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Abstract

In this paper, the Q-cyclic codes of block length (a;j.£)(i,j,)er are studied, where Q = RoooR100R110R111 and
I =1{0,0,0),(1,0,0), (1, 1,0), (1, 1, 1)}. By defining a Gray map, we obtain the Gray images of Q-cyclic
codes. Their generator polynomials are given. The necessary and sufficient conditions of Q-cyclic codes to be
separable are determined. We obtain quantum error correcting codes from Q-cyclic codes.
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1 Introduction

Cyclic codes are error correcting codes and they have algebraic properties that are suitable for eflicient error
correction and detection. In addition to studying some features of cyclic codes, studying the application areas
of these codes attracted the attention of researchers. One of the application areas of cyclic codes is quantum
error correcting codes. Some researchers studied cyclic codes over a finite ring or a family of finite rings in
order to obtain QECC(quantum error correcting code) [5],[4], respectively. Recently, researchers begin to
study on cyclic code over mix alphabet in order to obtain QECC [2, 3]. Motivated by the work [2] and [3], we
decide to study on Q = RggoR100R110R111-cyclic codes in order to construct quantum codes, where Rogo = I,
are finite fields with ¢ = p® elements, p is an odd prime e > 1 is a positive integer and Roo = I, [¢]/< u?—1>,
Ry = Fylu,v]/< w2 -1,v2—v,uv —vu >,R11 = Fylu,v,w]/< w2 - 1,92 —v,w? - aw, uv — vu, uw — wu,
vw—wv >, where @ € Ryg" are finite commutative rings. The aim of this paper is that we hope to finds optimal
quantum codes that would not to be found in literature.

The paper is organized as follows. In the section 2, some basic knowledges are given. The sets R;j; are
introduced for (Z, j, k) € I, where I is lexicographic ordered set and it is equal to {(0, 0, 0), (1,0, 0), (1, 1,
0), (1, 1, )}. The structures of the linear codes over R;j, for (i, j, k) € I', where I' = {(1,0,0), (1,1, 0),
(1, 1, 1)} and the Gray maps are given. The structures of the cyclic codes over R;j; are obtained, for (i, j,
k) € I'. In the section 8, Q- linear codes are investigated. The Gray map is given, in the section 4. The Gray
images of them are obtained. In the section 5, the structures of Q- cyclic codes are discussed. The necessary
and sufficient conditions of the Q- cyclic to be separable are determined. In the section 6, it is obtained the
quantum error correcting codes, by using a map and Q- cyclic codes and CSS construction.
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2 Preliminaries

Let F, denote finite fields of characteristic p with ¢ elements. A k dimensional subspace C of F," is called a
linear code over F;, of length n. Each element ¢ € C is called a codeword. A linear code C over F, with length
n is cyclic code if ¢ = (¢q, ..., ¢,—1) € C, then its cyclic shift o-(¢) = (¢,-1, co, ..., ¢a—9) € C. The Hamming
weight of ¢ is defined as the number of its nonzero components, it is denoted by wy (¢). The Hamming weigth
of a code C is defined as the smallest Hamming weight among all its non zero codewords, it is denoted by
wyy (C). The Hamming distance between ¢ and e is defined dyy (c, €) = wyy(c — e). The Hamming distance of
a code C is defined as dgy (C) = min{dy(c, e)|c # e, VYc, e € C}. The dual of C is defined C+ = {¢ = (¢, ...,
1) € Fy"|coéo + ... + ¢y—16p—1 = 0, all ¢ = (co, ..., cn—1) € C}. A code C is called self orthogonal if C c C*+.

Let R denote any finite commutative ring. A non empty subset D of R" is called linear code of length n
over R if D forms an R-submodule of R". A linear code D over R with length n is cyclic code if d = (dy, ...,
d,_1) € D, then its cyclic shift o(d) = (d,_1, dy, ..., d,_9) € D. By identifiying each codeword d = (dy), ...,
d,_1) to a polynomial d(x) = dy + d1x + ... + d,_12" ' in R[z]/< 2" — 1 >, a linear code D is a cyclic code if
and only if it is an ideal of the ring R[x]/< 2" — 1 >.

Let

1 1 1
Rijp = {Z Z Wwtagplaijn € Rooo, u? = 1,92 = v, w* = aw, @ € Rygo"}
i=0 j=0 k=0

be commutative rings, where (i,7,k) € I' = {(1,0,0),(1,1,0), (1,1, 1)} and Rgop = F, are finite fields
with ¢ = p¢ elements, p is an odd prime e > 1 is a positive integer. For (7, j, k) = (1, 0, 0), then the finite
ring Rioo = Iy [u]/< u? -1 >. For (i, j, k) = (1, 1, 0), then the finite ring Ry = Fylu,v]/< w2 —1,v% —v,
uv —vu >. For (i, j, k) = (1, 1, 1), then the finite ring Ry11 = F,[u, v, w]/< u?2-1,9% —v,w? - aw, uv — vu,
uw — wu, vw —wv >, where @ € Rygo*. They have ¢%, ¢*, ¢® elements, respectively.

For (i, j, k) € I', an arbitrary element Tijk = Z}:U Z}:U Z/::() uivjwkaijk € R;j; can be uniquely

E Myst b(’i+j+le »yst

(,5,0)€T

where bai+j+k,ysz € Ropo and the set T is lexicographic ordered on the cartesian product A x Bx C. Since 4 = {0,
1}, B = {0}, C = {0}, for Rygp, then T' = {(0, 0, 0), (1,0, 0)}. Since 4 = {0, 1}, B = {0, 1}, C = {0}, for
Ri19, then T = {(0, 0, 0), (0,1, 0), (1,0,0), (1, 1, 0)}. Since A = {0, 1}, B = {0, 1}, C = {0, 1}, for R11,
then T' = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (1,0, 0), (1,0, 1), (1, 1,0), (1,1, 1)}.

Moreover, 1,y are idempotent generators, where (y, s, t) € T, for (i, j, k) € I'. That is, Zsner Myst = 1

773?.;[ = Nyst and NystNimn = 0, where Nyst F Nimn» all (y, 5, 1), (l, m,n) €T, for (1, Js k) el.
For the finite ring R0, then
noo0 = (. +1)/2,m100 = (1 —u)/2
For the finite ring R0, then

1000 = (uv +v)/2,1m010 = (1 +u —v —uv)/2,

n10o0 = (v —uv)/2,m110 = (1 —u —v +uv)/2

For the finite ring R;11, then

1000 = (wuv + wv)/2a, noo1 = (va —wv + auv — uvw) [2a,
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no10 = (w — wv + uw — uvw) /2a, no11 = (@ —w —va +vw + ua + wu — uva + wvw) /2a,
100 = (vw —uvw)/2a, n101 = (@v —vw — auv + uwvw) [2a,

o = (w —wv — uw + wvw) [2a, n111 = (@ —w — @V + vw —ua + uw + auv — wvw) [2a

The Gray map is defined as follows;

i+j+k
Yk © Rigp — Riy
Z nystba,-+j+k,yst — (ﬁ)lEU
(y,s,0)eT
where f; = ba{ﬂ.%yst, for (y,s,t) e T and U = {1, 2, 8, ..., 2%} for (i, j, k) € I'. For example;

4
Yo ¢ Rio — Ry
110+ (bay,000, bay,0105 bay, 100 bay,110)
We define the Lee weight of 7, € R;j as ;
wr, (rijk) = w Wijr(rije))

where (i, j, k) € I' and wy; denotes the Hamming weight over Rg.

. Qi Wi iy QiFIFR
This map can be extended from Rl.jlk“ * to RO&;M as follows,
gitjth
B . @i jtk Titj+k 207
Yijt : Rz'jk > Ry

ik = (ridaer v (bg,, 0 ra) (rs,0) €T aeM

. : " S .

where (i, j, k) € I'. The elements ry, = (Tfjk)aeM € RZ.};M denotes i) = (rg.k, ey rgk””( ). The Lee weight
s - . iajei=1

of rj, = (ridjlz)"GM € Riﬂ:’* where M = {0, 1, ..., @jyjup — 1} for (i, j, k) € I is wp () = X, 50" wL(rlf‘jk).

The Lee distance between any two elements ryj = (Ti(;-;()aeM,ri}k = (’A’fjk)aeM € RZZM, where M ={0,1,2, ...,

@jyjuk — 1} for (i, j, k) € I’ is defined as
dp (rijk k) = wrg (Wi ik — Tijk))

It is easily seen that the Gray map y;j; is an Rqgo-linear and distance preserving map from RZ’){” *(Lee distance)

a’i+7’+k2i+j+k

to Ry (Hamming Distance), where (i, j, k) € I'.
Let Gy, ;,, be alinear code of length ;4 over R;j for (i, j, k) € I'. We define
— _ a @jyjvk
C(Yi+j+k701m = {bdi+j+k,01m = baHM,oZm)“EM € Rooo |Z(y,s,t)ET nystbwi+j+/e,ysl € Cﬂi+j+k for some b"i+j+kvy” #

b[t,-+j+/e,olm} where (0,1, m) € T for (i,j,k) € I'. Then Caw,%olm are linear codes of length a;, . over Rogo,
where (0,1, m) € T, for (i, j, k) € I' and Co,

. €an be uniquely written as ;

Ca/,'+j+;( = ®(a,l,m)ETr]almCaH.Hk,olm
for (i’ j’ k) € I,- Then |Caf-+j+1z| = H(o,l,m)€T|Ca,-+j+1e,olm|, for (i’ j’ k) € I/-

i

i

Since ¢, is distance preserving map and ;j; (Ca,,,,,) = ®(0,1,m)€TCa1.+j+k,alm, for (i, j, k) € I', we get

dL(Coz,-ﬂ-#() = min{dH(CaiJerrk,olm)l(O: [, m) € T}
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Example 1. If C is a linear code of length a9 over Ry, then C = 1000Cqy,000 + 7010Cas,010 + 7100Cas, 100 +
17110Cay,110 where

Cay,000 = {bay,000 € Ri3,11000bay,000 + 7010bag,010 + 7100bay, 100 + 7110bay, 110 € C for some by, 000 #
bag,ysl}:

Cay,010 = {bay,010 € Ri3,11000bay,000 + 7010bag,010 + 7100bay, 100 + 7110bay, 110 € C for some by, 010 #
ba/g,ysl}:

Cay,100 = {bay,100 € R3,11000bay,000 + 7010bag,010 + 7100bay, 100 + 7110bay, 110 € C for some by, 100 #
ba/g,ysl}’

Cay,110 = {bay, 110 € R3,11000bay,000 + 7010bag,010 + 7100bay, 100 + 7110bay, 110 € C for some by, 110 #

ba/g,ys[}’

Theorem 2. Let Cy,, ., = ®(o,1,m)eTMolm Ca, 11y 0lm be a linear code of length @;.j.; over R;j, for (i, j, k) € I.
Then Coy,y 182 cyclic code of length ;4 if and only if C(rl-+J-+1z,olm are cyclic codes of length @ j.x over Rogo,
where (0,1, m) € T for (i,j, k) e I.

Proof. Let (b° YaeM € CQHM’OZ,,L, where M = {0, 1,2, ..., @jyju — 1} and (o, [, m) € T for (i, j, k) € I.

@jyjek,0lm

Then ¢ = (¢o)aem € Co
for (i, j, k) € I'. Suppose C,

where M = {0, 1, 2, ..., @jyjp — 1} and ¢ = X5 1, myer nol,,,biw)rk’olm whered € M

i+j+k

i 18 @ cyclic code of length @; 4 over R;j for (i, j, k) € I',the o(c) € Coyjurr
a

where o (c) = Z(o,l,m)e']‘ nolmo—(baiﬂ_%’olm

for (i, j, k) € I'. Therefore Coyyjop 0lm A€ cyclic codes over Rooo, where (0,1, m) € T for (,j, k) € I'.

Jaem- Therefore o (b4

l+;+k,olm)a€M € Cwi+j+k,olrrz’ where (o0,l,m) € T

Conversely, lets = (s¢)gem € Co,
wheret € M. Then (b; Viem € C,

cyclic codes of length @, j4 over Rogo, where (o, [, m) € T for (i, j, k) € I'. Then o-(bfl_ » o )iEM € C(li+j+/e,0[”l’
i+j+ks

+j+k?

where M = {0, 1, 2, ..., @;yjp—1} such thats, = X, 1 wyer noz”lb;i+j+k,olm’

ivjehsolm wispolm> where (0,1, m) € T for (i, j, k) € I. Suppose that Cy, , o are

i+j+k 18

where (0,1, m) € T for (i, j, k) € I'. Since 2(o.l,m)eT Notmo (1 Yiem = 0 (s) € CQHM, we get C,

@jtj+k solm
cyclic code. |

Corollary 3. Let C, = EB(,,J,m)eTnOZmCQM%Olm be a linear code of length @y over Ry, for (i, j, k) €
I'. Then its dual CjHM = @1, m)eTNolnCH

@jypjrk,0lm

i+j+k
is also cyclic code of length @4, over R;j if and only if

€L

wripsolm 1€ cyclic codes of length ;4 ., over Rogo, where (0,1, m) € T for (i, j, k) € I.
i+j+ks

Theorem 4. Let C

Qivjrk
and Ta i olm (x) be the generator monic polynomial of the cyclic code C,,,

i+jtk>
k) € I'. Then C(l,'+j+]¢ = {Z(o,l,m)eT nolmraiﬂ%,alm(x)sai+j+k,olrrt(x)|s(li+j+k,olm(x) € Rijk [x]/< xiviek — 1] >} for (Z,
j, k) € I . Moreover,

= 63(071,,”)ET?],,Z"LCQM%OM be a cyclic code of length @4 over R, for (i, j, k) € I,
olm, where (0,1, m) € T for (1, j,

Ca

i+j+h =< rai+j+k (x) >

where T4k (@) = X(o.1m)er NolmT a,jo,0lm (x), where (0, [, m) € T for (i, j, k) € I’ such that Tk () |a®isik — 1.

Proof. 1f Cy,, .,
where (0,l,m) € T for (i,j,k) € I'. So Corpiiolm =< Tayp,0m(2) >C Rooo[zx]/< x%+i* — 1 >, where (o,

is a cyclic code of length @ j.4 over R;j, then Caiﬂ.%olm is cyclic code of length ;4,1 over Rogo,

l,m) e T for (i,j7 k) € I/~ Since CctHjJrk = @(o,l,m)E'I‘nolmCaHﬂk,olma then Coz,urﬂ;g = {Ta’i+j+k(x)|ra/,'+j+/((x) =
2(0d,m)eT MolmTa,jo0lm (X) Where 1o o1 (x) € Rooolz]/< z%+ — 1 >. So Cy;y S AZ(otmyer
nolnzra,-+j+k,olm(x)sai+j+k,017n(x)|sai+j+k,olm(x) € Rijk [x]/< xtieirt — ] >}’Where (O’[: m) € T for (2’],k) € I,-
The other part {Z(o,l,m) Molm Tajup,0lm (I)saﬂﬂk,olm (x)lscijJrk,olnl (1‘) € Rijle [x]/< xtisih — 1 >} c C(l/i+j+/e is seen
easily. So
Cai+j+k = {Z(o,l,m)eT Nolm rai+j+k,017n(I)sai+j+k,olnL(-r)|sai+j+k,olnL(x) € Rij/e [I]/< itk — 1 >}-

Let rwl.+j+k,01m(x) be the generator monic polynomial of the cyclic code Cai+_,-+k,olm where (0,l,m) € T

for (l»]’k) € I'. We know that Cai+_7~+k = {Z(o,l,m)eT nolmraiﬁ),k,olm(I)Sai+j+k,olnL(-r)|sa,-+j+/€,olm(x) € Rij/e [Z]/<
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a®+itk — 1 >} for (i,7,k) € I'. Let C' =< Tarn (@) > where 7o, (2) = X (o1 m)er NolmT . j,0lm (L) Then
LT (x) € CaHﬁk Therefore C' ¢ Caﬁﬂk By multiplying with ,,, we get nabc(Z(o,Z,m)eT Molm Tajyjip,0lm (x) =
MabeTary;0pabe (T, where (a, b,¢) € T for (i,j, k) € I'. So Coiy € C’. Therefore C" = Copjor =< Tap () >,
where Taii(T) = Xiolm)er nolmr{,i+j+k,og,,L(a:), where (0,1, m) € T for (i, j, k) € I'. Since Tasjapolm () is the

i+j+k

generator monic polynomial of the cyclic code Coyyjuprolm where (0,1, m) € T for (i, j, k) € I, so there exists
fai+j+k’01,,l(x) € Rogo[x]/< x%++ — 1 > such that x%++# — 1 = ral,ﬂ.%(,[m(x)faHM,olm(x), where (0,l,m) € T
for (i, 7, k) € I". Thus (X (o,1,m) 7 Totm) (@5 = 1) = 3 6.1y eT MolmT a1 g0l (€) X (0,1,m) €T NolmSavgolm (€) =
T (O] (X). So 7y, (2) 2Tt — 1. m]

Corollary 5. Let Cq,,,,, = @, ;myeTNolm Cayyjop olm be a linear code of length @;, .4 over Rijk, for (i,j,k) eI

Suppose 7q,, .., olm () are the generator monic polynomial of the cyclic code Co,jpolm and s* () are the

@jyjik,0lm

reciprocal polynomial of sal_ﬂ.%’o[,ﬂ(x) such that x%++#* — 1 = olm (x)saHM oim (), where (0,1, m) € T for

(x), where (o,l,m) € T

raz+]+k »

(i,j, k) € Il- Then C(J{Hj% =< ozHﬁk (I) >, where da”ﬁk (JU) = 69(0 l,m)eT nolms
for (i,j,k) eI.

@jyjk,0lm

3 Q-Linear Codes
The set
Q = RoooR100R110R111 = {(7iju) i, j kyerlrije € Rije}

forms an Rj1; module under the componentwise addition and the following multiplication. For any elements
r= Z}:O Z}:O Z}i:o uivjwkaijk € Ry11 and (73j4)i,j kyer € ©, the multiplication is defined as

Q— Q
(ry (riji) Gjoer) = (Sijr) kel
where s;j, = r.ri for (4, j, k) = (1, 1, 1) and s;j4 = 734 (r)r;ji where the maps
Tk Rinn — R
1 1 1
Zzzul w ijk &> Dijk
i=0 j=0 k=0

are projection maps for (¢, ,k) € I = {(0,0,0), (1,0, 0), (1, 1, 0)}. They are also ring homomorphisms.
For the finite ring Rogo, then p; & = agoo, for the finite ring R0, then p;j, = Zil:() u' ajoo, for the finite ring Ry,
then p;j, = Zil:o 2}:0 uivjaijg.

This multiplication can be extended componentwise on Qqgayagas = Ry X Rjjg X R{ 7o X R{}, as follows
forany r € Ryyy and ((rf})acm) (i jbyel € Qaparagas,

R]]] X Q(l/()(l]a/gtlg — 9(10{11112(1/3

(r, ((rfaer) @ jper) = (i) jwer = (hooo, h10o, Ao, hiit)

where h;j, = r(r“ Yaem for (i, j, k) = (1,1, 1) and h;j = ﬂijk(r)(r.“. Jaem and M = {0, 1,2, ..., @jyjpp — 1}

reo0- 1 70 ro- 1 70
for (i,j7,k) € I”. The element (r k)aeM)(w #er denotes the element (TOOO’ o 7000 271000 2 T100 > T1107 *»
ag—1 ag—1
o r?“, o 7101 S0 Qagaragay is an Rypp-module.
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Definition 6. A non empty subset C of Q44,0904 is called Q-linear code of block length (cxi+‘,-+k)(l. kel if C
is an R111- submodule of Q44 ,e9e5, where I = {(0,0,0), (1,0,0) (1, 1,0), (1, 1, 1)}.

a

An inner product between r = (% )aerr)i.jbyer = (vij) ,jbyer and £ = (7 )aer) G jbyer = (Fije) jyer

is defined as

iyjpe—1
T+ = s 7S —_ .4’\..
e 2 S e 3
(@i,j,k)el  s=0 (i,j,k)el

where M = {0, 1, 2, ..., @j4ju — 1} If Cis an Q-linear code of block length (a/l-+j+k)(i kel then the dual code
of C is defined as

Ct = {¢' € Quyayagaslc.c =0, Ve e C}

Definition 7. An Q-linear code C of block length (ai+j+k)(i ibyer is said to be an Q-cyclic code if its cyclic shift
_ a - _ ap—1 0 (10—2 a1—1 0 (!1—2 ag—1 0 02—2 03—1 0

o(c) = (O-(rijk)“EM)(”Jvk)el = (000 27000 =+ 7000 > T100 > 100> > T100 2110 271107 = 110 o T111 o T
(l3—2

w17 ) € G forany ¢ = ((rfjk)aeM)(i,j,k)eI € Cwhere M = {0, 1,2, ..., @jsju — 1}.

For the polynomial representation:

Qiyirk—1 ..
Let rjjp () = Zz=6j+k rlfjkxt where (i, j,k) € I. Then any element ¢ = ((rfjk)fle‘/’)(i,ﬁk)e[ = (7‘800, e

-1 0 a-1 0 a1 0 az-1 _ o
To00 > T100° =2 7100 2 T110° = T110 2 T1110 0 T111 ) € Qagarasas, where M = {0, 1,2, ..., @;,j; — 1} can be
identified with

c(x) = (rije(x)) i j k) el

— .0 1 Qijrk =1 o 1 .. _ N
where r;j () = Tk gt et rl.j}:” a® = for (i, j, k) € I Let A = T jpyes (Rijelx] /< %+t — 1 ).
There is a one to one correspondence between Qy¢,¢905 and A. The set A is an Ry11[x]-module under the

following multiplication. For any r(x) = rg + rix + ...r.a® € Ri11[x] and ¢(x) € A

r(x)e(x) = (Vie(x) i jkyer

where y;j = r(x)rij(x) for (7, 7,k) = (1,1,1) and yij = 7 (r(2))7ije(x) where 7 (r(x)) = mj(ro) +
mip(r)x + ..+ mp(r)a € Rip[x] for (i, j, k) € 1.

Theorem 8. A code C is called Q -cyclic code of block length (@;4j.t)(i,j¢)er, if and only if Ciis an Ryyy[x]-
submodule of A

Proof. Let C be an Q-cyclic code of block length (a@;4j44) (i j.x)er for (i, j, k) € I. Since every element ¢ =
((rlf;.k),,ei\l)(i,j,k)el € C corresponds to the ¢(x) = (r;#(x)) (i jk)er, the polynomial z.c(x) corresponds to the
elements o (c). As Cis a Q-cyclic code, we have o (c) € C. By using the fact that C is a linear so the polynomial
f(x).c(x) corresponds to element & = ((f;;-k)aeM)(i,j,k)eI € C, for every f(x) € Ry11[x]. So Cisan Ry;;[x]-

submodule of A. The other part is seen from definition. m|

Theorem 9. Let C be an Q-cyclic code of block length (@;4j+£)(i,j,#)er- Then its dual G+ is also an Q-cyclic
code of block length (@j4jst) (i, jk)er-

Proof. Foreveryd = ((d;lj;e)ae\/l)(i,j,k)el € C*, we will show that o (d) € C*. Let C be an Q-cyclic code of block
length (;1jet) i jkyer- Letc = ((C,-ajk)aezll)(i,j,k)el € C, where M = {0, 1, ..., @jyj} for (i, j, k) € I. Take
lem(ay, a1, a9, @3) = 5. As G is cyclic code, we have o~ (c) € C. So o~ (¢)d = 0. Since o~ (¢)d = co(d),
we get co (d) = 0. Therefore C* is cyclic code. |
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4  The Gray map over Q

For any element (73j1)(;,j #)er, the Gray map defined also as follows

15
Yoo Q— Ry
(rijp),jyer  +— (1000, Wik (riji)) i jkyer’)

. . @y 2R .
This can be extended on Q0 a9a5- It goes from Qy ¢, a9ay t0 R(?O(a]’k)d HH . The Lee weight of any

element r = ((ridjk)ae‘w)(i’jak>61 is defined as

a/i+j+k_1
wi (r) = w0 (rfgg)acr) + >, (D wi ()
G,j el =0

where wy denotes the Hamming weight over Rooo. The Lee distance between r and T € Q44,0904 18 defined
as dp,(r, t) = wr (r - 1) = wy (Y(r - 1)).
Proposition 10. ¥ is an Rggo- linecar map which preserves distance from Qg 0,005 (Lee distance) to

Z(i, j.k)el a’i+'+1e2i+j+k
Riog’ ' S >
dr,, then ¥(C) is a linear code of length ¥ (; ; 4)e; ai+j+;€21+f+}‘ over Rogo with dg, where df, = dg.
Theorem 11. Let C be a Q-linear code. Then ¥ (C*t) = ¥(C)*. Moreover if C is self dual, then ¥(C) is olso
self dual.

(Hamming distance). Moreover if C is Q-linear code of block length (a;4j4t) (i, j.¢)er with

Proof. 1t is proven as proof of Proposition 33 in [2]. ]

Let C be an Q-cyclic code of block length (@4 j44) i, j,k)er, we define

Cao = {(r({)l(]g)aeM € R880|((7800)aeM, ((Z(y,s,t)ET nystb({iiﬂ.%,ys[)aeﬂl)(i,]‘,k)e[’) € Cforsome (b((i”ﬂ,e,ys[)aeﬂ/[ €

@jyjrk
R()()() }

Tivjrk
Cai+j+k,olm = {(bglm)aeM € ROOBH |((rg()0)aEM, ((Z(y,s,t)e’l‘ n}'slb;n)aeM)(i,j,k)e[’) € G, for some (r(()loo)aeM €

[N a jtjrk a a
Rono» banﬁk,yn)aeM € Ry s banﬁk,yn)aeM # (ba{+j+k,olm)”€‘M}

where (0,1, m) € T and M = {0, 1, ..., a'*** — 1}, for (i, j, k) € I .
Theorem 12. Let C be an Q-cyclic code of block length (@;4j+4)(i,j #)er- Then
W(C) = Coy Bo,1,m)eT Cayyjoprolm
for (i, j, k) € I'. Moreover |¥(C)| = |CQO|H(0,1’m)€T)(i’j)k)E1/ |C(Yi+j+}zv01m|'
Proof. 1t is follows from the definition of ¥(C) and ®. |

Theorem 13. Let C be an Q-cyclic code of block length (a;4j4t) i, j,¢)er- Then Cy, and all Ca, o 0lm are cyclic
codes over Rogo with length a;.j.4, where (0,1, m) € T for (i, j, k) € I.

Definition 14. Define
K . F‘qﬂln - qun

by k(dy, ..., dn) = (0(d1), ..., 0(dn)), where d = (dy, ..., dyn) € F;"" and o is the cyclic shift from F;" and
E'. Then a code C is called a quasi cyclic code of index n, if ¥ (C) = C.
Define

. mi m mi my
Kg ¢ FUXOXEM — FU X LOXE,

by ke(di, ..., dn) = (o (d1), ..., o (dn)), where d = (dy, ..., dn) € F}"" x .. x ;" and & is the cyclic shift from
F/ and ", fori = 1, .., n. Then a code C is called a generalized quasi cyclic code of index n, if k4 (C) = C.
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Proposition 15. If k, and ¥ are as above and o is a cyclic shift over Qg4 a904, then we have o = «,¥.

Proof. For every ¢ = ((riajk)aeM)(i,j,k)EI € Quaragay, Where M = {0, 1, ..., @jji — 1}, it is easily seen that
Y(o(c)) = ks (P(c)). So Yo = «, V. O

Theorem 16. Let C be an Q-cyclic code of block length (@;4;.4)(i,jt)er- Then the Gray image of Q-cyclic
code is a generalized quasi-cyclic code of index 15 over Rygg. If @y = @1 = a9 = ag, then the Gray image of

Q-cyclic code is a quasi-cyclic code of index 15 over Ryy.

Proof. Let C be an Q-cyclic code. So o(C) = C . By applying ¥, we have ¥(o(C) = ¥(C). By using
Proposition 15, we get So Yo (C) = «,¥(C) = ¥(C). Therefore ¥(C) is a genaralized quasi-cyclic code. O
5  The Structures of Q-Cyclic codes

Proposition 17. Let C be an Q-cyclic code of block length (@;4jut)(i,jkyer- Then & (C) = C,
code of length a;, 4 over R;j;, where

i 18 @ cyclic

fijk : A — Rijk [$]/< %k — ] >

c(x) = (rijp(x))i,jer = (ripp)(x)
for (i,7,k) € 1.
Theorem 18. Let C be an Q-cyclic code of block length (a;j44)(i,j,¢)er- Then
C =< (1, (2)10[0]0), (O]ra, (x)0]0), (0[0lra, (x)10), (fo @)/ (2)|fe(x)|ray(2)) >
where ro,, ., (2) |2+ — 1 for (i, j, k) € I and fi1j(2) € Rijp[x]/< a%+ — 1 > where (7, j, k) € I

Proof. From Proposition 17, we have £ (C) = Cq,,,,, =< Ta,;, (x) > such that
Ta,n (@) |2 = 1for (i, j, k) € I. Therefore the proof follows from Theorem 3.1. of [6]. |

for (i,7,k) € I. So C,,

i+j+k

be the canonical projection
where (i,7,k) € 1.

Definition 19. Let Cbe an Q-cyclic codes of block length (@;+4) (i j,t)er and Co,,
of ¢ on the @4, coordinates. The code C is separable if C is the direct product of C,,
ie.,C= ®(i,]‘7/€)€1C

Qivjrk

+j+k?

Theorem 20. Let C, be cyclic codes of length @;.j.4, where (i, j, k) € I, respectively. If C is separable,

@iy jitk
then

C =< (r4,(2)]01010), (Olra, (x)[0]0), (0[0lra, (x)]0), (0[0]0]re, () >
where Co,, ., =<7, (¥) > where rq,, (x)[x*i+ — 1.

Theorem 21. Let C = ®(; j )erCe
arable Q-cyclic codes if and only only if C,,

i De an Q-cyclic codes of block length (@;j4t)(i,jk)er- Then Cis sep-
i are cyclic codes over R;j with length ;4 for (i, j, k) € 1,

respectively.

6 Quantum Codes

Theorem 22. (CSS Construction) [1] Let Cy = [n, k1, d]]q and Cy = [n, kg, dg]q be linear codes over GF(q)
with Cy C Cy . Then there exists a quantum error-correcting code C = [[n, k; — kg, min{dy, d;}]]q, where d2l
denotes the minimum Hamming distance of the dual code C2l of Cy. Further, ifo = (Cq, then there exists a

quantum error-correcting code C = [[n, 2ky — n, d1]].
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Lemma 238. [1] A cyclic code C over a finite field with generator polynomial g(x) contains its dual code if and
only if

x" = 1=0(mod g(x)g"(x))
where g*(x) is the reciprocal polynomial of g(x).

Theorem 24. Let C, =< X(o,l,m)eT MolmT a;jo0lm (x) > be a cyclic code of length @4 ., over R;j;. Then

@jyjrk
Ct w C Ca,,,. if and only if 2%+t — 1 = 0(mod 14, ool ()T . (@) where (0,1, m) € T forall (i, j,
i+ i+j+ i+j+ks itk
k)el.

Theorem 25. Let C = ®; j1)e1Ca,,,,, be a separable Q-cyclic codes of block length (@;+j14) i jt)er- Then
ct ccC

Tiaied oo forall (i, j, k) € I if and only if G+ ¢ C.

Theorem 26. Let C = ®(; jiyerCay,
Coy =< 1¢y(x) > and CQHM =< Y(o.lm)eT nplmraﬂﬂk)olm(x) > forall (i, 7,k) € I'. Then C* c Cifand only if
2% — 1 = 0(mod Tag (@) Tar, (x)) and x%+i+ — 1 = 0(mod Taiajupolm (x)r> (x)), where (0,1, m) € T for all

be a separable Q-cyclic codes of block length (@it (i,jk)er, where

i+jek,0lm

(,j, k) el.

Theorem 27. Let C = ®; j t)er Ca,, ;. be a separable Q-cyclic codes of block length (@;4j+4) i jkyer- 1f C(j(] C

Co, and C(j olm C Ca,-+j+/e,olm’ where (0,1,m) € T for all (i,j,k) € I', then there exists a QECC with
i+j+ks

parameters [[X; j i)er ai+j+k2i+j+k, 2k - X jbyer ai+j+k2i+j+k, dr]l,, where dg denotes Hamming distance,
k denotes dimension of the code ¥(C).

Proof. Let Cy € Cop, C ol Coyyjupsotms Where (0,1, m) € T forall (7, j, k) € I'. By using the Theorem
i+j+k 4

25, we have Ct c C. By using the fact that ¥(Ct) = ¥(C)*, it can be easily seen that ¥(C)* c ¥(C). So we

can say that there exists a QECC with parameters [[X; ; ¢)er ai+j+k2i+j+k, 2k — X j kel oz,-+]~+k2i+j+k, dilly,

from Theorem 22. O

7 Conclusion

The structures of the Q-cyclic codes are obtained. Their generator polynomials are constructed. A inner
product is defined. It was shown that if C is an Q-cyclic code, then C* is an Q-cyclic code. The necessary
and suflicient conditions of the Q-cyclic codes to be separable are determined. It is shown that quantum error
correcting codes can be constructed from them.
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