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Abstract
In this article, for Ξ ∈ Aut(𝕆l ), we give an algebraic characterization of a Ξ-cyclic code over 𝕆l , where 𝕆 =

𝔽q + u𝔽q +v𝔽q + uv𝔽q with u2 = u , v2 = v, uv = vu, 𝔽q is a �nite �eld with q elements, q = pm for prime p, positive
integer m and l ∈ ℕ. We determine its generator polynomial and �nd its decomposition over 𝔽q. A necessary
and su�cient condition for a Ξ-cyclic code over 𝕆l to be Euclidean dual containing is given. We de�ne an
orthogonality preserving Gray map. By using CSS construction, we have the parameters of quantum codes
from Ξ-cyclic codes over 𝕆l .

1 Introduction

As quantum error correcting codes protect quantum information, getting optimal quantum error correcting
codes is also important in quantum communication and quantum computation. The �rst quantum codes were
introduced by Shor and independently Steane in [6],[7]. Some authors constructed quantum codes by using
the connection between classical error correcting codes and quantum codes [2].

In [1], Bhagat and Sarma studied (Θ, ΔΘ , a) -cyclic codes on R = 𝔽lq , for an automorphism Θ of R, a Θ−
derivation ΔΘ of R and a ∈ R∗. They obtained quantum error correcting codes from them, by using CSS
constructions.

In this article, we study Ξ-cyclic codes over𝕆l , where 𝕆 = 𝔽q + u𝔽q + v𝔽q + uv𝔽q with u2 = u , v2 = v, uv = vu
and l ≥ 1 constructed using an automorphism. It is worth mentioning that the automorphism class that we
consider is much larger than what is considered in previous work in [8]. We take a more general form of an
automorphism of 𝕆l , namely 𝜉1 × 𝜉2... × 𝜉l , where each 𝜉i is an automorphism of 𝕆, for i = 1, ..., l. Later,
motivated by the previous work in [4], we obtain the parameters of quantum codes from Ξ-cyclic codes over
𝕆l , l ≥ 1.

The paper is organized as follows. Section 2 gives essential preliminaries on skew cyclic codes over 𝔽q and
𝔽lq. Section 3 investigates linear codes over𝕆

l , where𝕆 = 𝔽q+u𝔽q+v𝔽q+uv𝔽q with u2 = u , v2 = v, uv = vu, l ≥ 1.
In section 4, we investigate Ξ-cyclic codes over𝕆l and establish a decomposition of Ξ-cyclic codes over𝕆l . We
�nd generator polynomial of Ξ-cyclic codes over𝕆l . In section 5, we de�ne orthogonality preserving Graymap
from (𝕆l )s to (𝔽q)4sl and we construct quantum codes from Ξ-cyclic codes over 𝕆l using CSS construction.
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2 Preliminaries

The set 𝔽nq = {(r1 , ..., rn) |ru ∈ 𝔽q , u = 1, ..., n} is a vector space over 𝔽q with the usual component-wise addition
and multiplication by scalars, where 𝔽q is a �nite �eld with q = pm elements, for prime p and positive integer
m. A code C𝔽q of length n over 𝔽q is non-empty subset of 𝔽

n
q and a code C𝔽q is a linear code over 𝔽q , if it is a

subspace of 𝔽nq . Let c = (c1 , ..., cn) ∈ C𝔽q , then the Hamming weight of c is de�ned as the number of non-zero
components of c and denoted by wH (c). The Hamming distance between two codewords c, c′ ∈ C𝔽q is given
by dH (c, c′) = wH (c− c′). The minimum distance of C𝔽q is de�ned as dH (C𝔽q ) = min{dH (c, c′) |c ≠ c′ , ∀c, c′ ∈
C𝔽q }.

In [5], it was stated that the distinct automorphisms of 𝔽pm over 𝔽p are exactly the mapping 𝜃1 , ..., 𝜃m−1
de�ned by 𝜃z (𝛼) = 𝛼p

z
for 𝛼 ∈ 𝔽∗pm and 0 ≤ z ≤ m − 1. The automorphisms of 𝔽pm over 𝔽p construct a cyclic

group of order m generated by 𝜃1.
In [1], A. K. Bhagat and R. Sarma investigated (𝜃 , 𝛿𝜃 , 𝛼)-cyclic codes over 𝔽q , where 𝜃 ∈ Aut(𝔽q), 𝛿𝜃 is a

𝜃-derivation, 𝛼 ∈ 𝔽∗q. By taking 𝛿𝜃 = 0, 𝛼 = 1 in section 4, [1], we can write the followings;

An 𝔽q-subspace C𝔽q of 𝔽
n
q is called 𝜃-cyclic code of length n over 𝔽q if T𝜃 ,S𝔽q (C𝔽q ) ⊆ C𝔽q , where T𝜃 ,S𝔽q is a

map of the form T𝜃 ,S𝔽q (c) = 𝜃 (c)S𝔽q , where c = (c0 , ..., cn−1) ∈ 𝔽q , 𝜃 ∈ Aut(𝔽q), 𝜃 (c) = (𝜃 (c0) , ..., 𝜃 (cn−1))
and

S𝔽q =

©­­­­­«
0 1 . . . 0
0 0 1 . . .
...

...
...

. . .
1 0 . . . 0

ª®®®®®¬
∈ Mn×n (𝔽q)

For the polynomial representation;

Λ𝔽q : 𝔽nq −→ 𝔽q [x , 𝜃]/< xn − 1 >

c = (c0 , ..., cn−1) ↦−→ c(x) = c0 + c1x + ... + cn−1xn−1

Let C𝔽q be a subset of 𝔽
n
q . Then C𝔽q is a 𝜃-cyclic code of length n over 𝔽q if and only if Λ𝔽q (C𝔽q ) is a left

𝔽q [x , 𝜃]-submodule of 𝔽q [x , 𝜃]/< xn − 1 >. Moreover Λ𝔽q (C𝔽q ) is generated by a unique monic polynomial
g (x) ∈ 𝔽q [x , 𝜃] and g (x) is a right divisor of xn − 1 in 𝔽q [x , 𝜃].

In [1], by taking a more general form automorphism Θ of 𝔽lq , they investigated (Θ, ΔΘ , a)-cyclic codes over
𝔽lq , where ΔΘ is a Θ-derivation and a ∈ (𝔽lq)∗ , l ∈ ℕ. In [1], the authomorphisms of 𝔽lq were de�ned as

𝜃1 × ... × 𝜃 l : 𝔽lq −→ 𝔽lq

(r1 , ..., rl ) ↦−→ (𝜃1 (r1) , ..., 𝜃 l (rl ))

where 𝜃 i ∈ Aut(𝔽q), for i = 1, ..., l. The set of automorphisms of 𝔽lq like that was presented as

Ω𝔽lq
= {𝜃1 × ... × 𝜃 l |𝜃 i ∈ Aut(𝔽q)} ⊂ Aut(𝔽lq)

By taking ΔΘ = 0, a = 1, we can express the De�nition 4.6 and Theorem 4.8 in [1], as follows;
Let Θ ∈ Ω𝔽lq

. An 𝔽lq-submodule C𝔽lq
of (𝔽lq)s is called Θ-cyclic code of length s over 𝔽lq isTΘ,S

𝔽lq
(C𝔽lq

) ⊆ C𝔽lq
,

whereTΘ,S
𝔽lq
is amap of the formTΘ,S

𝔽lq
(d) = Θ(d)S𝔽lq

, d = (d0 , ..., ds−1) ∈ (𝔽lq)s,Θ(d) = (Θ(d0) , ..., Θ(ds−1)),
dt = (dt ,1 , ..., dt ,l ), Θ(dt) = (𝜃1 (dt ,1) , 𝜃2 (dt ,2) , ..., 𝜃 l (dt ,l )) , for t = 0, ..., s − 1 and

2



Asian J. Math. Appl. (2026) 2026:1

S𝔽lq
=

©­­­­­«
0 1 . . . 0
0 0 1 . . .
...

...
...

. . .
1 0 . . . 0

ª®®®®®¬
∈ Ms×s (𝔽lq)

where 1 = (1, ..., 1) , 0 = (0, ..., 0) ∈ 𝔽lq.
For the polynomial representation;

Λ𝔽lq
: (𝔽lq)s −→ 𝔽lq [x , Θ]/< xs − 1 >

d = (d0 , ..., ds−1) ↦−→ d(x) = d0 + d1x + ... + ds−1xs−1

Let C𝔽lq
be a subset of (𝔽lq)s. Then C𝔽lq

is a Θ-cyclic code of length s over 𝔽lq if and only if Λ𝔽lq
(C𝔽lq

) is a left
𝔽lq [x , Θ]-submodule of 𝔽lq [x , Θ]/< xs − 1 >.

In [1], a linear code C𝔽lq
of length s over 𝔽lq was uniquely written as

C𝔽lq
= e1C𝔽q ,1 ⊕ .... ⊕ elC𝔽q ,l

where C𝔽q ,i = Π̃i (C𝔽lq
) = {(Πi (d0) , ..., Πi (ds−1)) ∈ (𝔽q)s | (d0 , ..., ds−1) ∈ C𝔽lq

} are linear codes of length s over
𝔽q ,

Π̃i : (𝔽lq)s −→ 𝔽 sq

(r0 , ..., rs−1) ↦−→ (Πi (r0) , ..., Πi (rs−1))

Πi : 𝔽lq −→ 𝔽q

rt = (rt ,1 , ..., rt ,l ) ↦−→ rt ,i

where t = 0, 1, ..., s − 1, for i = 1, ..., l and e1 , ..., el standart ordered 𝔽q-basis for 𝔽lq

3 Linear codes over 𝕆l

For l ∈ ℕ, consider the product ring 𝕆l , where 𝕆 = 𝔽q + u𝔽q + v𝔽q + uv𝔽q , u2 = u , v2 = v, uv = vu. Let

Π1 : 𝕆l −→ 𝔽lq

(o1 , ..., ol ) ↦−→ (e1 , e2..., el )

Π2 : 𝕆l −→ 𝔽lq

(o1 , ..., ol ) ↦−→ (e1 + f1 , e2 + f2 , ..., el + fl )

Π3 : 𝕆l −→ 𝔽lq

(o1 , ..., ol ) ↦−→ (e1 + g1 , e2 + g2 , ..., el + gl )

Π4 : 𝕆l −→ 𝔽lq

(o1 , ..., ol ) ↦−→ (e1 + f1 + g1 + h1 , e2 + f2 + g2 + h2 , ..., el + fl + gl + hl )

3
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where oi = ei + u fi + vgi + uvhi , for i = 1, ..., l.
Extend each Πj to Π̃j for j = 1, 2, 3, 4 as follows;

Π̃j : (𝕆l )s −→ (𝔽lq)s

(o0 , ..., os−1) ↦−→ (Πj (o0) , ..., Πj (os−1))

where ot = (ot ,1 , ..., ot ,l ) = (et1 +u f
t
1 +vg

t
1 +uvh

t
1 , ..., e

t
l +u f

t
l +vg

t
l +uvh

t
l ) ∈ 𝕆l , t = 0, ..., s−1, for j = 1, 2, 3, 4.

Let C𝕆l be a linear code of length s over 𝕆
l . For j = 1, 2, 3, 4, de�ne

C j ,𝔽lq = Π̃j (C𝕆l ) = {(Πj (p0) , ..., Πj (ps−1)) ∈ (𝔽lq)s | (p0 , ..., ps−1) ∈ C𝕆l }

then each C j ,𝔽lq is a linear code of length s over 𝔽
l
q , for j = 1, 2, 3, 4 and every linear code C𝕆l can be uniquely

written as
C𝕆l = (1 − u − v + uv)C1,𝔽lq ⊕ (u − uv)C2,𝔽lq ⊕ (v − uv)C3,𝔽lq ⊕ uvC4,𝔽lq

From(*), we have

C𝕆l = (1 − u − v + uv) [e1C1,𝔽q ,1 ⊕ ... ⊕ elC1,𝔽q ,l ] ⊕ (u − uv) [e1C2,𝔽q ,1 ⊕ ... ⊕ elC2,𝔽q ,l ]⊕

(v − uv) [e1C3,𝔽q ,1 ⊕ ... ⊕ elC3,𝔽q ,l ] ⊕ uv[e1C4,𝔽q ,1 ⊕ ... ⊕ elC4,𝔽q ,l ]

where C1,𝔽q ,i , C2,𝔽q ,i , C3,𝔽q ,i , C4,𝔽q ,i are linear codes of length s over 𝔽q , for i = 1, ..., l.

4 Ξ-cyclic codes over 𝕆l

The map

𝜉1 × 𝜉2 × ... × 𝜉l : 𝕆l −→ 𝕆l

(o1 , ..., ol ) ↦−→ (𝜉1 (o1) , ..., 𝜉l (ol ))

is an automorphism of𝕆l where 𝜉i ∈ Aut(𝕆), 𝜉i (oi ) = 𝜉i (ei+u fi+vgi+uvhi ) = 𝜃 i (ei )+u𝜃 i ( fi )+v𝜃 i (gi )+uv𝜃 i (hi ),
𝜃 i ∈ Aut(𝔽q) for i = 1, ..., l.

The set of automorphisms of 𝕆l like that is presented as

Ω𝕆l = {𝜉1 × ... × 𝜉l |𝜉i ∈ Aut(𝕆)} ⊂ Aut(𝕆l )

LetΞ ∈ Ω𝕆l . An𝕆
l-submoduleC𝕆l of (𝕆l )s is calledΞ-cyclic code of length s over𝕆l isTΞ,S

𝕆l
(C𝕆l ) ⊆ C𝕆l ,

whereTΞ,S
𝕆l
is amap of the formTΞ,S

𝕆l
(p) = Ξ(p)S𝕆l , p = (p0 , ..., ps−1) ∈ (𝕆l )s , Ξ(p) = (Ξ(p0) , ..., Ξ(ps−1)) ,

pt = (pt ,1 , ..., pt ,l ) = (at1 + ub
t
1 + vc

t
1 + uvd

t
1 , ..., a

t
l + ub

t
l + vc

t
l + uvd

t
l ), Ξ(pt) = (𝜉1 (pt ,1) , 𝜉2 (pt ,2) , ..., 𝜉l (pt ,l )) =

(𝜃1 (at1) + u𝜃1 (b
t
1) + v𝜃1 (c

t
1) + uv𝜃1 (d

t
1) , ..., 𝜃 l (a

t
l ) + u𝜃 l (b

t
l ) + v𝜃 l (c

t
l ) + uv𝜃 l (d

t
l )) for t = 0, ..., s − 1 and

S𝕆l =

©­­­­­«
0 1 . . . 0
0 0 1 . . .
...

...
...

. . .
1 0 . . . 0

ª®®®®®¬
∈ Ms×s (𝕆l )

where 1 = (1, ..., 1) , 0 = (0, ..., 0) ∈ 𝕆l .

Λ𝕆l : (𝕆l )s −→ 𝕆l [x , Ξ]/< xs − 1 >

p = (p0 , ..., ps−1) ↦−→ p(x) = p0 + p1x + ... + ps−1xs−1

Let C𝕆l be a subset of (𝕆l )s. Then C𝕆l is a Ξ-cyclic code of length s over 𝕆
l if and only if Λ𝕆l (C𝕆l ) is a

left 𝕆l [x , Ξ]-submodule of 𝕆l [x , Ξ]/< xs − 1 >.

4
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Theorem 1 Let C𝕆l = (1 − u − v + uv)C1,𝔽lq ⊕ (u − uv)C2,𝔽lq ⊕ (v − uv)C3,𝔽lq ⊕ uvC4,𝔽lq be a linear code of length
s over 𝕆l , where C1,𝔽lq , C2,𝔽lq , C3,𝔽lq , C4,𝔽lq are linear codes of length s over 𝔽

l
q . Then C𝕆l is a Ξ-cyclic code over 𝕆

l

if and only if each C1,𝔽lq , C2,𝔽lq , C3,𝔽lq , C4,𝔽lq are Θ-cyclic codes of length s over 𝔽
l
q , where Ξ = 𝜉1 × ... × 𝜉l ∈ Ω𝕆l ,

𝜉i (ai + ubi + vci + uvdi ) = 𝜃 i (ai ) + u𝜃 i (bi ) + v𝜃 i (ci ) + uv𝜃 i (di ) for every ai + ubivci + uvdi ∈ 𝕆, for i = 1, ..., l and
Θ = 𝜃1 × ... × 𝜃 l ∈ Ω𝔽lq

, Θ(r) = (𝜃1 (r1) , ..., 𝜃 l (rl )) for every r = (r1 , ..., rl ) ∈ 𝔽lq .

Proof. Let C𝕆l be a Ξ-cyclic code over 𝕆l . Let (𝚷 j (p0) , ..., 𝚷 j (ps−1)) ∈ C j ,𝔽lq , for j = 1, 2, 3, 4 where
p = (p0 , ..., ps−1) ∈ C𝕆l . Let

pt = (pt ,1 , ..., pt ,l ) = (at1 + ub
t
1 + vc

t
1 + uvd

t
1 , ..., a

t
l + ub

t
l + vc

t
l + uvd

t
l ) ,

Ξ(pt) = (𝜉1 (pt ,1) , 𝜉2 (pt ,2) , ..., 𝜉l (pt ,l )) = (𝜃1 (at1) + u𝜃1 (b
t
1) + v𝜃1 (c

t
1) +

uv𝜃1 (dt1) , ..., 𝜃 l (a
t
l ) + u𝜃 l (b

t
l ) + v𝜃 l (c

t
l ) + uv𝜃 l (d

t
l ))

for t = 0, ..., s − 1. Since C𝕆l is a Ξ-cyclic code over 𝕆
l , then

TΞ,S
𝕆l
(p) = Ξ(p)S𝕆l = (1Ξ(ps−1) , Ξ(p0) , ..., Ξ(ps−2))

= ((𝜃1 (as−11 ) + u𝜃1 (bs−11 ) + v𝜃1 (cs−11 ) + uv𝜃1 (ds−11 ) , 𝜃2 (as−12 ) +
u𝜃2 (bs−12 ) + v𝜃2 (cs−12 ) + uv𝜃2 (ds−12 ) , ..., 𝜃 l (as−1l ) + u𝜃 l (bs−1l ) +
v𝜃 l (cs−1l ) + uv𝜃 l (ds−1l )) , ((𝜃1 (a01) + u𝜃1 (b

0
1) + v𝜃1 (c

0
1) + uv𝜃1 (d

0
1 )

, 𝜃2 (a02) + u𝜃2 (b
0
2) + v𝜃2 (c

0
2) + uv𝜃2 (d

0
2 ) , ..., 𝜃 l (a

0
l ) + u𝜃 l (b

0
l ) +

v𝜃 l (c0l ) + uv𝜃 l (d
0
l )) , ..., ((𝜃1 (a

s−2
1 ) + u𝜃1 (bs−21 ) + v𝜃1 (cs−21 ) +

uv𝜃1 (ds−21 ) , 𝜃2 (as−22 ) + u𝜃2 (bs−22 ) + v𝜃2 (cs−22 ) + uv𝜃2 (ds−22 ) ,
..., 𝜃 l (as−2l ) + u𝜃 l (bs−2l ) + v𝜃 l (cs−2l ) + uv𝜃 l (ds−2l ))

= ((𝜃1 (as−11 ) , 𝜃2 (as−12 ) , ..., 𝜃 l (as−1l )) + u(𝜃1 (bs−11 ) , 𝜃2 (bs−12 ) , ..., 𝜃 l (bs−1l ))
+v(𝜃1 (cs−11 ) , 𝜃2 (cs−12 ) , ..., 𝜃 l (cs−1l )) + uv(𝜃1 (ds−11 ) , 𝜃2 (ds−12 ) , ...,
𝜃 l (ds−1l )) , (𝜃1 (a01) , 𝜃2 (a

0
2) , ..., 𝜃 l (a

0
l )) + u(𝜃1 (b

0
1) , 𝜃2 (b

0
2) , ..., 𝜃 l (b

0
l ))

+v(𝜃1 (c01) , 𝜃2 (c
0
2) , ..., 𝜃 l (c

0
l )) + uv(𝜃1 (d

0
1 ) , 𝜃2 (d

0
2 )) , ..., 𝜃 l (d

0
l )) ,

..., (𝜃1 (as−21 ) , 𝜃2 (as−22 ) , ..., 𝜃 l (as−2l )) + u(𝜃1 (bs−21 ) , 𝜃2 (bs−22 ) , ..., 𝜃 l (bs−2l ))
+v(𝜃1 (cs−21 ) , 𝜃2 (cs−22 ) , ..., 𝜃 l (cs−2l )) + uv(𝜃1 (ds−21 ) , 𝜃2 (ds−22 ) , ..., 𝜃 l (ds−2l )))

= ((𝜃1 (as−11 ) , 𝜃2 (as−12 ) , ..., 𝜃 l (as−1l )) , (𝜃1 (a01) , 𝜃2 (a
0
2) , ..., 𝜃 l (a

0
l )) , ..., (𝜃1 (a

s−2
1 )

, 𝜃2 (as−22 ) , ..., 𝜃 l (as−2l ))) + u((𝜃1 (bs−11 ) , 𝜃2 (bs−12 ) , ..., 𝜃 l (bs−1l )) , (𝜃1 (b01) ,
𝜃2 (b02) , ..., 𝜃 l (b

0
l )) , ..., (𝜃1 (b

s−2
1 ) , 𝜃2 (bs−22 )..., 𝜃 l (bs−2l ))) + v((𝜃1 (cs−11 ) ,

𝜃2 (cs−12 )) , ..., 𝜃 l (cs−1l )) , (𝜃1 (c01) , 𝜃2 (c
0
2) , ..., 𝜃 l (c

0
l )) , ..., (𝜃1 (c

s−2
1 ) , ...,

𝜃 l (cs−2l ))) + uv((𝜃1 (ds−11 ) , 𝜃2 (ds−12 ) , ..., 𝜃 l (ds−1l )) , (𝜃1 (d01 ) , 𝜃2 (d
0
2 ) , ..., 𝜃 l (d

0
l )) ,

..., (𝜃1 (ds−21 ) , 𝜃2 (ds−22 ) , ..., (𝜃 l (ds−2l )))
= (1 − u − v + uv) ((𝜃1 (as−11 ) , 𝜃2 (as−12 ) , ..., 𝜃 l (as−1l )) , (𝜃1 (a01) , 𝜃2 (a

0
2) , ...,

𝜃 l (a0l ))..., (𝜃1 (a
s−2
1 ) , ..., 𝜃 l (as−2l ))) + (u − uv) ((𝜃1 (as−11 ) + 𝜃1 (bs−11 ) ,

𝜃2 (as−12 ) + 𝜃2 (bs−12 ) , ..., 𝜃 l (as−1l ) + 𝜃 l (bs−1l )) , (𝜃1 (a01) + 𝜃1 (b01) , 𝜃2 (a
0
2) +

𝜃2 (b02) , ..., 𝜃 l (a
0
l ) + 𝜃 l (b0l ))..., (𝜃1 (a

s−2
1 ) + 𝜃1 (bs−21 ) , ..., 𝜃 l (as−2l ) + 𝜃 l (as−2l )))

+(v − uv) (((𝜃1 (as−11 ) + 𝜃1 (cs−11 ) , 𝜃2 (as−12 ) + 𝜃2 (cs−12 ) , ..., 𝜃 l (as−1l ) +
𝜃 l (cs−1l )) , (𝜃1 (a01) + 𝜃1 (c01) , 𝜃2 (a

0
2) + 𝜃2 (c02) , ..., 𝜃 l (a

0
l ) + 𝜃 l (c0l )) , ...,

(𝜃1 (as−21 ) + 𝜃1 (cs−21 ) , ..., 𝜃 l (as−2l ) + 𝜃 l (cs−2l ))) + uv((𝜃1 (as−11 ) + 𝜃1 (bs−11 ) +
𝜃1 (cs−11 ) + 𝜃1 (ds−11 ) , ..., 𝜃 l (as−1l ) + 𝜃 l (bs−1l ) + 𝜃 l (cs−1l ) + 𝜃 l (ds−1l )) , (𝜃1 (a01)
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+𝜃1 (b01) + 𝜃1 (c01) + 𝜃1 (d01 ) , ..., 𝜃 l (a
0
l ) + 𝜃 l (b0l ) + 𝜃 l (c0l ) + 𝜃 l (d0l ))..., (𝜃1 (a

s−2
1 )

+𝜃1 (bs−21 ) + 𝜃1 (cs−21 ) + 𝜃1 (ds−21 ) , ..., 𝜃 l (as−2l ) + 𝜃 l (bs−2l ) + 𝜃 l (cs−2l ) + 𝜃 l (ds−2l )))

Hence TΞ,S
𝕆l
(p) ∈ C𝕆l . So for every (𝚷 j (p0) , ..., 𝚷 j (ps−1)) ∈ C j ,𝔽lq , we have (Θ(𝚷 j (ps−1)) , Θ(𝚷 j (p0)) ,

..., Θ(𝚷 j (ps−2))) ∈ C j ,𝔽lq , for j = 1, 2, 3, 4. Therefore C j ,𝔽lqare Θ-cyclic codes over 𝔽
l
q , for j = 1, 2, 3, 4. The

other way can be easily seen that.

Theorem 2 LetC𝕆l = (1−u−v+uv)C1,𝔽lq ⊕ (u−uv)C2,𝔽lq ⊕ (v−uv)C3,𝔽lq ⊕uvC4,𝔽lq be aΞ-cyclic code of length s over
𝕆l , where C j ,𝔽lq is a linear code of length s over 𝔽

l
q , for j = 1, 2, 3, 4. Then there exists gj ,i (x) ∈ 𝔽q [x] for i = 1, 2, 3, 4

and j = 1, .., l such that C𝕆l =< g (x) >=< (1 − u − v + uv)g1 (x) + (u − uv)g2 (x) + (v − uv)g3 (x) + uvg4 (x) >,
where gj (x) = (gj ,1 (x) , gj ,2 (x) , ..., gj ,l (x)), for j = 1, 2, 3, 4. Moreover g (x) is a right divisor of xs −1 in𝕆l [x , Ξ].

Proof. It is easily seen the proof of Theorem 4.11 in [1].

5 Gray Map

We de�ne the Gray map as follows

Ψ : (𝕆l )s −→ (𝔽lq)4s

p = (p0 , ..., ps−1) ↦−→ (Π̃1 (p) , ..., Π̃4 (p)) = z

where z = (Π1 (p0) , ..., Π1 (ps−1) , Π2 (p0) , ..., Π2 (ps−1) , Π3 (p0) , ..., Π3 (ps−1) , Π4 (p0) , ..., Π4 (ps−1)) and
pt = (at1 + ub

t
1 + vc

t
1 + uvd

t
1 , ..., a

t
l + ub

t
l + vc

t
l + uvd

t
l ), for t = 0, ..., s − 1 and

Ψ : (𝔽lq)4s −→ 𝔽4slq

z ↦−→ y

where y = (Π1 (p0)S , ..., Π1 (ps−1)S , Π2 (p0)S , ..., Π2 (ps−1)S , Π3 (p0)S , ...,
Π3 (ps−1)S , Π4 (p0)S , ..., Π4 (ps−1)S) and S ∈ GL(l , 𝔽q).

The Gray weight of an element p ∈ (𝕆l )s is de�ned as

wG (p) =
s−1∑︁
t=0

4∑︁
j=1

wH (Πj (pt)S)

For any two distinct codewords p, p
′ ∈ C𝕆l , the Gray distance is de�ned as dG (p, p

′) = wG (p − p
′). The mini-

mumGray distance of the linear codeC𝕆l over𝕆
l )s denoted by dG (C𝕆l ) = dG is equal tomin{dG (p, p

′) |∀p, p′ ∈
C𝕆l , p ≠ p

′}.

Theorem 3 The Gray map Ψ ◦ Ψ = Φ is a linear and distance preserving map from (𝕆l )s (Gray Distance) to 𝔽4slq
(Hamming Distance).

Theorem 4 If C𝕆l is a linear code of length s over 𝕆
l with minimum Gray distance dG and size M, then Φ(C𝕆l ) is an

𝔽q linear code with parameters (4sl ,M , dH ) with dG = dH .

Theorem 5 LetC𝕆l be a linear code of length s over𝕆
l . ThenΦ(C𝕆l ) is Euclidean dual containing ifC𝕆l is Euclidean

dual containing provided S.ST = 𝜆 Il , where S ∈ GL(l , 𝔽q), T denotes transpose of a matrix and 𝜆 ∈ 𝔽∗q .

Proof. Let n = (n0 , ..., ns−1) , f = (f0 , ..., fs−1) ∈ C𝕆l ,where nt = (at1 + ub
t
1 + vc

t
1 + uvd

t
1 , ..., a

t
l + ub

t
l + vc

t
l +

uvdtl ) , ft = (et1 + u f
t
1 + vg t1 + uvh

t
1 , ..., e

t
l + u f

t
l + vg tl + uvh

t
l ), for t = 0, ..., s − 1. Since < n, f >E = 0, it is easily

seen that

< Φ(n) , Φ(f) >E =

s−1∑︁
t=0

Π1 (nt)S.ST (Π1 (ft))T +
s−1∑︁
t=0

Π2 (nt)S.ST (Π2 (ft))T = 0

where S ∈ GL(l , 𝔽q). The desired result is obtained as the proof of Theorem 5.4 in [1].
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Theorem 6 [4] Let C𝔽q =< g (x) > be a 𝜃-cyclic code of length n over 𝔽q such that n is a multiple of ord(𝜃) and
𝜃 ∈ Aut(𝔽q).ThenC𝔽q contains its dual if and only if h

∗ (x)h(x) is divisible by xn−1 on the right, where xn−1 = h(x)g (x)
and h∗ (x) = 𝛽n−1 + 𝜃 ( 𝛽n−s−1)x + ... + 𝜃n−s ( 𝛽0)xn−s , for h(x) = 𝛽0 + 𝛽1x + ... + 𝛽n−1xn−1.

Theorem 7 Let C𝕆l = (1 − u − v + uv) [e1C1,𝔽q ,1 ⊕ ... ⊕ elC1,𝔽q ,l ] ⊕ (u − uv) [e1C2,𝔽q ,1 ⊕ ... ⊕ elC2,𝔽q ,l ] ⊕ (v −
uv) [e1C3,𝔽q ,1 ⊕ ... ⊕ elC3,𝔽q ,l ] ⊕ uv[e1C4,𝔽q ,1 ⊕ ... ⊕ elC4,𝔽q ,l ] be a Ξ-cyclic code of length s over 𝕆l such that s is a
multiple of ord( Ξ = 𝜉1 × ... × 𝜉l ) and Ξ ∈ Ω𝕆l . Let C j ,𝔽q ,i =< gj ,i (x) > and xs − 1 = h j ,i (x)gj ,i (x) = gj ,i (x)h j ,i (x),
for h j ,i (x) , gj ,i (x) ∈ 𝔽q [x , 𝜃]. ThenC𝕆l

⊥ ⊆ C𝕆l if and only if h
∗
j ,i (x)h j ,i (x) is divisible by x

s − 1, for j = 1, 2, 3, 4
and i = 1, ..., l.

Corollary 8 Let C𝕆l = (1 − u − v + uv) [e1C1,𝔽q ,1 ⊕ ... ⊕ elC1,𝔽q ,l ] ⊕ (u − uv) [e1C2,𝔽q ,1 ⊕ ... ⊕ elC2,𝔽q ,l ] ⊕ (v −
uv) [e1C3,𝔽q ,1 ⊕ ... ⊕ elC3,𝔽q ,l ] ⊕ uv[e1C4,𝔽q ,1 ⊕ ... ⊕ elC4,𝔽q ,l ] be a Ξ-cyclic code of length s over 𝕆l such that s is
a multiple of ord(Ξ = 𝜉1 × ... × 𝜉l ) = lcm[ord(𝜉1) , ..., ord(𝜉l )] and Ξ ∈ Ωl

𝕆
. Then C𝕆l

⊥ ⊆ C𝕆l if and only if
C⊥
j ,𝔽q ,i

⊆ C j ,𝔽q ,i , for j = 1, 2, 3, 4 and i = 1, ..., l.

Theorem 9 [2] (CSS Construction) Let C1 and C2 be [n , k1 , d1] and [n , k2 , d2] linear codes over 𝔽q respectively with
C⊥
2 ⊂ C1. Futhermore, let d = {d1 , d2}. Then there exists a QECC, with parameters [[n , k1+k2−n , d]]q . In particular,
if C⊥

1 ⊆ C1, then there exists a QECC with parameters [[n , 2k1 − n , d]]q .

Theorem 10 LetC𝕆l = (1 − u − v + uv) [e1C1,𝔽q ,1 ⊕ ... ⊕ elC1,𝔽q ,l ] ⊕ (u − uv) [e1C2,𝔽q ,1 ⊕ ... ⊕ elC2,𝔽q ,l ] ⊕ (v −
uv) [e1C3,𝔽q ,1 ⊕ ... ⊕ elC3,𝔽q ,l ] ⊕ uv[e1C4,𝔽q ,1 ⊕ ... ⊕ elC4,𝔽q ,l ] be a Ξ-cyclic code of length s over 𝕆l such that s is
a multiple of order Ξ = 𝜉1 × ... × 𝜉l . If C⊥

j ,𝔽q ,i
⊆ C j ,𝔽q ,i , for j = 1, 2, 3, 4 and i = 1, ..., l, then C𝕆l

⊥ ⊆ C𝕆l and

there exists a quantum error correcting code with parameters [[(4sl , ∑l
i=1

∑4
j=1 k j ,i − 4sl , dH ]]q , where dH denotes the

Hamming distance of the code Φ(C𝕆l ) and k j ,i = s−deg gj ,i (x), for i = 1, ..., l and j = 1, 2, 3, 4.

Example 11 Let 𝔽8 = 𝔽2 [𝛼] be the �eld of order 8, where 𝛼3 = 𝛼 +1. Let l = 2, s = 6 andΘ = 𝜃 × 𝜃2 ∈ Ω𝔽28
, where

𝜃 is the Frobenius automorphism of 𝔽8. If C1,𝔽8 ,i = C2,𝔽8 ,i =
〈
g1,i (x) = g2,i (x) =

(
𝛼 + 𝛼2

)
(1 + x) + 𝛼

(
x2 + x3

)〉
,

C3,𝔽8 ,i = C4,𝔽8 ,i =
〈
g3,i (x) = g4,i (x) =

(
1 + 𝛼2

)
(1 + x) +

(
𝛼 + 𝛼2

) (
x2 + x3

)〉
for i = 1, 2, thenC1,𝔽28 , C2,𝔽28 , C3,𝔽28

and C4,𝔽28 are Θ-cyclic codes of length 6 over 𝔽
2
8. So, C𝕆2 is an Ξ-cyclic codes of length 6 over 𝕆2. Moreover, we have

h1,i (x) = h2,i (x) = (1 + 𝛼)
(
1 + x2

)
+

(
𝛼2 + 1

) (
x + x3

)
h∗1,i (x) = h∗2,i (x) =

(
1 + 𝛼2

)
(1 + x) + (1 + 𝛼)

(
x2 + x3

)
h3,i (x) = h4,i (x) = 𝛼 +

(
𝛼 + 𝛼2

)
x +

(
1 + 𝛼2

)
x2 + (1 + 𝛼) x3

h∗3,i (x) = h∗4,i (x) = (1 + 𝛼) (1 + x) + 𝛼

(
x2 + x3

)
for i = 1, 2. So x6 − 1 is divisible by gj ,i (x) h∗j ,i (x) for i = 1, 2, j = 1, 2, 3, 4. Then C⊥

𝕆2 ⊆ C𝕆2 . If S =(
1 1 + 𝛼 + 𝛼2

1 + 𝛼 + 𝛼2 1

)
, thenΨ(Ci ,𝔽28 ) is a [12, 6, 6] linear code over 𝔽8 for i = 1, 2, 3, 4. Hence Φ(C𝕆2 ) is a

[48, 24, 6] linear code over 𝔽8. Hence, by Theorem 10, we have a quantum code with [[48, 0, 6]].

6 Conclusion

We take amore general form of an automorphism of𝕆l , namely 𝜉1×𝜉2...×𝜉l , where each 𝜉i is an automorphism
of 𝕆, for i = 1, ..., l. We introduce the algebraic structure of Ξ-cyclic codes over𝕆l and obtain the parameters
of quantum codes from Ξ-cyclic codes over 𝕆l , l ≥ 1.
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