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Abstract

This paper introduces a new set of general theorems for cyclic inequalities. A distinguishing feature of these
results is the integration of an arbitrary function, which is assumed to be convex and, in specific cases, increasing.
In total, we establish sixteen main theorems and two supplementary theorems. Each result is accompanied by
a detailed proof and concrete examples to illustrate its practical utility.
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1 Introduction

Cyclic inequalities form an important class of inequalities characterized by the ordered interaction of variables.
Unlike symmetric inequalities, cyclic inequalities are not invariant under arbitrary permutations, which makes
their study both challenging and rich in applications.
A fundamental example is the classical Nesbitt inequality, which states that for any a, b, ¢ > 0,
a b c 3

+ + g
b+c c+a a+b 2

a
Zb+cz

cyc

or, equivalently,

NO| CO

Here, the notation %, denotes a cyclic sum over the variables a, b, and ¢. This means the subsequent terms
in the sum are generated by applying the cyclic permutation ¢ — b — ¢ — a to the initial expression.

Since its introduction, the Nesbitt inequality has inspired numerous generalizations incorporating varied
cyclic structures, weighted terms, and distinct proof techniques. A representative example is provided by [4,
Theorem 2.1], which states that for any a, b, ¢, p > 0,

a b c 3\’ 1
+ + >z ———
(b+c) (c+a)Y (a+b) 2] (a+b+c)r!
or, equivalently,

A ) [
(b+c) ~\2) (a+b+c)p-1"

cyc
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When p = 1, this inequality reduces directly to the classical Nesbitt inequality. The formulation of such
extensions continues to be an active direction of research in inequality theory (see, e.g., [1-8]).

In this paper, we establish a new set of general theorems for cyclic inequalities characterized by the inclusion
of an arbitrary function f, which is assumed to be convex and, in specific cases, increasing. The resulting bounds
consistently take the form

ala+b+c)f(B),

where @, 8 > 0 are constants. This formulation renders our results widely applicable across a variety of
analytical and algebraic settings. In total, we present sixteen main theorems and two supplementary results.
Each theorem is accompanied by a rigorous proof and concrete examples to demonstrate its practical utility.

The remainder of this paper is organized as follows: Section 2 presents the sixteen main theorems, followed
by two supplementary theorems in Section 3. Section 4 provides a convenient summary of the core inequalities,
and Section 5 offers concluding remarks.

2 Set of sixteen theorems

This section presents our general theorems for cyclic inequalities. These results are sharp, with equality
achieved under a specific configuration of a, b, and ¢. For a concise overview of the core inequalities of these
theorems, we refer the reader to Section 4.

2.1 First theorem
Our first theorem, along with its proof and three examples, is presented below.

Theorem 2.1. Let / : (0, 0) — R be a convex and increasing function. For any «, b, ¢ > 0, the following
cyclic inequality holds:

a b c
of (3)+as (E) +bf (Z) = @@+ b+ (V).
The equality holds fora = b = c.

Proof. The (weighted) Jensen inequality applied to the convex function / gives

) ot (2 90 £) = 2 )

cyc
b0 B () ()
2(a+b+c)f(f+[i).

Using the standard inequality 1/x + 2 > 2 for any « > 0, we have

ca_ca+ab+bc
b b c a
cyc

_afe,b +é(z+£)+£ L
AV 2\¢ a 21a b
a b ¢
2§2+§2+§2—a+b+c.

Using this and the fact that f is increasing, we get

f(Z”—CT) Zf(Lb'”) = f(1).

a+b+c a+b+c
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Combining the inequalities above, we obtain
a b c
of (3)+as (;) +bf (Z) = (@b o)/ ().

Clearly, the equality holds for a = b = ¢, with both sides equal to 8af (1). This concludes the proof. m]

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Three examples of this theorem are presented below.
Applying Theorem 2.1 to the convex and increasing function f(x) = Va2 + 1 gives

c‘/(%)2+l+a\/(§)2+1+b1/(2)2+ 1> (a+b+c)V2.

Applying Theorem 2.1 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives
g’ + ag" +bg*!* > (a +b +¢)gq.

Applying Theorem 2.1 to the convex and increasing function f(x) = x arctan(z) (with /" (x) = 2/(1+22)? > 0)
gives

ac a ab b be c by
" arctan (Z) + - arctan (;) + - arctan (;) >(a+b+ C)Z'

2.2 Second theorem
Our second theorem, along with its proof and three examples, is presented below.

Theorem 2.2. Let f : (0, ) — R be a convex function. For any a, b, ¢ > 0, the following cyclic inequality
holds:

a b c
bf(z) +cf(z) +af(;) > (a+b+o)f(1).
The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function [ gives
a b c a
b (§)+f () + o (2) =20/ ()

crve0 Bt 2

ZC}’C bel chc a
= (a+b+c)f(a+b+c a (a+b+c)f(a+b+c)
a+b+c
= (a+b+c)f(a+b+c) =(a+b+c)f(1).
Clearly, the equality holds for @ = b = ¢, with both sides equal to 8af(1). This completes the proof. m|

If f is concave instead of convex, the inequality is reversed.
Three examples of this theorem are presented below.
Applying Theorem 2.2 to the convex function f(x) = 1/(1 + x) gives

b2 N c? N a? >a+b+c
b+a c¢c+b a+c 2 ’

which can be proved directly with the Titu lemma.
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Applying Theorem 2.2 to the convex function f(x) = ¢* with ¢ > 0 gives

ble

bq"’ +¢q®° + ag!* > (a +b +¢)q.

Applying Theorem 2.2 to the convex function f(x) = x In(z) (with /7 (x) = 1/x > 0) gives

aln(%) +bIn (é) +cln (2) >0,

so that

2.3 Third theorem
Our third theorem, along with its proof and three examples, is presented below.

Theorem 2.3. Let f : (0, 0) — R be a convex and increasing function. For any «, b, ¢ > 0, the following
cyclic inequality holds:

a b c
af (Z) +bf (-) tef (—) > (a+b+o)f(1).
c a
The equality holds fora = b = c.
Proof. The Jensen inequality applied to the convex function f gives

o (@) (2 () - S (2

cyc

:(a+b+6);(ﬁ)f(%)

a+b+c

Z(a+b+c)f( )

Using the Titu lemma, we have

cyc

Using this and the fact that f is increasing, we get

a+b+c

Combining the inequalities above, we obtain

a b c
af (3)+bf (Z) +of (5) = (@+b+of ().
Clearly, the equality holds for a = b = ¢, with both sides equal to 8af(1). This ends the proof. ]

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Three examples of this theorem are presented below.
Applying Theorem 2.3 to the convex and increasing function f(x) = Va2 + 1 gives

aw/(%)2+l+b\/(§)2+l+cw/(2)2+ 1> (a+b+c)V2.

4
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Applying Theorem 2.3 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives
P bg?e 4 gl > (a+b+c)g.

Applying Theorem 2.3 to the convex and increasing function f(x) = x arctan(x) gives

2 2 2

a a

— arctan (—) + — arctan + —arctan( ) > (a+b+c)—
b b c ¢ a a

2.4 Fourth theorem

Our fourth theorem, along with its proof and two examples, is presented below.

Theorem 2.4. Let f : (0, ©) — R be a convex function. For any «, b, ¢ > 0, the following cyclic inequality
holds:

(b+c)f( )+(c+a)f( )+(a+b)f( )>2(a+b+c)f(%).
The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f and the fact that Y. (b + ¢) = 2(a + b + ¢) give

(b+c)f( )+(c+a)f( )+(a+b)f( )

=040/ (57) = 2(““")2(2<a+b+c>)f(ba+c)

cyc

cye

chc u(],]:‘:) chc a
22(a+b+0)f(m —2(a+b+0)f(2(Tb+c))
. a+b+c . 1
_2(a+b+c)f(2(a+—b+())) —2(a+b+c)f(§).
Clearly, the equality holds for @ = b = ¢, with both sides equal to 6af(1/2). This concludes the proof. ]

If / is concave instead of convex, the inequality is reversed.

An extension of this inequality is that, for any £ > 0,

<b+kc>f(bfkc)+(”k“’f(c )““kb)f( @)

1
Z(/e+l)(a+b+c)f(k+1).
The proof is identical to that of Theorem 2.4.

Two examples of this theorem are presented below.
Applying Theorem 2.4 to the convex function f (x) = 2 with p € R\(0, 1) gives

a \r b\ ¢\ 1o
(b+c)(m) +(c+a)(m) +(a+b)(m) > (a+b+0)2!".
Applying Theorem 2.4 to the convex function f(x) = ¢* with ¢ > 0 gives

(b + )P 4 (¢ + a)g” D & (a +b)g D) > a + b+ c)Vg.
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2.5 Fifth theorem
Our fifth theorem, along with its proof and two examples, is presented below.

Theorem 2.5. Let f : (0, 0) — R be a convex and increasing function. For any «, b, ¢ > 0, the following
cyclic inequality holds:

<a+b>f(b“?)+<b+c>f(£)+<c+a>f(acﬂ) 22(a+b+c)f(%),

The equality holds fora = b = c.

Proof. 'The Jensen inequality applied to the convex function f and the fact that %, (b +¢) = 2(a + b + ¢) give

(a+b)f(b%)+(b+c)f(£)+(c+a)f( ¢ )

c a+b

= Z(a +b)f (%) =2a+b +c);‘ (2(aa++bb+ c))f(bjc)

cyc
a(a+b)
Lioye e
2a+b+c)|’

22(a+b+c)f(

Let us now demonstrate that

Za(a+b) >a+b+c
b+c ’

cyc

which requires some developments.
We have

a(a +b) _ a(a+b)
Z b+c —(a+b+c)—Z( b+c —a)

cyc cyc

b+c b+c c+a a+b

:Z ala-c) ala-c) N b(b—a) N c(c=b)

cyc
_ala—c)(c+a)(a+b)+b(b—a)(b+c)(a+b)+c(c—b)(b+c)(c+a)
- (a+b)(b+c)(c+a)
3 (a+b+c)(a®+b3+c3—a%c—b%a—c?b)
a (a+b)(b+c)(c+a)

Let us now demonstrate that

[s [s < [y < P
a® +0% + 2 > a’c+b%a + 2.

It follows from the Young inequality that

3 3
e = (@23 (3 < 2a (:C ,
and, similarly,
203 + a3
b%a <
“=73
and s 3
2° +b
2 < .
‘P23
Adding these three upper bound gives
3a® + 3b% + 3¢3
a®c +b%a+ b < B R S B )

3
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Thus, we find that

8,78, .8_,9 192 _ 9
Za(a+b)_(a+b+c):(a+b+c)(a +b0° +¢° —a“c—ba—c?b)

>0
b+c (a+b)(b+c)(c+a) ’

cye

so that

Za(a+b) >a+b+c.

b+c

cyc

Using this and the fact that f is increasing, we get

Zeye a(ba;b) a+b+c 3 1
f(?(a+b+c) Zf(2(a+b+c))_f(§)'

Combining the inequalities above, we have

b
(a+b)f(ba?)+(b+6)f(m)+(c+a)f(acﬁ) 22(a+b+c)f(%).

Clearly, the equality holds for @ = b = ¢, with both sides equal to 6af (1/2). This completes the proof. O

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.
Applying Theorem 2.5 to the convex and increasing function /(x) = Va2 + 1 gives

{ 92
(a+b)w/(ﬁ)2+l+(b+c) (%) +1+(c+a)w/(aib)2+1

Z(a+b+c)\/3.

Applying Theorem 2.5 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

(a+0)g ) 4 (b + )" D + (¢ + a)g” D) > 2a + b+ c)Vq.

2.6 Sixth theorem
Our sixth theorem, along with its proof and two examples, is presented below.

Theorem 2.6. Let / : (0, 0) — R be a convex and increasing function. For any «, b, ¢ > 0, the following
cyclic inequality holds:
c

(a+c)f(b%)+(b+a)f(C+La)+(c+b)f(ach) 22(a+b+c)f(%).

The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f and the fact that };
a b ¢
(ato)f (m) +(+a)f (m) +(c+b)f (a +b)

= Z(aﬂ)f(ﬁ) =2(a+b m; (2(aa++bc+c))f(bic)

cye
a(a+c)
oy “p )

eye(b+¢) =2(a+b+c) give

22(a+b+c)f(2(a+b+c)
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Let us now demonstrate that

Za(a+c) >a+b+ec,

b+c
cyc

which requires some developments.

‘We have

ala+c) a(a+c)
Z o —(a+b+c)=2( e —a)

cye cye

b+c b+c c+a a+b

_Za(a—b) _a(a—1b) N b(b-c) +c(c—a)
cyc

_ala=b)(c+a)(a+b)+b(b-c)(b+c)(a+b)+c(c—a)b+c)(c+a)

(a+b)(b+c)(c+a)
3 (a+b+c)(a®+b3+c3—a?b—b% - c2a)
- (a+b)(b+c)(c+a) ’

Let us now demonstrate that

a® + 6% + 2 > a®b + b2 + 2a.

It follows from the Young inequality that

3,13
a2b = (a®)2P ()3 < 2a 3+b ,

and, similarly,
20% +¢3

b2 <
=73

and
9 2¢3 + a®
< .

c“a <
3

Adding these three upper bound gives

3a® + 3% + 3¢8
2a§ —=a3+b3+c3.

2b b2
a’b+0°c+c 3

Thus, we establish that

3 3 3_ .2, _p2,._ .2
Za(d+c)_(a+b+c):(a+b+c)(a +b° +¢° —a®b — b*c — c¢*a)

>0,
b+c (@a+b)(b+c)(c+a)

cyc

so that

Za(a+c) >a+b+c.

b+c

cyc

Using this and the fact that f is increasing, we get

a(a+c)
f chc b+c Zf a+b+c =f l ‘
2 +b+c) 2(a+b+c) 2
Combining the inequalities above, we obtain

(o () + G arf () + s () > 2av b 0r 5).

Clearly, the equality holds for a = b = ¢, with both sides equal to 6af(1/2). This concludes the proof. |
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If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.
Applying Theorem 2.6 to the convex and increasing function f(x) = x In(1 +x) (with /" (x) = (x +2)/(1 +

x)% > 0) gives
b 1n(l+ b )
a c+a

a
(a+c)b+cln(l+

+(c+b)aibln(l+aib)

Z(a+b+c)1n(g),

so that

(1 a )(a+c)a/(b+t') . p o\ (bra)b/(cta) (1 ¢ )(c+b)r/(a+b)
+ + +
b+c a+b

3 (a+b+c)
> = .
2

Applying Theorem 2.6 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

c+a

(a+ c)q“/u’“) +(b+ a)qb/(”“) + (¢ + b)q""/(“b) >2(a+b+c)Vg.

2.7 Seventh theorem
Our seventh theorem, along with its proof and three examples, is presented below.

Theorem 2.7. Let f : (0, ) — R be a convex and increasing function. For any a, b, ¢ > 0, the following
cyclic inequality holds:

af(%)+bf(£)+cf(acﬂ) 2(a+b+c)f(%).

The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f gives

af(b:l-c)+bf(cf—(1)+cf(aib)
:%;af(ba?)=(a+b+0);(a+z+c)f(bic)

2(a+b+c)f(M).

a+b+c

Using the Titu lemma, we have

2 2

Z a? _ @, b2 L (a+b+c)?
Cy(b+c_b+c c+a a+b (b+c)+(c+a)+(a+b)

_(a+b+c)2 a+b+c

C 2a+b+ce) 2

Using this and the fact that f is increasing, we get

Zt'yc[){lTi a+b+c _ 1
f(a+b+c)2f(2(a+b+c))‘f(ﬁ)‘
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Combining the inequalities above, we obtain

a b c 1
af(b+c) +bf(c+a) +Cf(a+b) z (a+b+c)f(§).
Clearly, the equality holds for @ = b = ¢, with both sides equal to 8af (1/2). This ends the proof. O

If / is concave and decreasing instead of convex and increasing, the inequality is reversed.

Two variants of this inequality are

o () ot () + o (55) 2 arovor(g)

and
a

“f(a+c)+bf(bia)”f(cib)Z(“”’“)f(%)‘

Their proofs are identical to that of Theorem 2.7.

Three examples of this theorem are presented below.
Applying Theorem 2.7 to the convex and increasing function f(x) = 2 with p > 1 gives

ole) +o () v () zrorort

Applying Theorem 2.7 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

aqa/(b+c) +bqb/(c+a) +ch/(a+b) > (a +b +C)\/§-

Applying Theorem 2.7 to the convex and increasing function f(x) = xIn(1 + x) gives

iln(l+i)+iln(l+ b )+ ¢ 1 (1+ ‘ )

b+c b+c c+a c+a a+bn a+b
Z(a+b+c)%ln(g),

so that

b+e (1+a+b 9

c+a

a \a%/(b+o) b b%/(c+a) ¢ \2/(atbh) g\ (a+b+c)/2
(1 + ) (1 + ) ) 2( ) .

2.8 Eighth theorem

Our eighth theorem, along with its proof and two examples, is presented below.

Theorem 2.8. Let f : (0, ©) — R be a convex function. For any a, b, ¢ > 0, the following cyclic inequality

holds:

cf(“”’) +af(b”) +bf(”“) > (a+b+0)f(2).
¢ a b
The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f gives

cf(a:rb)+af(b+c)+bf(cza)

a

=Zcf(a:b):(“+b+c);(a+2+c)f(a:b)

cyc
c(a+b)

a+b+c ):(a+b+c)f(

2@ +b+c)
a+b+c

Deyela + b))

a+b+c

Z(a+b+c)f(

=(a+b+c)f( )=(a+b+c)f(2).

10
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Clearly, the equality holds for @ = b = ¢, with both sides equal to 8af (2). This concludes the proof. ]

If f is concave instead of convex, the inequality is reversed.
An extension of this inequality is that, for any & > 0,

cf(“ tkb) +af(b J;’“) +bf(”bk”) > (a+b+o)f(k+1).

The proof is identical to that of Theorem 2.8.
Two examples of this theorem are presented below.

Applying Theorem 2.8 to the convex function f(x) = —In(x) gives

—cln(a+b) —aln(b+c) —bln(c+a) >—(a+b+c)In(2),
¢ a b

so that

a+b\° b+ca(c+a)b<2a+b+c
c a b - '
Applying Theorem 2.8 to the convex function f(x) = ¢* with ¢ > 0 gives

(a+b)/c (b+c)/a (c+a)/b

+ bg > (a+b+c)g?.

cq + aq

2.9 Ninth theorem
Our ninth theorem, along with its proof and two examples, is presented below.

Theorem 2.9. Let / : (0, ) — R be a convex and increasing function. For any a, b, ¢ > 0, the following
cyclic inequality holds:

et ) 5]

a
The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f gives

af(a+b)+bf(b+c)+cf(cza)

c a

:Zaf(a-:b):(a+b+c);(a+ab+c)f(a:b)

cyc
a(a+b)
cho ¢
a+b+c |’

Z(a+b+c)f(

Let us demonstrate that b
ZM > 9a+b+o).
cyc ¢

We have

ala+b) a®>+ab b*+bc P +ca
Z = + +

11
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Using the Titu lemma, we obtain

2 2 2
Sl:a_ﬁ_ o letbro?
c b~ c+a+b

Using the standard inequality 1/x + & > 2 for any 2 > 0, we have

ab bc ca

¢ b
ac b +£)+£ b, a
2 b a 21a b

2+ 2+ 2—a+b+c

MIQ

Thus, we find that

D “(a: D S 9o

cyc

Using this and the fact that f is increasing, we get

ZC_}'L‘M) >f(2(a+b+c)

f( a+b+ﬁ a+b+c

Combining the inequalities above, we have

af(“”’) bf(b“) f(“;“) > (a+b+0)f(2).

Clearly, the equality holds for @ = b = ¢, with both sides equal to 8af (2). This concludes the proof. |

) = /(2.

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.

Applying Theorem 2.9 to the convex and increasing function f(x) = 2 with p > 1 gives

4 P
a(a+b) +b(b+c) +c(cza)Pz(a+b+c)2p.

4 a

Applying Theorem 2.9 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

(a+b)/c (b+c)/a (c+a)/b

+ bq > (a+b+c)g?

aq +cq

2.10 Tenth theorem

Our tenth theorem, along with its proof and two examples, is presented below.

Theorem 2.10. Let / : (0, ) — R be a convex and increasing function. For any «a, b, ¢ > 0, the following
cyclic inequality holds:

a+b

bf( )+cf(b”) +af(c+“) > (a+b+0)f(2).
a b
The equality holds fora = b = c.

12
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Proof. The Jensen inequality applied to the convex function f gives
a+b b+c c+a
bf( ) cf( )+af( ~)
a

:be(a:b) (a+b+c)2( +b+c) (a:b)

cyc

b(a+b)
> (a+b+c)f(z—c).

+b+c

Let us demonstrate that

Zb(‘”b) > 9a+b+o).

c
cyc
We have
b(a+b) ba+b* cb+c®  ac+a?
2: = + +
c c a b
cyc
a2 b 2 ba ¢b ac
=[—+—=+—=]+|—+—=+—]|.
b c a c a b
S1 So
Using the Titu lemma, we obtain
2 [72 2 +b +c)2
S =+ C—Z(a o _ +b+ec
b ¢ a b+c+a

Using the standard inequality 1/x + 2 > 2 for any x > 0, we have

_ba Q a
c b
¢ b + C) L ¢ b L

b al  2\a b

=2+ 22+22—a+b+(

I\JIQ MIQ

Thus, we establish that

Zb(‘”b) > 9a+b+o).

c
cyc

Using this and the fact that f is increasing, we get

f (Znyc blarb) ) . (Q(a +b+c)

)=f(2)-

a+b+c a+b+c

Combining the inequalities above, we have

a+b

bf( ) cf(b;’“)mf(“;“) > (a+b+0)f(2).

Clearly, the equality holds for @ = b = ¢, with both sides equal to 8af (2). This concludes the proof. |

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.

13
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Applying Theorem 2.10 to the convex and increasing function f(z) = Va2 + 1 gives

9 9 3
b\/(a+b) +1+c\/(b+c) +1+4+a (C+a) +1
¢ a b

> (a+b+c)‘/§.

Applying Theorem 2.10 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

bq(a+b)/c +Cq(b+c)/a + aq(c+a)/b > (a +b +c)q2.

2.11 EFEleventh theorem

Our eleventh theorem, along with its proof and two examples, is presented below.

Theorem 2.11. Let f : (0, ©) — R be a convex function. For any a, b, ¢ > 0, the following cyclic inequality
holds:

(b+c)f(ﬂ)+(c a)f( )+(+b)f( )>2(a+b+c)f(1)
b+c
The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f and the fact that 3, (b + ¢) = 2(a + b +¢) give

<b+c>f(“”’)+<c+a>f(b”) )

=Y+ )f(“ ) 2(a+b+c)z(2(a+b+())f((;:f)

cyc cyc

C+d>

D i Zeye(a +0)
22(a+b+6)f(m —2(a+b+c)f(m)
. 20a+b+c))
= 2(a+b+c)f(2(a+b+c)) =2(a+b+c)f(1).
Clearly, the equality holds for a = b = ¢, with both sides equal to 6af(1). This completes the proof. |

If / is concave instead of convex, the inequality is reversed.
An extension of this inequality is that, for any k& > 0,

c+a)

b+ k)f( b)+(c+ka)f( —a )+( +Ieb)f( )

> (k+ 1)(a+b+c)f(kf 1)
The proof is identical to that of Theorem 2.11.

Two examples of this theorem are presented below.
Applying Theorem 2.11 to the convex function f(x) = —In(x) gives

I[C))—(C+a)ln(f:;)—(a b)ln(c-_:a) >0,

—(b+c)ln(z

so that

a+b\" (b+c\ T o+ aatd
B
b+c c+a a+b
Applying Theorem 2.11 to the convex function f(x) = ¢* with ¢ > 0 gives

b+ c)q(“b)/(b”) + (c+ a)q(b”)/(”“) +(a+ b)q(”a)/(‘”b) >2(a+b+c).

14
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2.12 Twelfth theorem

Our twelfth theorem, along with its proof and three examples, is presented below.

Theorem 2.12. Let / : (0, 0) — R be a convex and increasing function. For any a, b, ¢ > 0, the following
cyclic inequality holds:

b
af(“ )+bf(§:;)+cf(212) > (a+b+o)f(1).

a+c
The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f gives
a+b b+c c+a
af(a+c)+bf(b+a)+cf(c+b)
a+b a a+b
:Zaf(a_H)=(a+b+c);(a+b+c)f(a+c)

cyc
Z a(a+b)
e a+c )

a+b+c

Z(a+b+c)f(

Let us now demonstrate that

Za(a—-'-b)2a+b+c,

a+c
cye

which required some developments.

We have

a(a+b) : a(a +b) 3 a(b—c)
; a+c —(a+b+c)—;( a+c —a)—; a+c
=a(b—c)+b(c—a)+c(a—b)
a+c b+a c+b
alb-—c)b+a)(c+b)+b(c—a)(a+c)(c+b)+c(a—b)(a+c)(b+a)
(a+c)b+a)(c+b)
ab® +bc® + ca® — abe(a + b +¢)
(a+c)b+a)(c+Db)

Let us now demonstrate that
ab® + be® + ca® > abe(a + b + ).
We have
2 2 2
ab® + bc® + ca® — abe(a + b + ¢) = abe —+—+7 —(a+b+0)].
c a

Using the Titu Lemma, we get

—+—+—2>2———"=a+b+c.

a? b 2 (a+b+c)2_
b c a b+c+a

Therefore, we have

3 3 3
Za(a+b)_(a+b+6)2ab + bc® +ca® —abc(a+b +c)

>0,
a+c (a+c)(b+a)(c+Db)

cyc

so that

Za(a—-l-b)Za+b+c.

a+c
cyc

15
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Using this and the fact that f is increasing, we get

a(a+b)
f(chc ate )Zf(a+b+c):f(l).

a+b+c a+b+c

Combining the inequalities above, we obtain

af(a+b)+bf(::fl)+cf(212) > (a+b+o)f(1).

a+c
Clearly, the equality holds for a = b = ¢, with both sides equal to 8af(1). This concludes the proof. m|

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Three examples of this theorem are presented below.
Applying Theorem 2.12 to the convex and increasing function f(x) = 2 with p > 1 gives

a+b\’ b+c\ c+a\l
a +b|—— +c( ) >a+b+c.
a+c b+a c+b

Applying Theorem 2.12 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

aq((z+b)/(a+c) + bq(b+zr)/(b+a) +Cq(c+u)/(c+b) > (a +b +c)q.

Applying Theorem 2.12 to the convex and increasing function f(x) = x arctan(x) gives

a(a +0b) a+b b(b+c) b+c c(c+a)
arctan + a n +
a+c +c b+a b+a +b

c+a
arctan( )
c+b

Z(a+b+6)%.

2.13 Thirteenth theorem
Our thirteenth theorem, along with its proof and two examples, is presented below.

Theorem 2.13. Let f : (0, 0) — R be a convex and increasing function. For any «a, b, ¢ > 0, the following
cyclic inequality holds:

bf(“*b)ﬂf(ﬁ:)mf(:‘b’) > (a+b+0)f(1).

a+c
The equality holds fora = b = c.
Proof. The Jensen inequality applied to the convex function f gives
a+b b+c c+a
bf(a+c) +Cf(b+a) +af(c+b)
a+b b a+b
:be(a+c) - (a+b+c)z(a+b+c)f(a+c)

cyc cyc

b(a+b)
ZC}’C a+c )

a+b+c

2(a+b+c)f(

Let us now demonstrate that

Zb(a+b) >a+b+ec,

a+c
cyc

which required some developments.

16
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We have
b(a+0b) : b(a+0b) 3 b(b—-c)
PRI o= 3 (M ) - 3 2020
cye cyc cyc
_ b(b-c) +c(c—a) N a(a —b)
a+c b+a c+b

_blb-c)(b+a)(c+b)+c(c—a)(a+c)(c+b)+ala-b)(a+c)(b+a)
a (a+c)b+a)(c+b)

_(a+b +0)(a® + 0% + ¢ - a?b - b%c - c%a)

B (a+c)(b+a)(c+b)

Let us now demonstrate that
a® + 03+ > a%b + b2 + ta.
It follows from the Young inequality that
2a® + b®
2b = (a3)2/3(b3)1/3 < a - ’

and, similarly,
263 + ¢8

b2 <
=73

and
92 2C3 + a3
< .

3

Adding these three upper bound gives
3a® + 3b% + 3c3

=a®+ b3+ 3.
3

a®b +b%c +c%a <

Thus, we find that

3 3 3_ .21 _12,._ .2
Zb(a+b)_(a+b+c)=(a+b+c)(a +b° +¢° —a*b — bc ca)ZO,
L atc (a+c)b+a)(c+Db)
so that ; 5
Z (a+9) >a+b+ec.
a+c
cyc
Using this and the fact that f is increasing, we get
Z(,‘_yc b(j_:—cb) a +b +c
f( a+b+c Zf(a+b+c) =/
Combining the inequalities above, we obtain
a+b b+c c+a .
bf(a+c)+cf(b+a)+af(c+b) > (a+b+0)f(1).
Clearly, the equality holds for a = b = ¢, with both sides equal to 8af(1). This ends the proof. |

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.
Applying Theorem 2.13 to the convex and increasing function f(z) = 2 with p > 1 gives

P 4
b(a+b) +c(b+c) +a(c+Z)P2a+b+c.

a+c b+a c+
Applying Theorem 2.13 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

bq(u+b)/(a+c) +Cq(b+c)/(b+u) +aq(c+a)/(c+b) > (a +b +c)q.

17
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2.14 Fourteenth theorem

Our fourteenth theorem, along with its proof and two examples, is presented below.

Theorem 2.14. Let f : (0, 0) — R be a convex and increasing function. For any a, b, ¢ > 0, the following
cyclic inequality holds:

af(a<b+c>) +bf(b(c+a>)+cf(0<a+b>) > (a+b+0)f(2).

be ca ab

The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f gives

af(a(b+c))+bf(b(c+a))+cf(c(aazb))

be ca
_ alb+c)\ _ a a(b+c)
—;af( be )_(a+b+c);(a+b+c)f( be )
a2 (b+c)
z(a+b+c)f(%).

Let us now demonstrate that

2
Z“(b—“)zg(a+b+c),

be
cyc

which required some developments.

We have
ZaQ(b+c) a?(b+c¢) b%(c+a) c2(a+b)
= + +
- be be ca ab
3 ab+c)+b3(c+a)+c3(a+b)
- abc
3 (@b + ab®) + (b3c + bc®) + (¢Ba + ca®)
B abe '

Using the standard inequality 22 + y* > 2xy for any z, y € R, we have
a®b + ab® = ab(a® + b?) > ab(2ab) = 2a*b?,
and, similarly,
B3¢ + be® = be(b? + ¢2) > 2b%c?

and

Aa+cd® =cal® +d®) > 22d%.

Therefore, we have

(a®b + ab®) + (b3¢ + be?) + (cBa + ca®) S 2(a2b? + b%c? + c2a?)

abc abc

Now, using the standard inequality 2% + y? + 22 > xy + yz + zx for any x, y, 2 > 0, we get

a®b? +0%c? + 2a® > (ab)(be) + (be)(ca) + (ca)(ab) = abe(a +b +c¢).

18
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Therefore, we have

2(a?b? + b%c2 + 2a?) S 2abc(a + b +c)

o e =2(a+b+c).

Thus, we establish that
2
ZM > 9a+b+o).

be
cyc

Using this and the fact that f is increasing, we get

a?(b+c)
f(chc be )Zf(2(0+b+c)) :f(2)

a+b+c a+b+c

Combining the inequalities above, we obtain

o (52 22 (2550

ca

Clearly, the equality holds for a = b = ¢, with both sides equal to 8af (2). This ends the proof. |

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.

Applying Theorem 2.14 to the convex and increasing function f(x) = xIn(1 + x) gives

2 2
a“(b+c) ln(1+a(b+c))+b (c +a) 1n(l+b(6+a))
be be ca ca
2
¢ (a+b) 1n(l_'_c(a+b)
ab ab

) > (a+b+c)2In(3),

so that

a2 (b+c)/ (be) b2 (c+a)/(ca) ¢ (a+b)/(ab)
(1+a(bb+c)) (1+b(c+a)) (1+c(a-;b))
4 a

> 9{1+/)+c

ca

Applying Theorem 2.14 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

aqa(b+c)/(l}c) +bqb(c+a)/(ca) +ch(a+b)/(ab) > (a +b +c)q2.

2.15 Fifteenth theorem
Our fifteenth theorem, along with its proof and two examples, is presented below.

Theorem 2.15. Let f : (0, 0) — R be a convex and increasing function. For any «a, b, ¢ > 0, the following
cyclic inequality holds:

a(b+c) b(c+a) cla+b)
bf( be )+Cf( ca )+af( ab

The equality holds fora = b = c.

)Z (a+b+c)f(2).

19
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Proof. The Jensen inequality applied to the convex function f gives

b (10 o (M2 oy (00
_y f(a(b+0))_( +b+c)2(a+b+c)f(a(bb:6))

cyc
ba(b+c)
Zny(r be )

a+b+c

Z(a+b+c)f(

a+b+c

a(b+c)
= (a+b+c)f(—zw < )

We have

Za(b+c) _ a(b+c) +b(c+a) +c(a+b)

c c a b
cyc

:(ac_b+a)+(i_c+b)+(%+c)

:(a+b+c)+(a—b+b—c+%).
c a b

Using the standard inequality 1/x + x > 2 for any « > 0, we have

ab be ca_afc b +é(z+£)+£ L
c a b 2\b ¢ 2\¢ «a 2\a

a b
§2+22+22—a+b+c

SR
~———

Thus, we find that

ZMZQ(a+b+6).

c
cyc

Using this and the fact that / is increasing, we get

; (chc a(bc+€) ) >/ (2((1 +b+c)

a+b+c a+b+c

)=f(2)-

Combining the inequalities above, we obtain

b () et (M) ool (0572 b vore.

Clearly, the equality holds for @ = b = ¢, with both sides equal to 8af (2). This ends the proof. m|

If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.
Applying Theorem 2.15 to the convex and increasing function f(zx) = 2 with p > 1 gives

b(a(b+c))p+c(b(c+a))[)+a(c(aa-[|)-b))7) > (a+b+0)2.

be ca

Applying Theorem 2.15 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

bqa(b+c)/(bc) +Cqb((:+a)/(ca) +aqn(a+b)/(ab) > (a +b +C)q2.
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2.16 Sixteenth theorem

Our sixteenth theorem, along with its proof and two examples, is presented below.

Theorem 2.16. Let / : (0, 0) — R be a convex and increasing function. For any «a, b, ¢ > 0, the following
cyclic inequality holds:

52 (5 oo

The equality holds fora = b = c.

Proof. The Jensen inequality applied to the convex function f gives

cf(a(b+c))+af(b(c+a)) bf(c(a+b))

be

3 alb+c)\ _ a(b+c)
;f( ) (e +b+c)Z( +b+c)f( be )
chc ca (bb;—t,) B chc a (bb+c)
Z(d+b+c‘)f(m —(a+b+c)f m .
‘We have
alb+c) alb+c) bc+a)  cla+b)

; b B b * c * a

:(a+%)+(b+a€—b)+(c+ba—c)

:(a+b+c)+(a—b+b—c+%).

c a b

Using the standard inequality 1/x + x > 2 for any « > 0, we have

c AT h T
a b
§2+ -2+ 2_a+b+c

ab  bc ca a£+lz +é(a c) c (b
b ¢ 2

Q|
+
ST
~——

4 a

Thus, we establish that

Za(bb—”) > 9a+b+o).
cyc
Using this and the fact that f is increasing, we get

a(b+c)
f(ch( 3 )Zf(Q(a+b+C)) =f(2)

a+b+c a+b+c

Combining the inequalities above, we obtain

[ e () (457 e

Clearly, the equality holds for a = b = ¢, with both sides equal to 8af(2). This ends the proof. |
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If f is concave and decreasing instead of convex and increasing, the inequality is reversed.
Two examples of this theorem are presented below.
Applying Theorem 2.16 to the convex and increasing function f(x) = Va2 + 1 gives

2 9 9
c\/(a(bb:-c)) +1+a\/(b(cc-;-a)) +1+b\/(c(aa-[|)-b)) +1

Z(a+b+c)‘/§.

Applying Theorem 2.16 to the convex and increasing function f(x) = ¢* with ¢ > 1 gives

an(b+c)/(bc) +aqb(f+a)/(m) +bqf(a+b)/(ab) > (a +b +C)[]2.

3 Supplementary theorems

We complete our set of theorems with two results that we believe are not sharp, as the equality does not hold
for a = b = ¢. Nevertheless, they may be of interest for both the results themselves and the proof techniques
developed.

Our first supplementary theorem, along with its proof, is presented below.

Theorem 3.1. Let f : (0, ) — R be a convex and increasing function. For any a, b, ¢ > 0, the following

cyclic inequality holds:

a
b+c

bf(

)+cf(£)+af(ﬁ) 2(a+b+c)f(ab+bc+m).

(a+b+c)?

Proof. The Jensen inequality applied to the convex function f gives

bf(bic)+cf(cf-a)+af(aib)

< T () = e Bl ()

cyc

a+b+c

ba
2(a+b+c)f(M).

Using the Titu lemma, we have

alb+c¢)  ba(b+c) * cb(c +a) * ac(a +b)

. (ba + cb + ac)? 3 (ab + be + ca)?
“ba(b+c)+cb(c+a)+ac(a+b)  ab? +be2 +ca + 3abe’

ba Z (ba)? 3 (ba)? (cb)? (ac)?
< b+c - b

Note that

(a+b+c)(ab+bec +ca) = a®b + a’c + ab? + b%c + ac® + bc® + 3abe

> ab? + be? + ca® + 3abe.
Therefore, we obtain

(ab + be + ca)? (ab + be + ca)? ab + bc + ca

ab? +bc2 +ca?+8abc ~ (a+b+c)(ab+bc+ca)  a+b+c
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Combining the inequalities above, we obtain

ba ab + bc + ca

>
b+c a+b+c
cyc

Using this and the fact that / is increasing, we get

f(chc},bT”C)Zf(ab+bC+Ca)‘

a+b+c (a+b+c)?

Combining the inequalities above, we have

a
b+c

bf( )+cf(£)+af(ﬁ)z(a+b+c)f(

ab + bc + ca
(a+b+c)2)"

This concludes the proof. |

By applying the same logic from the first steps of the proof, we can establish a refined version of the theorem.
This yields the following more complicated, but strictly sharper, lower bound:

bf(bic)+cf(cfa)+af(aib)

(ab + be + ca)?
> b '
> (a+ +C)f((a+b+c)(ab2+b62+ca2+3(1bC)

Notably, the equality holds for ¢ = b = ¢. On this basis, finding an improved lower bound of the form
a(a+b+c)f(B), where a, B > 0 are constants, remains an open problem.

Our second supplementary theorem, along with its proof, is presented below. This is a slight variant of
Theorem 3.1.

Theorem 3.2. Let f : (0, 0) — R be a convex and increasing function. For any «, b, ¢ > 0, the following
cyclic inequality holds:

a ab+bc+ca)

b
Cf(b+c)+af(c+a)+bf(a-ci-b)Z(a+b+c)f((a+b+c)2
Proof. The Jensen inequality applied to the convex function f gives
b
Cf(ba?)-'-af(c+a)+bf(aib)
Sl -0 T i) ()

cyc
3o L
cye b )

a+b+c

Z(a+b+c)f(

Using the Titu lemma, we have

ca (ca)? 3 (ca)? (ab)? (be)?
b+c ; ca(b+c¢)  ca(b+c) * ab(c + a) * be(a +b)

(ca + ab + be)? : (ab + bc + ca)?
“ca(b+c) +ab(c+a) +bc(a+b)  a2b+ b2 +c2a + Sabe’

cyc

Note that

(a+b+c)(ab+bec+ca) = a®b + a’c + ab? + b%c + ac® + bc® + 3abe

> a?b + b2%c + c%a + 3abe.
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Therefore, we get

(ab + be + ca)? (ab + be + ca)? ab + bc + ca

a2b + b2 +c2a + 3abc ~ (a+b+c)(ab+bc+ca)  a+b+c

Combining the inequalities above, we obtain

ca ab +bc + ca

b+c ™ a+b+c
cyc

Using this and the fact that f is increasing, we get

f(chcﬁ)>f(ab+bC+Ca)

a+b+c (a+b+c)?

Combining the inequalities above, we have

a ab+bc+ca)

Cf(b+c)+af(c-l:-a)+bf(a-cl-b)Z(a+b+c)f((a+b+c)2

This completes the proof. |

By applying the same logic from the first steps of the proof, we can establish a refined version of the theorem.
This yields the following more complicated, but strictly sharper, lower bound:

o () v () +or (59)

(ab + bc + ca)?
> b .
> (a+ +C)f((a+b+c)(a2b+b26+c2a+3abc)

Notably, the equality holds for ¢ = b = ¢. On this basis, finding an improved lower bound of the form
ala+b+c)f(B), where @, B > 0 are constants, remains an open problem.

4  Summary

For ease of reference, the sixteen core inequalities established in the main theorems are summarized in Table
1. The specific assumptions regarding the function f are detailed in the respective theorem statements.
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Theorem

Core cyclic inequality

Theorem 2.1

of (§)+af (L) +bf (£) 2 (@+b+0)f (1)

Theorem 2.2

f($)+ef (L) +af (£) 2 (@+b+e)f (D)

Theorem 2.3

() + (If)+cf G2 (a+b+o)f(1)

Theorem 2.4

(b+0f (%) + + f () + @+0)f (75) = 2a+b+0/ (3)

Theorem 2.5

(@+b)f (7%) + (b+o)f i—)+(c+a)f(ﬁ) 22(a+b+c)f(%)

/—\

Theorem 2.6

(a+o)f (7% +(b+a)f(%)+(c+b)f( )>2(a+b+c)f(%)

Theorem 2.7

+0f (L) +ef (35) = (a+b+of (4)

_a_
b+c

Theorem 2.8

Theorem 2.9

)
)+bf (&2) > (a+b+0)f(2)
)

Theorem 2.10

of (4
f(;‘ +cf ( ”" )= (a+b+0c)f(2)
+of |

L)+af % >(a+b+0)f(2)

Theorem 2.11

(b+c)f(“+b) et a)f (L) + (@+bf (£4) 2 2a+b+a)f ()

Theorem 2.12

af (82) +f ($2) +of (54) 2 @+ b+ 0/ (1)

Theorem 2.13

bf (42) +of (f2) +af (24) 2 (a+b+e)f (D)

Theorem 2.14

af (a(b+c)) bf (17((+a)) +ef (€(a+b)) >(a+b+0)f(2)

Theorem 2.15

bf (“G52) + of (L) 4 af (252) = (a b +0)/(2)

Theorem 2.16

of (“42) + af (M) 4 b/ (42) > (@ + b +0)/ (@)

Table 1: Core inequalities of the sixteen main theorems

5 Conclusion

In this paper, we have established a new set of general theorems for cyclic inequalities involving an arbitrary

function that is convex and, in certain cases, increasing. The detailed proofs and concrete examples demon-

strate the practical utility of this functional approach. Future research may extend these methodologies to n-

variable formulations with n > 8, non-convex functional settings, or semi-algebraic optimization techniques.

Additionally, the open problems arising from the two supplementary theorems warrant further investigation.
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