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Abstract

In 2016, Tu et. al. [9] investigated the p-iterated order and p-iterated type of sum and multiplication of
entire or meromorphic functions. In the present paper we introduce (p, ¢)* iterated (a, B) order and type of
meromorphic and entire functions and prove some results to generalize the results of [9].
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1 Introduction and Definitions

The order and type of an entire and meromorphic function have been generalized in several ways. First we
give some definitions of order and type starting from the classical ones of entire and meromorphic functions.

Definition 1.1. [3, 8] Let f be an entire function and M (r, /) = max{|f(2)| : |z| = r}. Then the order and

lower order of an entire function f are defined as

log log M (r, f)

pr= lirrrl) sup Tog 7 ,
and loe log M
Ay = liminf 28108 M. /),
r—co log r
When f is meromorphic, then
, log T'(r, f)
py = limsup ——=
r—00 log r
and loa T
A7 = liminf log T(r,. /)

where T'(r, f) is the Nevanlinna characteristic function of f.

Definition 1.2. [3, 8] Let f(z) be an entire function satisfying 0 < p; < co. Then the type and lower type of

f(2) are defined as
log M(r, f)

oy =limsup v

r—oo
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and
o og M )
by = liminf =520

When f is meromorphic, then the type and lower type of f(z) are defined as

o :hmsupT(T_,f)
PG T
and
_ T(r,[)
ur =liminf =57

Later on, Juneja et. al. [4, 5] introduced (p, ¢)** order and type in the following manner.
Definition 1.8. [4] The (p, ¢)* order and (p, ¢)" lower order of an entire function f are defined as

log U’*”M(r /)

P54 :
P77 =limsup sp=2qg>1,
and
logP*!m
2 =1iminf—(’f) gl
/
r—oo log

When f is meromorphic, then Bergweiler et. al. [1] defined (p, )" order and (p, ¢)** lower order as

log'T(r, )

Pyt =limsup =g za = 1
and
1 T
¢ _lim fga_JzinZqu
r—)oo log[(I]

Definition 1.4. [5] The (p, ¢)** type and the (p, ¢)"" lower type of an entire function f having finite positive
(p, )" order pi’,’q are defined by

[r]
a'jf’q = lim sup log M(r’];?, ip=qg=1,
r—oo [1 [q—l] ]p/
og r
and
1 M
Pq = liminf Og—(rf?],P >qg=>1.

/ r—0o0

[log[q 1 ]pf

When / is meromorphic, then (p, )" type and the (p, ¢)* lower type are defined respectively as

log” 7 (r, £)

O';’qzlirrri)s;lp pﬁq,p>q>1
[log[q_ur] /
and
logl?= 1T
,u?’q = liminf ()g_(?"lfq),P >q>1.
r—oo

[log[q 1 ]pf
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Now let L be a class of continuous non-negative function @ on (—oo, o) such that a(x) = a@(xg) > 0 for
x < xg with @(x) > 0 asx — oo, Forany @ € L, we say that @ € Ly, if a(cx) = (1+0o(1))a(x) asxg < x — o
for each ¢ € (0, o) and @ € Lo, if a(exp(cx)) = (1 +o(1))a(exp(x)) as xg < x — oo for each ¢ € (0, o).
Clearly, Lo C L.
Considering the above, Sheremeta [7] introduced the concept of generalized order (@, 8) of an entire function.
For the purpose of further applications, Biswas and Biswas [2] modified the definition of the generalized order
(a, B) and generalized lower order (@, 8) of entire and meromorphic functions in the following way.

Definition 1.5. [2] Let @, B € L;. The generalized order (@, 8) and generalized lower order (@, 8) of an
entire function are defined as

p(a,ﬁ,f)zliﬂsﬁp%:’)m’
and

Ae B, /) = liminf =22

The generalized order (@, 8) and generalized lower order (a, 8) of a meromorphic function are defined as

a(exp(T(r, /)))

p(a,ﬂ,f)=1irrILS;}p 50r) ,a€lo, B ely,
and
A, B, f) =limglf%g’f))),a €Ly, B el

Biswas and Biswas [2] also introduced generalized type («, 8) and generalized lower type (@, ) of mero-
morphic functions.

Definition 1.6. Let @ € Lg and B € Ly. The generalized type (a, B8) and generalized lower type (a, 8) of
a meromorphic function f with finite positive generalized order (@, 8) and generalized lower order (a, B)

respectively are

’

o explaep (T )
7B D) = R (B (A

o esplatesp(T(, )
R T

Now we introduce following definitions and using this we generalize some results.

Definition 1.7. Let @ € Lg and B € Ly. Then (p, ¢)* iterated (@, B) order of an entire function f is defined
by

a(log” (M (r, 1))

" (a, B, f) = limsup

o plog T
[p-1]
= lim sup @ (exp(log (IT(r’f)))),p >qg>1landp # 1.
ot T o T

Definition 1.8. Let @ € Lo and 8 € Li. Then (p, ¢)" iterated (@, B) lower order of an entire function f is
defined by

a(log” "N (M (r, f)))
B (logl™17r)
i ing 2(exp(og?” (T, 1))
r—o0 B (log[‘l_l]r)

AP (a, B, f) = liminf

,p=qg=1landp # 1.
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Definition 1.9. Let @ € Lg and 8 € L1 and f(2) be a meromorphic function satisfying 0 < p?»%(a, B, f) =
p<ooor0 < APi(a, B, f) =24 < co. Then the (p, )" iterated (a, B) type of (p, )™ iterated (a, B) order
and the (p, ¢)" iterated (e, B) lower type of (p, ¢)" iterated (e, B) lower order of f(z) are respectively defined
by
[p-1]
S (e U L CA )]

i [eXP (ﬁ (log["‘“r))]p

,p=2g=landp #1

and
exp(a(exp(log?” " (T'(r, 1)))))

pl
e (08 0)
Definition 1.10. Leta € Lg and g € L and f(z) be an entire function satisfying 0 < p*4(a, B, /) = p < o

or0 < A4 (a, B, f) = A < co. Then the (p, ¢)" iterated (a, B) type of (p, )" iterated (e, B) order and the
(p, )" iterated (a, B) lower type of (p, )™ iterated (e, B) lower order of f(z) are respectively defined by

gp’q(a/,ﬁ,f)zliminf ,p=q=landp # 1.

[p-1]
2.4 _ 5 exp(a(log M(r, )
i@ B. ) Ty [exp (ﬁ (log[q_”r))]p

,p=2g=landp #1

and
exp(a(log? N (M (r, ))))

[CXP (ﬁ(log["‘”r))r ,

All our definitions coinside with the previously defined orders and types when p = 1. So here we study the

(e, B, f) =liminf p>g=>1landp # 1.

cases when p > 1.

2 Preliminary Results

In this section we state some results in the form of Lemmas, which will be needed in the subsequent section.

Lemma 2.1. [9] Let f(z) be an analytic function in the circle |z| < kR (k > 1) with f(0) = 1, and let € be an
arbitrary positive number not exceeding 2. Then inside the circle || < R, but outside of a family of circles the
sum of whose radii is less than a finite number (depending on €, k and R), we have

2 log 2 —log €

_ 2
log |f ()| > k—l+ oz k log M (k*R, f).

Lemma 2.2. [6] Let f(z) be a meromorphic function. Then for all large r,
T(r,f) <C(T2r,f) +logr),

where C is a constant which is only dependent on /(0).

3 Sum and Product Theorems

Theorem 3.1. Leta € Lg and B € L with @ and B both are increasing functions and f;, fo be meromorphic
functions satisfying 0< pP,(I(a’ ﬁrfl) = pP’(I(a, ﬁ7f2) =p < >, 0< lﬁP’q(a’ ﬁ)fl) < lpl),q(a7 ,B’f‘l) < oo,
then

(@) p" (e, B, i+ fo) = p" (e, B, o) = p3

(ii) wp,q(a,ﬁ,ﬁ+f(‘2):llfp’q(a) ﬂ’ﬁfé):w‘b’q(a’ﬁ’fé)'
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Proof. Sety?4(a, B, /1) = ¢1 and Y2 (a, B, fo) = 9. Without loss of generality, take 0 < ¢ < 9 < 0. By
Definition 1.9, for any € > 0 and for sufficiently large r, we have

T, i+f) <T@, h)+T(r, fo) +0(1)
< expl?!l [log( [log(wl +€)+pfB (log[q_”r)])]
+expl?1] [log (a_l [log(wg +€)+pB (]og[q_”r)])] +0(1)
< 3explP1l [log (a_l [log(a,//Q +€)+pP (log[q_l]r)])] .

By (8.1), we get p?(a, B, /i + o) < p. On the other hand, by Definition 1.9, for suitable € > 0 there exists a
sequence {r, } > | tending to oo such that

T (ru, fi + fo) 2 T (ru, fo) = T (1, 1) = O(1)
> expl?! [log( [log(wg —€)+pp (log[q_l]rn)])]

3.2
—expl? []og( [log(wl +€)+pB (log[q_”rn)])] -0(1) ©-2)
1 _
> gexp[P_l] [log (a_l [log(gbg -€)+pp (log[’1 l]rn)])]
holds for sufficiently large r,,. By (8.2), we get p?%(a, B, /i + fo) = p; therefore p?(a, B, f1 + f2) = p
Again since
T(r, ifo) <T(r, N)+T(r, fo), T(r, ifo) 2T(r, fo) =T (r, /) —o(1), (3.3)

by the similar proof in (3.1) and (3.2), we can easily obtain the conclusion in case (i).

Also by (8.1) and (8.2), we have y?%(a, B, /i + fo) = y?(a, B, f5).

Now again by (8.3) and by the similar proof in (8.1) and (3.2), we can easily obtain that the conclusions in
case (ii) holds.
By the above proof, we can easily obtain that Theorem 8.1 also holds for 0 < y?4(a, B, /i) < y?(a, B, o) =
0.

Hence the theorem. O
Example 8.1. Set fj =¢7%, foy = %, a(r) =loglogr, B(r) =logr,p=1and g = 1.

1 2
In this case 0 < p”¥(a, B, f1) = p"(a, B, f3) = 1 < oo, Yy?(a, B, /1) = p yri(a, B, fo) = — So all the

conditions of the above theorem is satisfied except for the condition in the definitions that p = 1.

Here p?(a, B, /i + o) = p?(a, B, f1/2) = 1. So (i) is satisfied.
Buty?(a, B, i + fo) = 2 and y?9(a, B, fif2) = % So (ii) is not satisfied.

Theorem 3.2. Leta € Lg and 8 € Ly with @ and 8 both are increasing functions and f, /9 be entire functions
satisfying 0 < p”(a, B, 1) = pP%(a, B, o) = p < 0,0 < o?(a, B, 1) < o?i(a, B, f3) < oo, then

@O p" e, B, i+ 1) =p, o (e, B, i+ /) =0 (e, B, f);
(ii)p" (e, B, fife) = p, 0" (a, B, hfo) = (e, B, o), if f1(0) =1.

Proof. (i) Set 0 < o?(a, B, /1) < P (a, B, f3) < co. By Definition 1.10, for any € and for sufficiently large
r, we have

M(r, i + fo) < M(r, /) + M(r, fo)
< expl?!l [ (log[(O"”(@ B, i) +e) (eXp [ﬁ (IOg[q ! )]) ])]
v e 00,5, 0 (o o ) )]
< 2exp ™ [o! (log (o, B, fo) +€) (exp [ 8 (10117)]) )]
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By (3.4), we get o4 (a, B, fi +f2) < p, oPU(a, B, i+ o) < 0P (a, B, fo). On the other hand by Definition

1.10, for suitable € there exists a sequence {r,}> | tending to co such that

M(ry, fi + f2) = M(ry, f2) = M (1, /1)
> expl?!! [a’l (log [(0'1’"1(0/, B, J2) —€) (exp [,8 (log[q_”rn)])p])]
- exp[P_l] [oz_l (log [(O'P"I(a, B, h)+e) (exp [ﬁ (log[q_l]r,,ﬂ)p])] (8.9)
> %exp[pfl] [cfl (log [(O'P’q(a/, B, J2) —€) (exp [,B (log[q_llr")])p])]

holds for sufliciently large r,. By (8.5), we get p?(a, B, fi + fo) = p, o?(a, B, fi + o) = oP(a, B, f2);
therefore p™(a, B, fi + fo) = p, oPU(a, B, i +fo) = oP(a, B, fo).

(ii) By Definition 1.10, for any € and for sufficiently large 7, we have
M(r, fife) < M(r, L)M(r, f2)
< explt ™ o™ (log [ (o 7(a, B, ) +€) exp [ (log[q_l]r)])p])]
e o o0, 1 o o) )
< explr] [a_l (log [(am(a, B, f2) +2) (exp [ﬁ (1og[q*“r)])p])] .

By (8.6), we get p?1(a, B, fifo) < p, oP(a, B, fife) < ol (a, B, fo). On the other hand, by Definition

1.10, for suitable € > 0 there exists a sequence {r,} ", tending to co such that

(3.6)

M(r,, o) > explP=1] [a’l (log [(0’7”(’(0, B, J2) —€) (exp [,8 (log[qfllr,l)])p])] . (8.7)

holds for sufficiently large r,. Also by Lemma 2.1 and Definition 1.10, outside a set of finite logarithmic
measure, we have

|f1(z)] > exp (—exp“’_2J [a_l (log [(O'P"’(a', B, h)+e) (exp [ﬁ (log[q_l]r)])p])]) . (3.8)

Therefore by (3.7) and (3.8), for suitable € > 0 and for sequence {r,}> , tending to co (except for the set of
finite logarithmic measure), we have

M (ry, fife) = M(ry, f2)
ol s, o o )
> expl?~!! [a"l (log[(rﬂ”q(a,ﬂ,fz)—f) (eXp[ (10g " )])p])]
exp (-expl# 2 o (g [ (7@, 8, 1)+ €) (exp [ 1015 )]
> expl?!l [a_l (log [(07”"(&, B fo) = 2€) (eXp ['B (108 ! )])p])]

[ since o (a, B, fi) < o (e, B, o)].
3.9)

By 3.9), we get p"(a, B, ) 2 p, oP (e, B, ) = oPi(a, B, o). Therefore p™(a, B, /i/2)
p’ Up’q(al’ ﬂ’ﬁf(‘z) :O—PJq(a’ ﬁ)][“z)'
By the similar proof in case (i) and (ii), we can easily obtain that Theorem 8.2 holds for 0 < o?%(a, B, f1) <

oli(a, B, 1) =e0 o
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Theorem 3.3. Leta € Lg and B € L with @ and B both are increasing functions and /i, fo be meromorphic

functions satisfying p”%(a, B, /i) = A7 (e, B, o) =2 (0 <A < ), 0 <y?(a, B, /i) <yl (a, B, fo) <
o0. Then

(l) /lqu(a’ ﬁ’fl +f2) = /lP,(](a,, ﬂ’flf‘l) =4
(id) wPi(a, B, i+ ) = 4P, B, fif) = 0P, B, o).

Proof. Firsttake 0 < y?(a, B, i) <y”(a, B, o) < . By Definition (1.9), forany € > 0 and for sufficiently
large r, we have

T(r, f1) < exp!?~1! [log (a/_1 [log(wp’q(a/, B,fi)+e)+A8 (10g[q_1]r)])]

TG, fp) > expl™ [log (@7 [log(w” (e, B, o) - &) + 1 (1log"1r) ). @10
By (3.10), for suitable € and for sufficiently large r, we have
T(r fi+ ) > T, fo) = T(r, fi) — In2
> explt ™! log (! [log(u” (@, B, ) - €) + 15 (log"""1r) |
—explr1l [10g (a_l [log(lﬁp’q(a, B, /) +e€)+18 (1og["*”r)])] ~In2 @.11)
> %expu’_l] [log (a—l [log(ﬂp’q(a, B, /) —€)+ AR (log[q_l]r)])] .
By (3.11), we have
AP, B+ R) 2 A 819

U e, B+ o) 2 U, B, o).

On the other hand, by Definition (1.9), for suitable € > 0 there exists a sequence {r,} ", tending to co such
that

T(r, f3) < expl?=!l [log (a_l [log(z”"’(a, B,f)+e)+Ap (10g[(’71]r,,)])] , (8.13)
for large r,,. By (3.10) and (3.13), for any € > 0 and for sufficiently large r,,, we have
T(ra, h+ /o) T (ra, 1) + T (ru, o) +O(1)
< explP1l [log (a’l [log(lp””’(a, B,fi)+e)+pB (log[qfl]rn)])]

+ exp[P_” [log (a/_l [log(fp"’(a/, B,fo)+e)+AB (log[q_”rn)])] (3.14)
+0(1)

< explrl [log (a_l [log(ip’q(a» Bl +e)+ap (10g[q‘”rn)])] '
By (3.14), we have

/lp,q(a: ﬁ’fl +f2) <A

3.15
W B+ ) < UM, B ) @19

Therefore, by (3.12) and (3.15), the conclusions of the theorem hold for /] + f5. Also from (8.3), we can
easily obtain that the conclusions of the theorem hold for £ fo.
The theorem also holds for 0 <y, (f1) < ﬁ(fg) = oo by the above proof. |

7
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Theorem 3.4. Leta € Lg and B € L with @ and B both are increasing functions and /i, fo be meromorphic
functions satisfying o (a, 8, fi) = A2 a, B, ) =21 (0 < 1 < ),0 < o (a, B, fi) < uWi(a, B, fo) <
o0. Then

(i) AP, B, h+ ) =" (e, B, o) =4,
(i) p" (e, B, f+ fo) = u (e, B, hfo) = W (e, B, fo).
Proof. We can obtain the conclusions of this theorem by the similar proof in previous two theorems. m]

Theorem 3.5. f(z) be a meromorphic function satisfying 0 < p?(a, B, f) < o and p(a, B,[f) =
Pl e, B, [). Theny?(a, B, ') =y (e, B, f).

Proof. By the Lemma of logarithmic derivative, we have
T(r,f) <3T(r,f)+O{logr}

holds outside of an exceptional set £ of finite linear measure. So we have ¢ (a, B, ') < ¢’ (a, B, ).
On the other hand, by Lemma 2.2, for all large r,

T, [) <C(T2r, ") +logr),

\%

where C is a constant which is only dependent on f(0). By the above inequality, we have y*/(a, g, /')
yri(a, B, ).
Therefore Y2 (a, B, ) =y’ (a, B, f). O

Theorem 3.6. Let f(z) be an entire function satisfying 0 < p”(a, B, f) < oo and p(a, B, [f)
pl!(a, B, f). Then o?(a, B, ') = o(a, B, f).

Proof. For an entire function f(z), we have

f(=) = /(0) + /0 f(e)ds, (3.16)

where the path is a straight line from 0 to z. By (3.16), we have

M(r, f) < IO +rM(r, /')
- 3.17
M (r, ) > D) 2 V(O ©.17)

By definition 1.9 and (3.17), we have o/ (a, B, f’) = o?9(a, B, f). On the other hand by Cauchy’s integral
formula, we have

oy~ L /(s)
J'(2) =5~ G _Z)Qd;, (3.18)
where integral curve is the circle |[¢| = R. By (3.18), forany |z| =7 < R,
N 1 MR, /)
M(r, [ < 9% (R — )2 2nR. (3.19)
Set R = 2r, then by (3.19) for sufficiently large r, we have
MG f) < M (@, 1)
r
P (a,B,f)
< gexp“’*]] a”! (log [(0’7”"((1, B.,f)+e€) (exp [ﬁ (log [(171]27‘)])[) D] i
r
SinCe p‘b’q(a,ﬁ,f):pp’q(a,ﬁ’f/)’ Wehave O—P7q(a’ﬁ’f’) So'P’q(a’ ﬁ’f)'
Therefore o?9(a, B, f’) = oc?(a, B, f). m|
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