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Abstract

In this article, for 2 € Aut(0), we give an algebraic characterization of a Z-cyclic code over 0, where O =
F, +uF, +vF, +uvF, with % = u, v? = v, uv = vu, F, is a finite field with ¢ elements, g = p™ for prime p, positive
integer m and [ € N. We determine its generator polynomial and find its decomposition over ;. A necessary
and sufficient condition for a E-cyclic code over @' to be Euclidean dual containing is given. We define an
orthogonality preserving Gray map. By using CSS construction, we have the parameters of quantum codes

from E-cyclic codes over OF.

1 Introduction

As quantum error correcting codes protect quantum information, getting optimal quantum error correcting
codes is also important in quantum communication and quantum computation. The first quantum codes were
introduced by Shor and independently Steane in [6],[7]. Some authors constructed quantum codes by using
the connection between classical error correcting codes and quantum codes [2].

In [1], Bhagat and Sarma studied (®, Ag, a) -cyclic codes on R = [Ffl, for an automorphism ©® of R, a ©—
derivation Ag of R and a € R*. They obtained quantum error correcting codes from them, by using CSS
constructions.

In this article, we study E-cyclic codes over O, where O = F, +uF, +vF, + uvF, with «? = u, v* = v, uv = vu

and [ > 1 constructed using an automorphism. It is worth mentioning that the automorphism class that we
consider is much larger than what is considered in previous work in [8]. We take a more general form of an
automorphism of 0%, namely & X &... x &, where each & is an automorphism of O, for: = 1, ..., [. Later,

motivated by the previous work in [4], we obtain the parameters of quantum codes from E-cyclic codes over
o, l>1.

The paper is organized as follows. Section 2 gives essential preliminaries on skew cyclic codes over F, and

2=y, uv=vu,l> 1.

[Ffl. Section 3 investigates linear codes over @l, where O = F,+ulF,+vF,+uvlF, with u? = u,v
In section 4, we investigate E-cyclic codes over @' and establish a decomposition of Z-cyclic codes over O!. We
find generator polynomial of E-cyclic codes over O'. In section 5, we define orthogonality preserving Gray map

from (0% to ([Fq)‘”l and we construct quantum codes from E-cyclic codes over @' using CSS construction.
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2 Preliminaries

The set Fy = {01, .., ru)lr € Fyyu =1, ..., n}isavector space over [, with the usual component-wise addition
and multiplication by scalars, where F, is a finite field with ¢ = p™ elements, for prime p and positive integer
m. A code Cf, of length n over F, is non-empty subset of F and a code Cf, is a linear code over F, if it is a
subspace of . Let ¢ = (c1, ..., ¢x) € Cf,, then the Hamming weight of ¢ is defined as the number of non-zero
components of ¢ and denoted by wy; (c). The Hamming distance between two codewords ¢, ¢ € Cf, is given
by dp (¢, ¢) = wgr (¢ — ¢ ). The minimum distance of Cf, is defined as dyy (Cf,) = min{dpy (c, c)lc#c, Ve, ¢ €
C[Fq}-

In [5], it was stated that the distinct automorphisms of F,» over [F, are exactly the mapping 61, ..., 0,1
defined by 6. () = " fora € F,. and 0 < z < m — 1. The automorphisms of Fyn over F, construct a cyclic
group of order m generated by 6.

In [1], A. K. Bhagat and R. Sarma investigated (8, 64, @)-cyclic codes over F,, where 8 € Aut(F,), 6q is a
@-derivation, @ € F,- By taking 69 = 0, @ = 1 in section 4, [1], we can write the followings;

An Fy-subspace Cf, of F is called §-cyclic code of length n over [, if T(.)’S[Fq (Cg,) € Ck,, where Ty, S5, 18 @
map of the form TQ,S[FG (c) = 6(c)Sk,, where ¢ = (co, ..., cu-1) € Fy, 0 € Aut(Fy), 0(c) = (6(co), .-, 0(cn-1))
and

0 1 0
0o o0 1 ...
S[F,, = . . . . S Mnxn(l]:q)
1 0 0
For the polynomial representation;
Ap, : F — Flx,0]/<a"-1>
c = (cop,eesCpo1) o c(x) =co+crx+... + ey !

Let Cf, be a subset of - Then Cr, is a 6-cyclic code of length n over F, il and only if Ap,(Cg,) is a left
F, [z, 8]-submodule of F, [z, 8] /< " = 1 >. Moreover A, (Cf,) is generated by a unique monic polynomial
g(x) € Fy[x, 6] and g () is a right divisor of 2" — 1 in F, [z, 6].

In [1], by taking a more general form automorphism © of [Fé, they investigated (0, Ag, a)-cyclic codes over
[Ffl, where Ag is a ®-derivation and a € (U:fi)*, [ € N. In [1], the authomorphisms of [Ffl were defined as

01 X...xX0; : [Ff]—>lFfl
(71, ooy 1) = (01(11), ---, 0,(11))

where 0; € Aut(F;), fori =1, ..., [. The set of automorphisms of D:é like that was presented as

Qp = {01 x ... x )16 € Aut(F))} Aut(F)
By taking Ag = 0, a = 1, we can express the Definition 4.6 and Theorem 4.8 in [1], as follows;
Let® € Q[Fl' An [Fl -submodule C[Fl of ([Fl )* is called ®-cyclic code of length s over [Ffi is TQ’S# (('[le) - C[F{,’
] q

where Tg Sy is a map of the form Ty Sy (d) = @(d)S[Fz = (do, ...,ds_1) € ([Ff])", 0(d) = (0(dy), ..., O(ds_1)),
de = (d1, -.r dpp), ©(d) = (01(dy,1), 92(01: 9), - 01(dy 1)), fort =0, ..., s = 1 and
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0 1 0
o0 1 ...
Se=l . . . . |€ Moxs(F))
1 0 0
where 1=(1,...,1),0=(0, ...,0) € F,.
For the polynomial representation;
Ag (F) — Flz,0]/<2 -1 >

d = (do,....,ds-1) — d(x)=do+diz+... +ds_12’!

Let C[F{, be a subset of ([Ffi)s. Then CH is a ®-cyclic code of length s over [Ffl if and only if A[FfI(C[F!I) is a left
[Ffl[x, ©]-submodule of[FfI[x, Ol/<x' -1 >.

In [1], a linear code Cp of length s over [Ff] was uniquely written as
q
C[Fz = CIC[FI 1®....8¢CF
A 2 o

where Cf,; = ﬁ;(C[Fé) = {(IL;(do), ..., I;(ds-1)) € (F)’(do, ..., ds-1) € C[F;} are linear codes of length s over

F,

0 : (F) —F
(I'(), ceey I's—l) L (Hi(r()), (R Hi(rs—l))

I : F—F,

e = (rt,l) (A r[,l) — rt,i

wheret=0,1,...,s—1,fori=1, ...,/ and eq, ..., ¢ standart ordered [F,-basis for [Fé

8 Linear codes over O’

For [ € N, consider the product ring 0!, where O = Fy + ulF, +vF, + uvlF,, u? =u,v?=v,uv =vu. Let

H] : @l—>ﬂ:2

(011 ceey 01) — (elf €9..-) 6[)

I, @l—>[|:f]

(01, .ecs0p) V> (e1 + f1, e9+ fo, .o, e + )

g : @l—)FfZ

(01, .y 01) V> (e1 + g1, €9+ g9, -..s € + &)

Iy ®1—>[Ff]

(01,..,0)— (e1+fi+gi+hi,ea+ fo+go+he, ..o+ fi+g+h)
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where 0; = ¢; +uf; +vg; + uvh;, fori =1, ..., L.
Extend each II; to ﬁj forj=1,2,3,4 as follows;

M : (@) — F)
(001 CEXS) 0571) — (Hj(OO)’ LX) Hj(os—l))

where o¢ = (0,1, ..., 01,1) = (e} +uf| +vg| +uvh!, ..., e;+u]§‘+vg;+uvhf) €e0,:=0,..5-1,forj=1,2,8,4.
Let C g be alinear code of length s over O!. Forj=1,2,8,4, define

C,p = (Cor) = {((po), .., W(ps-1)) € (F)'I(Po, ---, Ps-1) € Cot}

then each Cj g is a linear code of length s over [Ffl, forj =1, 2, 8, 4 and every linear code Cg: can be uniquely
»Tg
written as

Co=(1-u-v+ uv)Cl,[qu ® (u— uv)CQ,[F{] & (v-— m})C&[qu ® W’C4,[F§
From(*), we have

Co=(-u-v+u)le1Crp,1®...0€C1f, 1] @ (u-uv)[erCor,1®... 0 e o, |0

(v-uv)[e1C3p,1 ®...0 C[C3’[Fq’[] ®uvle1Cyp, 19 ... ® egC4,[pq’[]

where C1 F, i, CoF,i» Cs,F,i» C,F,,i are linear codes of length s over F, fori =1, ..., [.

4  E-cyclic codes over O/
The map
i xégx..xg + 00— 0O
(01, ..., 01) /> (&1(01), -, &1(01))

is an automorphism of O' where & € Aut(0), & (0;) = & (ei +uf;+vgi+uvh;) = 0;(e;)+ub; (f;)+v0; (g) +uvd; (h;),
0; € Aut(F,) fori =1, ..., 1
The set of automorphisms of @' like that is presented as

Qg = {£1 X ... X &|¢; € Aut(0)} € Aut(Q))
LetE € Qgi. An 0! -submodule Cgi of (0')* is called E-cyclic code of length s over O' is Tzs,, (Cy) € Cq,
where Tz, isamap of the form Tz s, (p) = E(p)Sqr, p = (Pos -+ Ps-1) € (0')*, E(p) = (E(p0), ---» E(Ps-1)),

Du= (Putr o Prg) = (d + bl 4o, +uod . a+ub +vc! +avd'), E(po) = (E1(p1), E0(pr2)s o E1(pr)) =
(01(a}) +ub1(b)) +001(ch) +uvd1(dY), ..., 01(a;) +ub; (b)) +06,(c)) +uvh(d))) fort =0, ...,s — 1 and

o1 ... O
o0 1 ...

So=| . . . . |eMx(@)
1 0 ... O

where 1=(1,...,1),0=(0, ..., 0) € Q.

Ag @ (O — Oz, E]/<2’ 1>
P = (Po,.., Ps-1) = p(2) =po +P1a +... + py_12’

Let C g be a subset of (0"). Then Cy is a BE-cyclic code of length s over 0! if and only if Agi(Cg) is a
left O![x, E]-submodule of O'[z, E] /< 2* = 1 >.
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Theorem 1 Let Coy = (1 —u —v+uv)C) g & (u —uv)Coy g & (v —uv)Cq p @& uvCy p be a linear code of length
B g »Fq ar
s over O, where C 16 Co s Cq g, Cp i oare linear codes of length s over ﬂ:é. Then C g is a E-cyclic code over o
g g r 3
if and only if each Cl,[Ff,’ CQ,[FQ’ C3,[F{,’ C4’”Efz are ©-cyclic codes of length s over [F[q, where B = &1 X ... X & € Qq,
&i(a; +ub; +ve; +uvd;) = 0;(a;) +ub;(b;) +v0;(c;) + uvb;(d;) for every a; + ubjvc; +uvd; € O, fori =1, ..., 1 and
©=01X...x0; € Qu, O(r) = (01(r1), ..., 01(ry)) for every x = (r1, ..., ;) € F.
q

Proof. Let C be a E-cyclic code over 0. Let (IL;(po), ..., Mj(ps—1)) € Cj,[Fé, forj = 1,2, 3,4 where
pP= (pO, [XX) ps—]) € C@I. Let

‘ ‘ ’ ‘ ‘ ‘ / !
pe = (P15 P10) = (@] +ub| +vey +uvd,, ..., ay +ub, +ve; +uvd)),

E1(Pe,1)5 E9(Pr2)s oo E1(Pr1)) = (01(a)) +ub1 (b)) +001(ch) +
uvfy(dy), ..., 0;(ay) +uby(by) +v60;(c;) +uvb;(d}))

E(pv)

fort =0, ..., s — 1. Since Gy is a E-cyclic code over 0!, then

Tzs,, (p) E(p)Sq = (1E(ps-1), E(Po), -, E(Ps-2))

= ((01(a]") +ub1(BSY) + 001 () +uvd (4571, B (ay ) +
ubs(by") +v09(cy ) +uvba(dy ), ..., 0,(a 1) +uby(b)7") +
00,(c;™") +wwd (&), ((01(a)) +u81 (b)) +061 () +uvdy (dY)
, 02(ad) +ubs(by) +v09(cy) +uvby(dy), ..., 6;(a)) +ub, (b)) +
00,(c) + w0 (D), ..., (01(a52) +uby (b72) +001(c2) +
w0l (d572), 02(ay2) +ubo (b5 2) +v0e(cy?) +uvby(dy ?),
e Gg(a;_g) +ub; (b;_Q) + ”(191(6;_2) +uvb; (d;_g))

= ((01(a]), Ba(ayh), .., O1(a)™") +u(01(6]7), B2(b57"), ..., 0,(6)71))
+0(01(c5h), 02(c5h), ooy 010N +uv(01(d7h), Ba(dyh), ..,
01(di™")), (01(a)), 02(ay), .., 01(a))) +u(B1(8Y), 02(bY), .., 0,(b))
+0(01(c)), B2(cy), ..., 0,(c))) +uv(01(dY), O2(dy)), ..., 6,(d})),
ey (01(a772), 02(a572), .y 01(a72)) +u(01(b772), 02(b572), ..., 6,(5)72))
+0(01(c572), 02(c52), ..y 01(c]7) +uv(01(d572), B(d52), ..., 0,(d;72)))

= ((01(a7), 09(ay™"), ..y 01()7")), (81(a)), 09(ay), .., O1(a))), ..., (B1(aj"?)
 09(ay®), .., 01(a]7%) +u((O1(6]7), O2(by™), ..., B1(6)1)), (01 (0)),
09(b9), -.er (b)), ..oy (01(6172), 09(b52)..., 01(6]))) +0((01 (D),
02(c5™M)),s ey O1(c7N)), (B1(c)), Ba(cd), ooy B1(e))), ey (B1(c57D, .o,
01(c]7)) +uv((81(di), Oa(dy™), ..., 01(d™1), (01(d)), 09(dy), ..., 0:1(d})),
o (01(d572), 09(d57?), .., (01(d;%)))

= (I-u-v+uw)((01(a]"), 02(a5h), ..y O1(a71)), (B1(a)), Ba(ay), ...,
01(a)))..., (01(a}®), ..., 01(a]™®))) + (u — uv) ((O1(a5") + 01(b77"),
Og(ay™) +02(b5"), .., 01(a;™") + 0,(b]71)), (01(a)) +01(8Y), Ba(ag) +
02(69), ..., 01(a)) + 0,(b)))...., (01(a?) +01(672), ..., 01(a)%) + 6,(¢72)))
+(0 = w0) (((01(a7) +01(c7h), Ba(ay ™) +0a(cy ™), oo 0@ +
01(c])), (01(a)) +01(c)), 09(ag) + 0a(cy), .., () +6,(c))), ...,
(01(a7®) +01(c]72), .., 01(a) ™) + 0,(c]7%))) +uv((01 (a7 ) + 01 (b7 +
01(cy) +01(dh), o, 00(g ) + 0,57 + 0,(c) + 0,(df)), (01(a))
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+01 (b)) +01(c)) +01(d)), ..., 0,(a)) + 0,(8)) + 0,(c)) + 0,(d)))..., (01 (a}™®)
$01(07) + 012 4 01 (A7), o 1a) + 01 (B) % 01(e]7) + 6,(d57)
Hence Tz s, (p) € - So for every (Ij(po), .., Ij(ps-1)) € C; g, we have (©(I1(ps-1)), ©(T;(po)),
., O(I0; (ps—2))) € Cj,[Ff,’ for j =1, 2, 8, 4. Therefore Cj’[Ff]are ®-cyclic codes over [Ffi, forj=1,2,3,4. The
other way can be easily seen that. m
Theorem 2 Let Cy = (1 —u—v+uv)C1,[Ffl @(u—uv)CQ,[Fz @(v—uv)C;_;,[Ffl Gaqu4,[Fé be a B-cyclic code of length s over
O, where Cj,[FE, is a linear code of length s over [Ff], Jorj=1,2,38,4. Then there exists gj ; (x) € Fy[x] fori =1,2,3,4
and j =1, .., such that C o =< g(x) >=< (1 —u —v +uv)gi(x) + (u — uv)ge(x) + (v — uv)gs(x) +uvgs(x) >,
where gj(x) = (gj,1(x), gj,2(x), ..., gj,1(x)), for j = 1, 2, 8, 4. Moreover g(x) is a right divisor of x* — 1 in O'[z, E].

Proof. It is easily seen the proof of Theorem 4.11in [1]. m

5  Gray Map

We define the Gray map as follows
Yo (@) —
P = (po, .., ps-1) > (I (p), ..., Ta(p)) = 2
where z = (IL1(po), --., M1 (ps-1), H2(po), ..., Ho(ps-1), M3 (po), ..., M3 (ps-1) , Ma(po), ..., Ma(ps-1)) and
pt = (01‘1 +ubt1 +vc‘1 +uvdi, s aZ‘ +ub1t +'0clZ +uvd;), fort=0,...,s—1and
. (I]:é)éls _ I]:;lsl

ZI—)y

where y = (II1 (po)S, ..., M1 (ps-1)S, Ma(po)S, ..., Ma(ps-1)S, M3(po)S, ...,
M3(ps-1)S, M4(po)S, ..., Mg (ps-1)S) and S € GL(L, F,).

The Gray weight of an element p € (')’ is defined as

s—1 4
we(p) = ), ) wi (T(p)S)
j=1

t

I
[e=}

For any two distinct codewords p, p’ € C gy, the Gray distance is defined as d; (p, p') = wg (p — p ). The mini-
mum Gray distance of the linear code Cgr over 0%)* denoted by dg; (Cot) = dg is equal to min{dg (p, p)|Vp, p €
Co,p#p}.

Theorem 8 The Gray map ¥ o ¥ = ® is a linear and distance preserving map from (O)* (Gray Distance) to [ngl
(Hamming Distance).

Theorem 4 If Cyy is a linear code of length s over O with minimum Gray distance d¢; and size M, then D(Cyy) s an
F, linear code with parameters (4sl, M, di) with dg = dp.

Theorem 5 Let C o1 be a linear code of length s over O'. Then ®(C 1) is Euclidean dual containing if C o is Euclidean
dual containing provided S.ST = A1}, where S € GL(I, Fy), T denotes transpose of a matrix and A € F.

Proof. Let n= (ng, ..., ns 1), f = (fo, ..., fi-1) € Cg,where ng = (a} +ub| +vc| +uvdy, ..., af + ubl[ + vc[’ +
uvd;), fi = (et1 +uf1‘ +vgi +uvhtl, e el’ +u]? +vgl‘ +uvh;), fort =0,...,s— 1. Since < n, f > =0, it is easily
seen that

s—1 s—1
<®(n), ®(f) > = > My (n)S.ST (M (£))" + " Ma(n)S.8T My (F)" =0
=0 t=0
where S € GL(I, F;). The desired result is obtained as the proof of Theorem 5.4 in [1]. m
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Theorem 6 [4] Let Cg, =< g(x) > be a 0-cyclic code of length n over ¥, such that n is a multiple of ord(8) and
6 € Aut(F,).Then Cg, contains its dual if and only if h* (x)h(z) is divisible by x" —1 on the right, where 2" ~1 = h(x)g (x)
and h*(x) = Bt + 0(Brs_1)x + ... + 0"(Bo)a"™", for h(x) = Bo + B1x + ... + 12" L.

Theorem 7 Let Cp = (1 —u — v+ uv) [e1Crr,1® ... 0eCiF, 1] @ (u—uv)[erCop, 1 ®...0€eCoF, 1] @ (v—
uo)[e1Csp, 1 @ ... ® CyF, 1] ®uv[e1Cyf, 1 ® ... ® eiCy F, 1] be a E-cyclic code of length s over O such that s is a
multiple of ord( B = &1 X ... x &) and B € Qq. Let Cj, i =< gji(x) > and x* = 1 = h;j ;(x)gj i (x) = gj,i(x)h;, ;: (x),
Jorhji(x), gj.i(x) € F [z, 0]. Then Coi* € Cy if and only ifh;."i(x)hj,i(x) is divisible by x* — 1, for j = 1,2, 3,4
andi=1, ..., 1

Corollary 8 Let Cou = (1 —u —v+uv)[e1Cyf,1 ® ... ®€C1 1] ® (u —uv)[e1Cop, 1 ® ... @ eCoF, 1] & (v -
uv)[e1Cyp, 1 ® ... ® eCyf, 1] ® uv[e1Cyp, 1 ® ... ® eCyf, 1] be a E~cyclic code of length s over O' such that s is
a multiple of ord(E = &1 X ... X &) = lem[ord(&y), ..., ord(&)] and E € Qg. Then Coi™ € Cey if and only if
ij[ﬁ”i CCigisforj=1,2,3,4andi=1,..,1

Theorem 9 [2] (CSS Construction) Let Cy and Cq be [n, k1, d1] and [n, ke, do] linear codes over F, respectively with
Cj C Cy. Futhermore, letd = {d1, do}. Then there exists a QECC, with parameters [[n, k1 +ke—n, d]],. In particular,
if C{- € Cy, then there exists a QECC with parameters [[n, 2ky —n, d]],.

Theorem 10 Let Cg = (1 —u—v+uv)[e1Cr 1 ®...0€Cr 5, 1] ® (u—uv)[e1Cof, 1 ®...0eCof, 1] @ (v-
uwo)[e1Cyp,1 ® ... ® e Cyf, 1] ® uv[e1Cyp,1 @ ... ® eCyf, 1] be a E-cyclic code of length s over O' such that s is
a multiple of order 2 = &1 X ... X &. IfC]%EM. CCir.isJorj=1,2,3,4andi=1,..,1 then Cot € Cqi and
there exists a quantum error correcting code with parameters [ [ (4sl, Zf’:l Z?:l i — 4sl, di1lg, where dp denotes the
Hamming distance of the code ®(C o) and k; ; = s—deg gj i (x), fori=1,...,land j=1,2,38, 4.

Example 11 Let Fg = Fo [a] be the field of order 8, where a® = a+ 1. Let | = 2,5 =6 and ©® = §x 6% € Q[Fg, where

0 is the Frobenius automorphism of Fg. If C1 r,i = Corgi = <g1,i () = g9, () = (@ + ag) (1+x)+a (xg +x3)>,

Cargi = Cargi = (g3, (0) = gu,i (2) = (1+@?) (1 +2) + (@ + @?) (2% +23)) fori = 1,2, then CUF%, C2,[Fg’ C3,[F§
and C 4R are O-cyclic codes of length 6 over [F% So, C g2 is an E-cyclic codes of length 6 over O%. Moreover, we have
hi(x) = hy;(@)=1+a) (l +x2) + (az + 1) <x+x‘3)
B @) = k()= (1 +a/2) (1+2)+ (1 +a) (ch +x3)
hgi(x) = hy;(@x)=a+ (a +a/2)x+ (1 +a2)x2 +(1+a)2®
hy (@) = hy;(@)=(1+a)(l+2)+a (x2 +x3)

fori = 1,2 So 2% — 1 is divisible by gii (x)h]*l(x) Jori =1,27 =1,2,3,4. Then CBQ C Cqe IfS =

1 l+a+a?
l+a+a? 1
[48, 24, 6] linear code over Fg. Hence, by Theorem 10, we have a quantum code with [[48, 0, 6]].

), then ‘I‘(Ci,"gé) isa [12, 6, 6] linear code over Fg fori = 1,2, 3, 4. Hence ®(C g2) is a

6 Conclusion

We take a more general form of an automorphism of O/, namely &1 x&3...x&;, where each &; is an automorphism
of O, fori =1, ..., . We introduce the algebraic structure of E-cyclic codes over O and obtain the parameters
of quantum codes from E-cyclic codes over @', [ > 1.
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