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Abstract

In this seminar, Modified Laplace-Variational Iteration Method is introduced for solving system of nonlinear
fractional partial differential equations (FPDEs). A detailed procedure of the method was constructed where
recurrence relation are explicitly developed. Numerical examples that were previously solved by other well-
known methods were again solved by the proposed method to test for its validity, accuracy and efficiency. The
approximate solutions are obtained in the form of rapidly convergent series which demonstrate applicability,
reliability and efficiency of the technique. Some of the obtained results were compared with the results of the
well-known existing methods in the literature. It is observed from the results that the method is accurate and
eflicient for solving system of nonlinear FPDEs since the approximate solutions obtained are in good agreement
to a reasonable decimal with exact solutions.
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1 Introduction

Fractional calculus was formulated through the Leibnitz’s letter to I’ Hospital about 300 years ago where Leib-
nitz first discussed the meaning of one-half order derivative [18]. In the 20? century, fractional derivatives
proved itself to be an essential instrument in problems arising in rheology and fluid flow, frequency-dependent
acoustic wave propagation in porous media, modeling of behaviour of visco-elasticity materials, micro-grids
and decentralized wireless networks, electrochemistry of corrosion, epidemiology etc [4]. According to [16],
FPDEs have been widely employed and developed in engineering and physics domains, and are better suited
for representing complex phenomena and process.

As aresult of rapid advancements in science and engineering, fractional differential equations have become
subject of interest and rapidly growing areas of research [1]. This is because, according to [11], it has been
shown that in the last few decades, derivatives of arbitrary order are convenient for describing properties of
real materials. In [2], fractional calculus has been useful in the fields of mathematical physics, interface chaos
and probability. Hence, it is used to describe a wide range of complex phenomena in the fields like anomalous
diffusion, systems identification, continuous-time random walk dynamic systems, fractional electrical circuits,
control theory, signal processing, fluid flow, etc. Fractional order partial differential equations are increasingly
used to model problems in fluid flow, finance, physical and biological processes and systems [17]. Furthermore,
the nonlinear oscillation of an earthquake is modelled using fractional derivatives and a fluid dynamic traffic
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model using fractional derivatives can eliminate the deficiency caused by an assumption of continuous traffic

flow.

According to [4], fractional differential equations allow for the study of properties of materials while the

models of fractional order allows for the modelling of memory and hereditary properties. FPDEs are strong

tools for modelling and analyzing a wide range of phenomena, including heat conduction, wave propagation,

image processing and data analysis [11]. In [8], Mathematicians have become increasingly interested in FPDEs

due to their numerous applications in engineering, applied sciences, biology, mathematical physics, neurology,

geophysics physics, financial mathematics, computing, containment transport, etc.

2 Preliminaries

Definition 2.1 (The Fractional Derivative)
The fractional derivative of f(z) in the Caputo sense is defined as:

N ~ 1 x f(m)(t)
D¢ f(x) = F(m—x)‘/o (x_t)m_a_ldt,m— l<a<mmeN

(See [17])
Definition 2.2 (The Laplace Transform, f(t))

The Laplace transform denoted by f(¢) is defined as:

LI ()] = F(s) = /0 et (ds

where s is either real or complex.

Definition 2.3 (The Laplace Transform of the Caputo Derivative)
According to [5] and [9], the Laplace transform of the Caputu derivative is defined as:

m—1
LD W] =s"F(s) = Y s /P O0sm—-1<a <m
k=0

Definition 2.4 (Mittag-Leffler Function)

(1)

2)

3)

According to [6], [10], [10] and [7], one parameter function commonly known as Mittag-Leffler function,

denoted by E, (z), and valid in the whole complex plane is defined by the series:

(o] k

z
E,(2) = E _ , N
(2) kZOF(a/Hl) a>0,ze€]

Definition 2.5 (Euler Gamma Function)
According to [15], Gamma function of f(x) denoted by I'(x) is defined as:

F(x)z/ et dr
0

3 Description of Modified Laplace-Variational Iteration

(MLVIM)

In this work, the system of NFPDEs considered is of the form:

4)

®)

Method
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Diu(z,t)+Li(u,v)+Ni(u,v) = g1(x, t)
Div(x,t) + Lo(u,v) + No(u,v) = go(x, 1) (6)
Diw(x,t) + Lg(u,v) + N3(y, 2) = gu(x, t)

with initial conditions

u(z, 0) = fi(x);v(z, 0) = fo(x);w(z, 0) = f3(x) (7)
Procedure for the Modified Laplace-Variational Iteration Method
Step 1
The series solutions of (6) are:
u(e, 1) = Y ule, 00, 1) = Y o, 0, w, 1) ®)
n=0 n=0

Step 2
Taking the Laplace transform of equation (6) with the initial conditions in (7) and using differentiation
property of Laplace transform gives:

n— R [ ku x
Llu(x,0)] - ¥y s* 14D = L[ (2, 1) = L1 (u, v, w) = Ny (u, v, w)]

k
L{v(x, )] = 2pog s 12D o = L [gy(x, £) = Lo(u, 0, w) — No(u, v, w)] 9
n— —]— kw X
Llw(x,0)] - 2jog o1 H 2D = L [gs(x, 1) - Lg(u, v, ) — N3(u, v, w)]

Step 3
The iteration formula obtained in equation (9) is used to suggest the main iterative scheme that involves the
Lagrange multiplier defined as, A (s) = ;—al Thus, 4 (s) is introduced to equation (9) to obtain:

ko (
Ll (2, 0] = {2 10 g — L g1 (o, 0] + L (Lt 0, 0] + [Nty 20

k
L [ty )] = {2 s 10 g — L [ga(a, 0] + L (L, 0, w02)] + [Na(r, 0)]} (10)
L [wn+l (1‘, t)] = Aia {2/’::01 Sa_l_kaki;f‘z’l)hzﬂ -L [gn(x’ t)] +L [Ln(un, Un, wn)] + [NS(uru Un,s wn)]}

Step 4
Find the inverse Laplace transform of equation (10) to obtain the iterative formula

s (@, 1) =L~ l [;; S””%'F“ st t)”- )
+ L) L%[L[Ll(u",v,,,wn)] + [Nl (2t U, w) H
+ 17! Lla [L [Lo(ttn, vu, wa)] + [No(ttn, v, Wn)]]]

=0 (13)

S o C e R S |

Step 5
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The zero iterations are determined by

uo(xrt):L_l ?% Zm 1 s¥ 1- ka”(xi)| -0

otk
o (x, Z):L—l X% Zm 1 sa—1- kﬂfia(tf i)l_ (14)
1 o* 3
wo(x, 1) = L7 sa Yo S 1=k z(tf =0

Hence, the system of equations obtained in equations (11), (12), (13) and (14) are solved with MAPPLE
18.

4  Applications of Modified Laplace-Variational Iteration Method

In this section, the proposed Modified Laplace-Variational Iteration Method introduced is applied to obtain
the numerical solutions of some system of nonlinear fractional partial differential equations.

Example 1
Solve the system of inhomogeneous fractional order nonlinear partial differential equations in three unknowns
9Pu dw dv 1 6w 0%u _
90F " ae ot ~ Tor o2 = T
9Py ow %u _
(')T_ﬁ - F(’)g_ﬁ = 6‘1’ (15)

Pw %u v dw _ O  _
67 — @ — %a—r = 457' 2‘1’ 2

with initial conditions

w(€,0)=¢2+ L;u(£,0) =% - Lw(E, 0)=¢2 -1 (16)
[8] and [9].

Solution
The zero iterations ug(x, t), vo(x, t) and wy(x, t) are determined by (14) thus:

1 n-1 1 n—1 k
Llu(€, 1)l = lzsﬂ 142 “|l o|5LIv(¢, 0] = lZsﬂ—l-k@|l:ol;
k=0

sB pr otk
n—1 b
1 0
Llwo(¢, 0] = | D"l (17)
P ot
Hence,
n—1
1
Llu(€ 1)l = [Z Pluge, 0)] = (& +1) (18)
s
Taking the inverse Laplace transform of equation (18) to obtain:
up(é,7) =% +1 (19)
Similarly,
Llvg(¢,7)] = [Z Plug (¢, 0)] —(£*-1) (20)
=0
Taking the inverse Laplace transform of equation (20) to obtain:
w(é, 1) =¢"-1 @1)
and
1S 1
Liwo(€, 0l = 5 [Z e, 0)] =@ 22)
k=0
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Taking the inverse Laplace transform of equation (22) to obtain:
_ &2
wo(§,7)=¢-1

Nl() = woup + wovo

1 1
Ll (¢, 7)] = 5714 Wogor + Eworuogg —4éT

1
= 37(—457')

1
Lm0l =55 —(f - ) (f -D+ ——(é“ - ) (f +1) —4ér

&2

Taking the inverse Laplace transform of equation (24) to obtain:

_4¢éTB
up(é,7) = ﬁ
Noo = woug

Llon(€, 7)1 = L [worunge +67] = | L6 1) (62 1) w60 | = L o)

92

Taking the inverse Laplace transform of equation (26) to obtain:

67h+

vl(fﬂ'):m

N3 = up +vowp

Llwi(¢,1)] = —L [u()gg + voswor + 4ét - 27 — 2]

d .
- afz(f +1)+ %@Z—l)a(fz—l)‘*‘h‘f?’—%’—? :F[2+4§T_2T_2]

Taking the inverse Laplace transform of equation (28):

4¢P 9rh+l
L(B+2) T(B+2)

w1 (é:’ T) =

Ny = vjwy + vow] + wouy + Wit
1 1
L[ug(é,7)] = —L Wogor + W10 + GWorllige + W10z

678 4&7B+ 9rh+l d 1}
F(B+2)) (F</3+2>‘r(/s'+2>)_(ér -

19 . sa2 _i[ 12§Tﬁ B 27k
7[5 am (e >6§z(4ff )]_sﬁ FB+2) T(B+2

Lina(e, 01 = o | (€= D

1

Taking the inverse Laplace transform of equation (30),

12¢ 726 9728
rB+2) TL(B+2)

uQ(f) T) =

1V2] =wiug + wou

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

(31)
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L[vg(é,7)] = —L [wor1ge +wiruoge |
1 0% (—4&TP\ g (dgrBl 9rhrl o\ §2 )
e =17 |5 | 3o - 0 (G5 ) v g a0 e
—472%8
ve(§,7) = TG+9) (33)
N31 =u1 +ogwy + 01U
1
Llwy(é,7)] = 7 [uoge +voswir +vicwi 7]
_ ! 4&7h+1 4&7h8+1 97 B+l ]
wen=1 [652 (Fovm) 3¢ V3 (vigvo  r5vo)
-1 l 0 6Tﬁ+1 o _ }]
a5 e (g o€
B —457%
wQ(f’T)_F(,B+2) (34)
Nig = wovg + w v] + Wwevy + Wouy + W1l] + Wl
1 1 1
Lug(é,7)] = —L [WO{@T WD + Wl + GWorligge + GWIrkige + 27@7%055}
1 4P 4&7B+ 9rh+l 0 67h+]
Ll = 5 |6 €05 (g +z>) i Fs o r5v) o+ (g o)
i i 4&72P 9 10 i 12¢ 728 9728 ]
5 o [ vm) o € D g€ V3 (25 em T vo)
1 [1 0 (A4&ThHl 9rhrl ) 52 6rhH 10 (—4¢r28\ 92 = )]
#2067 \T(B+2) T(B+2)) 9¢? (F(ﬁ+2) 207 F(ﬁ+2)) aer €
Taking the inverse Laplace transform to obtain:
3 8&72h-1  gerdh-l .
WD G T(EY @
NH = woug + wiul + wol(
L[v3(¢, 1)) = —L [woruges +wiruige +woruoge |
1o 0% (12¢7% 97
b= | 5@ 05 (e g )
1 [ d [ 4&7rB+ 97 B+l o2 4&7h+1
s lor (rus +2) F(B+2)) a¢? ('rw +2>)
1[a ( 4¢7% )\ o? ] 166721
5 o rirem) s+ 0 = 5 (T ey
Taking the inverse Laplace transform to obtain:
3 —16£736-1
vg(§, 1) = T+ (36)

6
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From equation (31),
Ngg = u9 +vowyg + viw] + VoW

1
L{wg(é,7)] = s_ﬁL [u2_g§ +00eWer + VWl + vﬂguor]

‘ 1 [62 126728 97%P ]
w60 =5 |33 (s v - w53

ag?
1 [3 & -1 0 4é7*h 0 (67PN 9 (dgcPrl 9rhHl
T %f ar F(ﬁ+2))+§(F(,B+2))E(r('3+2) F(ﬁ+2))
119 _ 47*F 9 .9 0 671 0, 9
o [ pvm) 30 -0+ o (aem) vt - )
Taking the inverse Laplace transform to obtain:
1627381
wsl&:7) = F gy 37)
Hence,
3y _ 2 2eThl Ggr?h 128 4Pl 4gBB }
;uz =u(§,7)=&"+1+2 TB+2) T(B+2) T(B+2) T(B+2 TB+2 (38)
X § 2B 4£788-1
i = = z - - T é‘:T e
;vz—v(f,T)—f 1 4 F(ﬁ+2)+r‘(ﬁ+2)+ ] (39)
- ) 2¢ 1A+ 7B+l 96728 ge2r8h1 ]
;wz =w(,7)=E7-1+2 rB+9) _F(ﬁ+2) - XES) - D) T (40)

The approximate solution obtained is in agreement with that of [3].

Table 1: Exact Solution of u(&, 7) for equation (43) for r = 0.0, 1.0, 2.0;
0.1<£<0.5,8=0.4,0.6,0.8, 1.0 in comparison with MLVIM used in this work and the results of [9].

B=1.0 B=1.0 B=1.0 B=1.0 B=1.0
T & UEvact MLVIM |Error| Khan et al. 2020 |Error|
0.0 | 0.1 1.010000000 1.010000000 0.000000000 1.010000000 0.000000000
0.2 | 1.040000000 1.040000000 0.000000000 1.040000000 0.000000000
0.3 | 1.090000000 1.090000000 0.000000000 1.090000000 0.000000000
0.4 | 1.160000000 1.160000000 0.000000000 1.160000000 0.000000000
0.5 | 1.250000000 1.250000000 0.000000000 1.250000000 0.000000000
1.0 | 0.1 | 0.010000000 0.010000046 | —4.6000 x 108 0.010000057 -5.7000 x 1078
0.2 | 0.040000000 0.040000050 | —5.0000 x 108 0.040000068 -6.8000 x 1078
0.3 | 0.090000000 0.090000053 | —5.8000 x 108 0.090000070 —-7.0000 x 1078
0.4 | 0.160000000 0.16000600 —6.0000 x 1077 0.160000089 -8.9000 x 1078
0.5 | 0.250000000 0.250000987 | —-8.8700x 1077 0.250000572 —5.7200 x 1077
2.0 | 0.1 | =2.990000000 | —2.990006089 | 6.0890 x 10~° -2.990007669 | 7.6690 x 1070
0.2 | -2.960000000 | -2.960008372 | 8.8720x 10~° -2.96001943 1.9480 x 107>
0.3 | —=2.910000000 | -2.91003211 3.2110 x 107° -2.910079347 | 7.98347 x 107
0.4 | -2.840000000 | —-2.840043286 | 4.8286 x 107° -2.840092312 9.9812 x 107
0.5 | —2.750000000 | -2.750176930 | 1.7698 x 10~* -92.750472810 | 4.7281x10°*

Table 1 is the comparison of the exact and approximate solutions of u (&, 7) obtained for equation (43) and
the results of [9] for values of 7 = 0.0, 1.0 and 2.0; 8 = 1.0. The errors are equally shown on the table. The
results show that the approximate solutions are converging rapidly when using Modified Laplace-Variational
Iteration Method.
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B =0.4,0.6,0.8, and 1.0

equation (43) for 7 =
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B =04 B =006 =08 B =1.0
T £ v(¢, T) v(£, 1) v(£, T) v(&, T)
0.0 | 0.1 | =0.990000000 | —0.990000000 | —0.990000000 | —0.990000000
0.2 | =0.960000000 | —0.960000000 | —0.960000000 | —0.960000000
0.3 | —0.910000000 | —0.910000000 | —0.910000000 | —0.910000000
0.4 | —0.840000000 | —0.840000000 | —0.840000000 | —0.840000000
0.5 | —0.750000000 | —0.750000000 | —0.750000000 | —0.750000000
1.0 | 0.1 | —0.667982715 | —0.7102062615 | —0.7514063836 | —0.790000000
0.2 | —1.926051855 | —1.799381215 | —1.675780849 | —1.560000000
0.3 | -8.164120995 | —2.868556160 | -2.580155815 | —2.810000000
0.4 | —4.382190185 | —8.917731123 | -8.464529780 | —8.040000000
0.5 | —5.580259275 | —4.946906077 | —4.328904246 | —3.750000000
2.0 | 0.1 | —2.111604135 | —2.261604185 | —8.249977669 | —3.790000000
0.2 | —2.579884980 | —2.699884980 | -8.863552866 | —4.560000000
0.3 | —3.048165822 | —8.118165822 | —-8.118165822 | —5.310000000
0.4 | —3.516446664 | —4.201505943 | —4.201505943 | —6.040000000
0.5 | -8.804727517 | —4.648385906 | —4.648385906 | —6.750000000
3.0 | 0.1 | 12.18796211 | 10.19849416 6.585944425 | 0.810000000
0.2 | 10.56337452 | 7.533269413 9.172819057 | —6.360000000
0.3 | 9.008786943 | 4.888044660 | —-2.220306317 | —13.51000000
0.4 | 7.474199357 | 2.262819918 | —6.593431685 | —20.64000000
0.5 | 5.959611780 | —0.842404841 | —10.94655706 | —27.75000000

Table 3: Approximate Solution of w(¢&, ) for equation 43) for r = 0.0, 1.0,2.0,3.0; 0.1 < ¢ < 0.5,

B=0.4,0.6,0.8and 1.0

T | € B =0.4 B =0.6 5 =0.8 B=1.0
0.0 | 0.1 [ =0.990000000 | —0.990000000 | —0.990000000 | —0.990000000
0.2 | —0.960000000 | —0.960000000 | —0.960000000 | —0.960000000
0.3 | —0.910000000 | —0.910000000 | —0.910000000 | —0.910000000
0.4 | —0.840000000 | —0.840000000 | —0.840000000 | —0.840000000
0.5 | —0.750000000 | —0.750000000 | —0.750000000 | —0.750000000
1.0 [ 0.1 | —2.728893339 | —2.500886188 | —2.278405529 | —2.278405529
0.2 | —8.085314081 | —2.806638674 | —2.534717868 | —2.534717868
0.3 | —4.069262226 | —2.917257459 | —2.768937019 | —2.768937019
0.4 | —4.510997049 | —4.029648619 | —8.559967227 | —8.559967227
0.5 | —5.580259275 | —4.946906077 | —4.328904246 | —4.828904246
2.0 | 0.1 | —5.097859789 | —5.220360928 | —5.288466440 | —5.288466440
0.2 | —5.222596607 | —5.569561166 | —5.906498600 | —5.906498600
0.3 | —1.8374210455 | —2.047600711 | —2.854096480 | —2.854096480
0.4 | —6.299831985 | —7.877119704 | —8.593728510 | —8.593728510
0.5 | —7.252330545 | —8.835478007 | —10.66292626 | —10.66292626
3.0 | 0.1 | —7.922601914 | —8.795872401 | —9.713091665 | —9.713091665
0.2 | —7.650304868 | —8.997406288 | —10.67600285 | —10.67600285
0.3 | —8.1831088610 | —9.604601643 | —13.88873356 | —13.88873356
0.4 | —8.008463323 | —10.95760890 | —15.20770045 | —15.20770045
0.5 | —8.638918825 | —12.71627763 | —18.77648686 | —18.77648686

Table 2 is the approximate solutions of v(&, 7) for equation (43) for the values of = = 0.0, 1.0, 2.0 and
3.0, 0.1 £ ¢ <0.5and B =0.4,0.6,0.8 and 1.0. It is observed that the results are in good agreement

0.0,1.0,2.0; 0.1 < ¢ < 0.5
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with the results of [9]; results of the existing literature as used in this seminar for the given values of &, T and 3.

Table 3 is the approximate solution w(&, ) of equation (48) for the values of 7 = 0.0, 1.0, 2.0 and 3.0;

0.1 < ¢ <0b5andny = 0.4,0.6,0.8 and 1.0. The results are also in good agreement with the existing

literature as used in this work and converge to the exact solution.

Table 4: The comparison of approximate solutions of v(&, 7) for system in equation (43) between MLVIM
and [9] for7 =0.0;0.1 <¢<0.5,8=04and 8 =1.0

B =04 B =04 B=10 =10

T | € MLIVM Khan2020 MLIVM Khan2020

0.0 | 0.1 | =0.990000000 | —0.990000000 | —0.990000000 | —0.990000000
0.2 | —0.960000000 | —0.960000000 | —0.960000000 | —0.960000000
0.3 | —0.910000000 | —0.910000000 | —0.910000000 | —0.910000000
0.4 | —0.840000000 | —0.840000000 | —0.840000000 | —0.840000000
0.5 | —0.750000000 | —0.750000000 | —0.750000000 | —0.750000000

In Table 4, the results of v(&, 7) for the system of equation (48) shows that the solutions of MLIVM and K [9]
are in good agreement with the exact solution for values of 7 = 0.0, ¢ = 0.4 and ¢ = 1.0.

Example 2

Consider the system of nonlinear fractional partial differential equations

Dfu +v,wy —vyw, = —u;
va + Uy Wy — Uy Wy = V3 “41)
D}'w + u,vy — uyv, = w;

with initial condition:
u(x,y,0)=e™, v(x,y,0) =", w(x,y,0) = 42)

(See [7], and [18]).
Solution
The zero iterations are determined by equation (14) thus:

1 n—1 1
L [u{)(at, Y t)] == |:Z Sailu(x7 Y t)l == [ex+y] (43)
s o s
Taking the inverse Laplace transform of equation (43),
uo (:C, Y, l) = er+y (44)
1 n—1
vo(e,y,0) =L~ [ = IZ s ‘lv(x,y,t)H =o' 45)
sB
k=0
1 n—1
wo(x,y, ) = L' — Z 57_1w(x,y, Dl =e™? (46)
U ey

N1o = vo,woy + Voywor — 1o

1 0, oy 0 e 0 e @
L[ul(x,y,t)]=s7{—%(6”)5(6 +y)+5(€ y)a(e ‘”)—e”}

9
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e—.l‘+_ytﬂ’

- - 1 —x+y
L L [n(,y, 0l = L 1[3—0, [ 9]]:m 47)

Nog = —ug,woy — voywo, + Vo

1 0 0 . 0 . 0 ,
L ['I)] (I’ Y, t)] = .8'7 {_a(e‘m—y)@(e_l*—y) — @(g‘r’*'y)a(e_x*'y) + 61—}}
1 =y P
o1 (2,y,0) =L L—ﬁ [eﬂ]] = Fiﬁ—jl) (48)

N3o = —ug,v0y — 10yV0z + W0

1( o O v 0 D
L[wl(x,y,t)]=s—7{—a—x(€“y)@(€"“)—5(6”)67(6”)% ”}

_ a1 Tty Y
L7V L [wi(x,y,0]] =L L—y [e y]] = ;(“ 5 (49)

Ni1 = —00,w1y — V1yWor + V0yW1y + V1 W0y — U]

Ltatro)= 5 {5 (525 3 (e ) e ™)
o= [ -
Ng1 = —ug, w1y — u1ywo, + 0o
Listern 1= -5 (f55) - 5 (ra ) )
e
L7 [oaeya 0] = L7 Liﬁ {Fi:fl); - r:;_;iﬁl) G
N31 = —ug,v1y — 41,00, + W1
s R

Nl? = U1, Wy — VyWig TV Wly + 01yWig — V0 W1y — V1yWor + V0x W1y + V1yWor — V02 W2y — V2yW0x

100, Wy + V9 W0r — V2 W0y — V0yWy + V2 W0y + V0y W

L R A R WA ol ([ eP \ o [ ey
lua(e,y, 01 = = {_£ (r(ﬁ + 1)) dy (F(y+ 1)) T oy (—r(,@ " 1)) I (—F(7+ 1))}
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+l {i R W +i N B o }
s@ |0z \['(B+1)) dy \T'(y+1) ox \T'(B+1) (9

C(y+1)
+l{ : (rgfl))_( - e 1)5 (an)}
*sia { ; (%) L ) (ax r(_;yf;)) - FEZTZ)}
LI s,y 011 = 170 Liﬁ {rf:iial) H - F}Zﬁi) (53)

N22 = TULWy T ULyW]y — UL W]y — ULyWOr — Uz Wxr — UlyW0r — U0z W]y — UL W]y — ULyW0r — UQyW]x

—U WOy — UL Wy — UQYWr — UQyW — UQW(y — UG W0y — Uy W2y — UQW WO — UQyWr + TV
1 0 e 0 [ ey 4] e 0 ( ety
Lfog(e, 3,0 = — (-2 (- 9 _O (et ) (e
sB| dx\ T(a+1)) oy \T(y+1)) dy\ T'(B+1)) 0z \T'(y+1)
1 (8 Pty TR Y Pl 8 [ e~y
gacls mn) - (foen) - () ()
_l fx+y)_ @ 8 (e Y\ § ( -
sB Fa+1)) 8z \T(y+1)
VLR p
oy\ T'(a+1)
- _Iﬂty i 1+1) ( T+1)_ _I+yty
ﬁ ry+1)) oz
9
oy

9
dy T(y+1)
0 Paandid
_{0_( F(2a+l))
a

—x+1 x+1 ey
' ( ' (F(V +1) )}

dy
~ 1 0 ot P ( i 1+_}t2(l ] —:r,+y) o ( x+y) —x+yt2y }
sB oy \ Ta+1)) oz ) (2 +1) T oxr \T'(2y + 1)
1 { o x+y[2a o ( —x+y) p] —1+} p] 1+y[2(x }
B (F(2a/+1))_ _a_( )_(r(2a+1))
e () () )
oy ox ((2r+1)) dy (F(2a+1)) oz’
1[0, 0 [ 2y V28
T3 {Q(e })5( : F(27+1))+r(2ﬁ+1)}

~1 ol e
L™ [L[vs(zx,y,0)]] =L [s_,li’ {F(Q(l + 1)}

etV 3P
TTBA+ ) (54)

UL V0y — UQyV1x — UlyV0x — UQzV1y

N32 = TUILVly — ULyUly — ULyUle — UL2V1y — — UQzV1y — UlyV0x
—UQyV1x — UlzV0y — UOxVQy — UQVOx — UQyVUr — U2 VOy — U VOy — U(yVx — UQyVOx — U0 V2y + V2
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L[ ( t)]_l{_i ~ ex+ylar i ex—ytﬁ _ﬁ ~ €x+ylar i er—y[ﬁ }
wsle, y, =5 ax(r(a+1))ay(r(ﬂ+1)) 6y(F(a+1))c’)x(F(ﬁ+1))
1(0( ™« \ [ &P 8 [ P\ [ P
_s_v{@(_r(ml))%(r(ﬁ+1))_£(_r(a+1))@(r(ﬁu))}

1 (0 & \a . 8 0 ( cth
‘s_y{ﬁ(hml))@(" D y)a_x(rwn))}

L[ 0 e o, . d .. (eth
‘s_y:"@(r(wl))%(e RS y)(l“(ﬁ+1));

1 (0, o 0 [ &P o ( e\ o,

_H{£(€ y)$(r(ﬁ+1))_5(r(a+1))%(e y)}

1(8 0 0 ( eth a ( e\

7{5(6 ))a_x(r(wl))’a_x(r(ml))(e y)}
_l{i(em)ﬁ( e )_ﬁ( e ) K (exy)}

sY | 0x oy \I'(2B8 +1) oy \r'(2B+1)) ox
1[0 @ [ 0% o [ e \ g [
‘F{$(€ )a_x(r<25+1>)‘a_x(r(2a+1>)£(rw+1>)}

1 T+y 20 =y 2B
L DA DAt i (") - 9 (%) O (e
sY | 0x \T'(2a+1)/ dy dy ox \T'(28+1)
1 d [ 2P 0 ,_ 1 ey
| = (ef y) I S —
s | ox \T'(2B+1)) ox sY \[T(2y+1)
1 eiHthV €7x+yt37
. =L = =
ws(,2, 1) [37 {F(Qy ¥ 1)} r@y+1) (55

The series of the solutions of the equations are written thus:

_ ¢ 2 t3a _ a+ N (_ta)k
u(r,y,1) =e y(l‘r(a+1)+r(2a+1) _r(3a+1)+'”)‘e y(“Zr(kan))

k=1
u(z,y,t) ="V E,(-t%) (56)
ey tﬁ tQﬂ t3'B ey ad (tﬁ)k
v(x,y,t)=e }(1+F(ﬁ+1)+F(2,8+1)+F(3ﬁ+1)+m)_€ }(1+;—F(kﬁ+l))
v(x,y,1) = eV Eg(1P) (57)
_ on 7 12 £ - NG
w(z,y,t)=e y(1+F(y+1)+F(27+1)+F(3y+1)+m)_e y(1+};F(/ey+l))
(58)

W($, y) t) = e—x+}’E7(tV)
The results obtained with the Modified Laplace-Variational Iteration Method are the in agreement with
that of [7], and [18]. This reveals that the method is effective and eflicient.
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Table 5: Approximate Solution of u(x,y,t) for equation (68) for t

0.4,0.6,0.8,1.0;2=y=0.1,0.2,0.3,0.4

Asian J. Math. Appl. (2025) 2025:7

= 0.0,1.0,2.0,3.0; @

a=04 a=0.6 a=0.8 a=1.0
t x y wu(x,y,t) wu(x,y,t) u(x,y,t) u(x,y,t)
0.0 ] 0.1 | 0.1 | 1.221402758 1.221402758 1.221402758 1.221402758
0.2 1 0.2 1.491824698 1.491824698 1.491824698 1.491824698
0.3 0.3 | 1.822118800 1.822118800 1.822118800 1.822118800
04 | 0.4 | 2.225540928 2.225540928 2.225540928 2.225540928
0.5 ] 0.5 | 2.718281828 2.718281828 2.718281828 2.718281828
1.0 | 0.1 | 0.1 | 0.047648369 | 0.2344417722 | 0.83546689791 | 0.4071342527
0.2 1 0.2 | 0.058191748 | 0.2863478277 | 0.4331936697 | 0.4972748993
0.8 ] 0.3 | 0.071075555 0.8349746027 | 0.5291039430 | 0.6073729333
0.4 | 0.4 | 0.086811880 0.427180761 | 0.6462490138 | 0.7418469760
0.5 ] 0.5 | 0.106032268 0.521759761 | 0.7893303286 | 0.9060939427
2.0 ] 0.1 | 0.1 | -0.858549278 | —0.840696858 | —0.634853911 | —-0.407134253
0.2 ] 0.2 | —-1.048634455 | —1.026829463 | —0.774801616 | —0.497274899
0.8 ] 0.3 | —=1.280805015 | —1.254172337 | —0.946344830 | —0.607372933
0.4 ] 0.4 | -1.564378778 | —1.531849553 | —1.155868186 | —0.741846975
0.5 ] 0.5 | —-1.910736554 | —1.871005269 | —1.411780590 | —0.906093943
3.0 1 0.1 | 0.1 | —1.899613695 | —2.541838966 | —2.703984455 | —2.442805518
0.2 ] 0.2 | —2.8320193407 | —3.104609124 | -3.302654075 | —2.983649398
0.3 | 0.3 | —2.833890624 | —3.791978147 | —4.033870795 | —-3.644237600
04 ] 0.4 | —-3.461321826 | —4.631532565 | —4.926980910 | —4.451081856
0.5 | 0.5 | —4.227668027 | —5.656966656 | —6.017828075 | —5.436563666

The approximate solution of u(x,y, t) for equation (58) is shown in Table 5 for the values of ¢ =
0.0,1.0,2.0 and 8.0; 0.1 < x < 0.5; 0.1 <y < 0.5 and @ = 0.4,0.6, 0.8 and 1.0 using the MLVIM.
From the results, when ¢t = 0.0; 0.1 <2 <0.5; 0.1 <y < 0.5,and @ = 0.4, 0.6, 0.8 and 1.0, it is observed
that the results are exact solution, e**~*. Therealfter, the results continue to vary accordingly, and converging

to exact solution.
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Table 6: Approximate Solution of v(x,y,t) for equation (58) for ¢ =
0.4,0.6,0.8,1.0;2 =y=0.1,0.2,0.8,0.4

0.0, 1.0, 2.0, 3.08

B =0.4

B =0.6

B =0.8

=10

x

Y

v(x,y,t)

v(x,y,t)

v(x’ y’ t)

v(x,y,t)

0.0

0.1

0.1

1.000000000

1.000000000

1.000000000

1.000000000

0.2

0.2

1.000000000

1.000000000

1.000000000

1.000000000

0.3

0.3

1.000000000

1.000000000

1.000000000

1.000000000

0.4

0.4

1.000000000

1.000000000

1.000000000

1.000000000

0.5

0.5

1.000000000

1.000000000

1.000000000

1.000000000

1.0

0.1

0.1

4.108335456

3.623262679

3.108590292

2.666666667

0.2

0.2

4.108335456

3.623262679

3.108590292

2.666666667

0.3

0.3

4.108335456

3.623262679

3.108590292

2.666666667

04

0.4

4.108335456

3.623262679

3.108590292

2.666666667

0.5

0.5

4.108335456

3.623262679

3.108590292

2.666666667

2.0

0.1

0.1

6.441661226

6.858555808

6.760245101

6.333333333

0.2

0.2

6.441661226

6.858555808

6.760245101

6.333333333

0.3

0.3

6.441661226

6.858555808

6.760245101

0.4

0.4

6.441661226

6.858555808

6.760245101

0.5

0.5

6.441661226

6.858555808

6.760245101

3.0

0.1

0.1

8.726555482

10.86486167

12.82721870

13.00000000

0.2

0.2

8.726555482

10.86486167

12.82721870

13.00000000

0.3

0.3

8.726555482

10.86486167

12.82721870

13.00000000

0.4

0.4

8.726555482

10.86486167

12.82721870

13.00000000

0.5

0.5

8.726555482

10.86486167

12.82721870

13.00000000

Table 6 shows that the approximate solution of v(x, v, t) using MLVIM converges to the exact solution of

equation (58). The solutions converge to the exact solution for the given values of ¢, x, vy and «.
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Table 7: Approximate Solution of w(x,y,t) for
0.4,0.6,0.8,1.0;2 =y=0.1,0.2,0.8,0.4

equation (58)
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fort =

0.0, 1.0, 2.0, 8.0; ¢

£=04

£=0.6

£=038

£=1.0

x

Y

w(x,y,t)

w(z,y,t)

w(x’ y’ t)

w(x,y,t)

0.0

0.1

0.1

1.000000000

1.000000000

1.000000000

1.000000000

0.2

0.2

1.000000000

1.000000000

1.000000000

1.000000000

0.3

0.3

1.000000000

1.000000000

1.000000000

1.000000000

04

04

1.000000000

1.000000000

1.000000000

1.000000000

0.5

0.5

1.000000000

1.000000000

1.000000000

1.000000000

1.0

0.1

0.1

4.108335456

3.623262679

3.108590292

2.666666667

0.2

0.2

4.108335456

3.623262679

3.108590292

2.666666667

0.3

0.3

4.108335456

3.623262679

3.108590292

2.666666667

0.4

0.4

4.108335456

3.623262679

3.108590292

2.666666667

0.5

0.5

4.108335456

3.623262679

3.108590292

2.666666667

2.0

0.1

0.1

6.441661226

6.858555808

6.760245101

0.2

0.2

6.441661226

6.858555808

6.760245101

6.333333333

0.3

0.3

6.441661226

6.858555808

6.760245101

6.333333333

0.4

0.4

6.441661226

6.858555808

6.760245101

6.333333333

0.5

0.5

6.441661226

6.858555808

6.760245101

6.333333333

3.0

0.1

0.1

8.726555482

10.86486167

12.32721870

13.00000000

0.2

0.2

8.726555482

10.86486167

12.32721870

13.00000000

0.3

0.3

8.726555482

10.86486167

12.32721870

13.00000000

04

04

8.726555482

10.86486167

12.32721870

13.00000000

0.5

0.5

8.726555482

10.86486167

12.32721870

13.00000000

Tables 6 and 7 show that the approximate solutions for v(x, v, t) and w(x, v, t) in equation (58) coincides

for the given values of ¢, x, y; and at 8 and £ respectively. Itis observed that the results are in perfect agreement

with the exact solutions at the given values of ¢, x, y; and .

Table 8: Comparison of MLVIM, [7] for v(x, y, ) and w(z, y, t) for system of equation (58) for values
1=0.0,r=y=0.1,0.2,0.3,04,0.5and 8 = 0.4, 1.0

£=04 £=0.4 £=1.0 £=1.0
t x Y MLIVM Jafarietal. 2018 MLV IM Jafarietal. 2018
0.0 | 0.1 | 0.1 | 1.000000000 1.000000000 1.000000000 1.000000000
0.2 | 0.2 | 1.000000000 1.000000000 1.000000000 1.000000000
0.3 | 0.8 | 1.000000000 1.000000000 1.000000000 1.000000000
0.4 | 0.4 | 1.000000000 1.000000000 1.000000000 1.000000000
0.5 | 0.5 | 1.000000000 1.000000000 1.000000000 1.000000000

The result of Table 8 shows that the values of v(¢, 7) and w(&, 7) are the same and in perfect agreement with

the exact solution. Equally, for the given values of t = 0.0, 2 =y for 0.1 < & < 0.5, the results of MLVIM and
that of [7] are in perfect agreement.

Conclusion

This work introduces Modified Laplace-Variation Iteration Method as a powerful straight forward and efficient

method for solving NFPDEs. The method gives room to compute approximate solutions with elegant com-

putational terms using Caputo sense. The approximate solutions clearly illustrate the simplicity and accuracy
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of the method. It is obvious that the method gives rapidly convergent approximations through the use of the
Lagrange multiplier. It also has more general applications. The numerical results were computed using MAP-
PLE 18. The obtained results are interesting, and of good agreement towards the exact solutions hence, the
method is reliable and efficient.
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