy_g + aXNNPy_y+bXN N Py_g+¢XNNPy_g
= GX(NNP_giNNP,_)+bX(NNP_+NNP;y_9)+¢X(NNP,_g+NNP,_3)
= GXNNP,_|4bXN NPy, +¢XNNP,

Thus, by the strong version of the principle of mathematical induction, the formula works for all positive
integers 7. m|

Theorem 5. The Binet-like formula for the n-th non-Newtonian Gadovan number is

NNGP, = prxy1X{| +pa X9 Xqy+pgXysXds,

where
Y1 = axq) HbxqtHexq;”,
Yo = aXqy +bXqy +cXqy°,
ys = @y bxggtiexgs®.
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Proof. Using Theorem 2, we have

NNGP,

AXNNP,_4+OXNNP,_g+¢XNNP,_g

ax(pr1xqy” 4+P2><q§’ 4+P3><q§ 4)+b><(p1><q” 2+P2><q3 2ipy 3Xqsg
+€><(P1><q" 3+P2><4§‘ 5+l>3><q§ 3)

plx(anl +b><q1 +eXqy ’)qu+j>2>'<(d>'<q‘§4+1}>'<q'52-i-c'>'<q§3)>'<q‘§
+pgx(axqyHhxqy Hixds®)%qh

PLXY1IXG} X yaXdh+psXysXdy -

Theorem 6. The generating function of the non-Newtonian Gadovan numbers is

axatbxid(c-a)xa
a

1-42-43

GynGp (3) =

Proof. Assume that the function

)

)

Gyngp(d) = a Z NNGP,xi" = NNGP,xi+NNGPyxi?+ - - - +NNGP,xi"+- -

n=1

be the generating function of the non-Newtonian Gadovan numbers. Multiply both of side of the equality by

the term <4 such as

(<) %Gy yep (@) = “NNGP %3 NNGPyxit = - - - “NNGP, %"+~

and that is multiplied every side with ~#2 such as

(<) %Gynep (@) = - NNGPxi' “NNGPyxi? = - - - NNGP, i3~

Then, we write

(12423 xGynep(@) = NNGPxi+NNGPyxi+(NNGPs=NNGP;)xi

Now, by using NNGP; =i, NNGPy=b,NNGPs =¢, NNGPy = a+b, NNGP; = b+¢ ,...,

HNNGP;~NNGPy=NNGP )i+ +
(NNGP,~NNGP,_g=-NNGP,_g)%i"+--- .

axitbxi+(c=a)xad
a

j-#2-43

Gynep (&) =

we obtain that

Ifa=b=¢=1,the generator function of non-Newtonian Padovan numbers Gy yp (£) is obtained.

Theorem 7. Let m and n be positive integers. Then,

a1 " SXNNGP, = NNGPs,, .
— " n
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Proof. Applying the Binet-like formula, we obtain the identity

m
az;( | JXNNGP, =
n=

= plxw(aZ( " 5>‘<4¥ki<’”*’”)+p2x72x(
n

n=1

m~7n~._,-l.'m;,'l
+P3><73><(C¥Z( N J%gax1 ))

n=1

m
OZZ( X PUXYIXGyHPeX Xy +hsX Vs Xdy)
n=1

m
poM S e 7 (i)
aZ( N YXggx1

n=1

= pixy1X(g1+1) " Hpaxyex(Gotl) pgxysx(4a+1)™

"hpoXyaXqy " HpgXyaXdy

= p1Xy1X¢
= NNGPg,

Theorem 8. Let m, n and k be positive integers. Then,
m
n

a Y (" JXNNGP, = NNGP,.9,, .
k=1

Proof. The proof can be proven as in the proof 7.

Theorem 9. Foralln > 1,

NNGP,_s NNGP,., NNGP,_y NNP,_3 NNP,_; NNP,o
NNGP,_s NNGP, NNGP,.; |=| NNP,_.y NNP, NNP,_,
NNGP,.;, NNGP,, NNGP, NNP,_; NNP,, NNP,
Proof. Let
NNP,_s NNP,., NNP, o i~a b a X
NNP,_g NNP, NNP,_, |x| ¢ ¢ b |=|K
NNP,., NNP,,, NNP, b oath ¢ A
Then, we write
X = (¢2Q)XNNP,_g+aXNNP,_|+bxNNP,_g

i~a b
x| a ¢

b a+b
Y Z
L M
B C

= éf(NlVPn_g;d>.<NNP7,_3-H'Z>'<(NNPn_g-i-NNPn_4)4—[7'>'<N1VPn_2

= GXNNP, 4+bXNNP, 9¢XNNP, 5 = NNGP,_s,

Y = bXNNP,_g+¢XNNP,_1+(a+b)xNNP,_o
= OXNNP,_g+¢XNNP,_|+aXNNP,_o+bXNNP,_o
= GXNNP,_g+bXNNP,+¢XNNP,_; = NNGP,_;,
Z = GXNNP,_g+bXNNP,_1+¢XNNP,_g = NNGP,_q,
K = (¢<@)XNNP,_g+aXNNP,+bXxNNP,_,

= (XNNP,_9=aXNNP,_g+ax(NNP, g+ NNP,_3)+bxNNP,_,

= GXNNP,_3+bXNNP,_14¢XNNP,_g = NNGP,_o,
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L = bXNNP,_g+¢XNNP,+(a+b)XNNP,_;
= UXNNP,_g+¢XNNP,+aXNNP,_|+bXxNNP,_,
= GXNNP,_|+bXNNP,, 1 #¢XNNP, = NNGP,,

M = aXNNP,_g+bXNNP,+¢XNNP,_1 = NNGP,_,

A = ((~a)XNNP,_1+¢XNNP,,1+bXxNNP,
= (XNNP,_|~aXNNP,_1+ax(NNP,_1+NNP,_9)+bxNNP,
= GXNNP,_g+bXxNNP,+#¢XNNP,_1 = NNGP,_,,

B = bXNNP,_ 1+¢XNNP,,1+(a+b)xNNP,
= bUXNNP,_1+¢XNNP,.14+a¢XNNP,+bxNNP,
= GXNNP,4bXNNP,,9+¢XxNNP,,1 = NNGP,,1,

C = axNNP,_|+bXNNP, 1 +¢XNNP, = NNGP,.

Y Z NNGP,_s NNGP,., NNGP,_q
L M |=| NNGP,.y NNGP, NNGP,_,
B C NNGP,_, NNGP,,;, NNGP,

S

3 Conclusion

This study introduces Gadovan numbers within the context of non-Newtonian calculus and investigates their
fundamental properties. Additionally, it gives the generating matrix for non-Newtonian Padovan numbers,
providing a clearer understanding of their mathematical structure. Future research can further explore the use
of these numbers in different disciplines, contributing to the development of non-Newtonian calculus.
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