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INVARIANT FINSLER (a,3)-METRIC F? =228 ON HOMOGENEOUS
FINSLER SPACES

RITA HASHEM ABDULLAH AIDAROS AND S.K. NARASIMHA MURTHY

ABSTRACT. In this paper, we consider invariant Finsler («, 3)-metric F? = 2a8 which
are induced by Invariant Riemannian metric and invariant vector fields on homogeneous
spaces, and we give the flag curvature formula of them. Then some conclusions in the case
of naturally reductive homogeneous spaces, and some examples of geodesically complete

(o, B)-metric spaces.

1. Introduction

Finsler geometry is an interesting field in differential geometry which has found many
applications in physics and biology [8]. One of important quantities which can be used for
characterizing Finsler spaces is flag curvature. The computation of flag curvature, which is a
generalization of the concept of sectional curvature in Riemannian geometry, is very difficult.
Therefore finding an explicit formula for computing it can be useful for characterizing Finsler
spaces. Also it can help us to finding new examples of spaces with some curvature properties.
Working on a general Finsler space for finding an explicit formula for the flag curvature is very
computational because of computation in local coordinates. A family of spaces which has
many applications in physics is homogeneous spaces (in particular, Lie groups) equipped with
invariant metrics. The study of homogeneous spaces (Lie groups) with invariant Riemannian
metrics has been a very hot field in last decades (for example see ([1], [11], [16], [23], [24]).
During recent years, some of these results extended to Finsler spaces in some special cases

([10], [12], [25],[26])-
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Invariant Finsler structures on homogeneous manifolds is one of the interesting subjects in
Finsler geometry which has been studied by some Finsler geometers, during recent years(for
example see [2], [3], [4], [5], [9]). An important family of Finsler metrics is the family of
(e, B)-metrics. These metrics are introduced by M. Matsumoto in 1972 (see[7]). The study
of Finsler space with («, )-metric was studied by many authors([15], [18], [19]) and it is quite
old concept, but it is a very important aspects of Finsler geometry and its applications to
physics. They seek for some non-Riemannian models for space time. For example, by using
(a, B)-metrics, G. S. Asanov introduced Finsleroid Finsler spaces and formulated pseudo-

Finsleroid gravitational field equations (see [6] and [7]).

Invariant metrics are of these invariant structures. S. Kobayoshi and K. Nomizu studied
many interesting properties of invariant Riemannian metrics and the existence and properties

of invariant affine connections on reductive homogeneous spaces (see [1] and [11]).

Also some curvature properties of invariant Riemannian metrics on Lie groups has stud-
ied by J. Milnor [14]. So it is important to study invariant Finsler metrics which are a

generalization of invariant Riemannian metrics.

Deng and Hou studied invariant Finsler metrics on reductive homogeneous manifolds and
gave an algebraic description of these metrics and obtained a necessary and sufficient condi-
tion for a homogeneous manifold to have invariant Finsler metrics (see [10],[12]). Also they
studied invariant Randers metrics on homogeneous Riemannian manifolds and used this
structure to construct Berwald space which is neither Riemannian nor locally Minkowskian.
They gave a formula for the flag curvature of invariant Randers metrics on homogeneous

manifolds.

The purpose of the present paper is considered invariant (a, 3) metric F? = 2a3 which are
induced by invariant Riemannian metrics and invariant vector fields on homogeneous spaces,
and then we find the explicit formula for the flag curvature of invariant Finsler («, 5) metric
F? = 2a on naturally reductive homogeneous manifolds (G/H, g), where the metric induced
by the invariant Riemannian metric ¢ and an invariant vector field X which is parallel with
g. Also we study the special cases of naturally reductive spaces and bi-invariant metrics. We

end the article by giving some examples of geodesically complete («, ) metric spaces.
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2. Preliminaries
Definition 2.1. ([1], [11]). A homogeneous space G/H of a connected Lie group G is called
reductive if the following conditions are satisfied:

(1) In the Lie algebra g of G there exists a subspace m such that g = m+n (direct sum of

vector subspaces).

(2) ad(h)m C m, for all h € H,
where 1 is the subalgebra of g corresponding to the identity component Hy of H and ad(h)

denotes the adjoint representation of H in g.
Note that condition (2) implies,
(5) [n,m] C m,
and conversely, if H is connected, then (3) implies (2).
For example, G/H 1is reductive in either of the following cases:

e H is compact,
e H is connected and semi-simple,

e H is a discrete subgroup of G;n =0 and m = g.

Let G/H be a reductive homogeneous manifold with invariant Riemannian metric g which

the subspace m 1is the orthogonal complement of n with respect to the inner product on g.

Also let
V={Xem/adh)X =X,< X, X ><1,Vh € H},

where <, > 1is the inner product induced by g. Then for any X € V' there exist an invariant

(o, B)- metrics F? = 2a on G/H by the following formula :

(2.1) FX(zHY) = 2/g(zH)(Y,Y)g(zH)(X,Y),

where g(X,X) < 1,Y € T,pG/H and X is the corresponding invariant vector field on G/H
to X.
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Let M be a smooth n-dimensional manifold and T'M be its tangent bundle. A Finsler
metric on M is a non-negative function F': T'M — R which has the following properties:
(a) F is smooth on the slit tangent bundle TM° := TM\{0},

(b) F(xz,\y) = AF(z,y) for any x— € M,y— € T, M and X\ > 0,

(c) the n — xn Hessian matrix

2 12

is positive definite at every point (z,y) € TMP°.
For a smooth manifold M suppose that g and b are a Riemannian metric and a 1-form
respectively as follows:
(2.2) g = gyds' ®da?,
(2.3) b = bds'

An important family of Finsler metrics is the family of («, §)-metrics which is introduced by

M. Matsumoto (see [8], [16]). («, 8)-metric F?* = 2a/3 can written as the following form :

(2.4) F? = 2a(z,y)B(z,y),

where

alz,y) = 1/gij(x)yyl, and

B(.CE, y) = bi(.ilj)yi.

In a natural way, the Riemannian metric ¢ induces an inner product on any cotangent
space T*M such that < dz'(z),dx’(x) >= ¢“(z). The induced inner product on T}M
induces a linear isomorphism between T M and T, M (for more details see [10]). Then the

1-form b corresponds to a vector field X on M such that

(2.5) 9y, X(z)) = Blx,y).

Therefore we can write the (o, 3)-metric F? = 2a as the following :

(2.6) F(z,y) = 2a(z,y)9(X(2),y).
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The Flag curvature, which is a generalization of the concept of sectional curvature in Rie-
mannian geometry, is one of the fundamental quantities which associates with a Finsler

space. Flag curvature is computed by the following formula:

gy (R(U, Y)Y, U)

(27) KPY) = V0.0 - @@.0)
where
e,
WUV) = G EY 50+ V)]

P = span{U,Y},

RWUY)Y = VyVyY —VyVyY —Vy,
and V is the chern connection induced by F' (see[15],[17]).

3. Flag curvature of invariant Finsler (o, 8)-metric F? = 2a03

Curvature properties of («, 8)-metrics have been studied by various authors ([13], [21],
[22]). There are several interesting curvatures in Finsler geometry, among them the flag
curvature is the most important one, which is the natural generalization of sectional curvature

in Riemannian geometry.

In this section, we give an explicit formula for the flag curvature of invariant Finsler
(o, B)-metrics F? = 2a3, where « is induced by an invariant Riemannian metric g on the
homogeneous space and the Chern connection of F coincides to the Levi-Civita connection

of g.

Let G be a compact Lie group, H a closed subgroup, g and 7 are the Lie algebras of G
and H respectively. Suppose that gy is a bi-invariant Riemannian metric on G, then the
tangent space of the homogeneous space G/H is given by the orthogonal compliment m of 7
in g with respect to go. Each invariant metric g on G/H is determined by its restriction to
m. The arising Adg-invariant inner product from g on m can extend to an Ady -invariant
inner product on g by taking go for the components in 7. In this way the invariant metric
g on G/H determines a unique left invariant metric on G that we also denote by g. The

values of gy and g at the identity are inner products on g and we determine them by (.,.)o
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and (., .) respectively. The inner product (.,.) determines a positive definite endomorphism

¢ of g such that (X,Y) = (¢X,Y), for all X,V € g.

Definition 3.2. ([1]). A homogeneous manifold M = G/H with a G-invariant indefinite
Riemannian metric g is said to be naturally reductive if it admits an ad(H)-invariant de-

composition g = n + m satisfying the condition
B(X,[Z,Y|n) + B([Z,X|m,Y) =0 for XY, Z € m,

where B is the bilinear form on m induced by g and [, ], is the projection to m with respect

to the decomposition g =1+ m.

We use the following formula which has shown by T.puttmann in [24].

Lemma 3.1. The curvature tensor of the invariant metric < .,. > on the compact homoge-

neous space G/H is given by

<RX,Y)ZW > — —{%(< BL(X,Y),[Z,W] >0 + < [X, Y], B_(Z, W) >0) +
+i(< (X, WY, Z]m > — < [X,Z],[Y, W], >

~2 < [X,Y],[Z, W] >) + (< Bo(X, W), 6 B4 (Y. Z) >,
— < B(X,Z),¢7 ' By(Y,W) >0)},
where B, and B_ are defined by
Bi(X,Y) = 1/2([X, ¢Y] + [Y, 9 X]),
B_(X,Y) =1/2([¢X, Y] + [X, ¢Y]),
and [, Jm is the projection of [., ] to m.

Theorem 3.1. Let G/H be a homogeneous manifold with invariant Riemannian metric g

and F be an invariant(c, B)-metrics of type 2a8 defined by the ad(H )-invariant vector X,
(3.1) FAeH,Y) = 2y/g(eH)(Y,Y )g(zH)(X,Y),

where g(X,X) < 1, Y € T,uyG/H and X s the corresponding invariant vector field on
G/H to X. Also suppose that the vector field X is parallel with respect to g and (G/H, g) is

naturally reductive.



INVARIANT FINSLER, (a, 8)-METRIC F? = 2a8 7

Then the flag curvature of the flag (P,Y) in Ty(G/H) is given by

(3.2) K(PY) = BLLC’

where
A = e (10 D090, X) gl Vg0 ) = L0 TEG ST (0¥t X)),
B = 2V X))V, X) + 290U, x) - LETIA,

and
¢ = g(Yl,Y) (9°(Y,Y)g*(U, X) = 29(Y,Y)g(U, X)g(U,Y)g(Y. X) + g*(U, Y)g*(Y, X)),

where U is any vector in P such that span {Y,U} = P and « in A is defined by
1

Note that [,],, and [,], are the projections of [,] to m and 0, respectively, and we assume

that U 1s orthogonal to Y with respect to g.

Proof. Let X is parallel with respect to g, therefore F' is of Berwald type. Also the Chern
connection of F' and the Riemannian connection of g coincide (See [15] page 305), therefore

we have
(3.4) RF(U,V)W = RI(U, V)W,

where RY and RY are the curvature tensors of F' and g respectively.(Now let R := R = RY).
Notice ¢ is naturally reductive, thus by using proposition 3.4 proved by S. Kobayashi and
K. Nomizu of [1](page 202)we have

1 1

i

R(UVIW)o = U V. Wlalm = 2 [V, [U, Wlnlm

—%[[U, Vi, Wl — ([0, V], W] for UV, W € m.
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Then
RUU,Y)Y)y = E[U, [V, Y il — %[Y’ Uagiat
_%[[U, Y] Ym = [[U, Y]y, Y],
_ }l[y, (U, Y Ll + Y. [0, Y],.

On other hand,
gy (R(U, Y)Y, U)

3.5 K(PY) = ’
where
U, V) = 1 {F(Y + sU +tV)}|
wEV) = 5 a5 ° S
1 02

= 57u0; (VI + U +V.Y 45U +1V)g(X,Y 45U +1V)}omimo.

By a direct computation we get

_ 1 90U, Y)g(Y, X)g(V,Y)
gY(Ua V) - g(Y, Y) {g(U7 V)g<Y>X) +g(U7 Y)Q(V7X) g(Y, Y) +
(3.6) +9(V,Y)g(U, X)},

(37)9Y(KY) = 2 g(Y,Y)g(Y,X),

(38)9Y(KY) = 2 g(Y7Y>g(Y7X)7
1

g(Y,Y)
9(U,Y)g(Y, X)g(U,Y)
1
A0y (Y, U) = Y. Y)g(U, X)—g(UY)g(Y, X)},
(3.10py (Y, U) g(KY){Q( )9(U, X) — g(U,Y)g(Y, X)}
and

gY((RG}T)U)Yv U) = gY<O‘7U)?
where

o =

Y, (U, Y]] + [V, [U, Y]]

P
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Combing the above formulas with the equation (3.5), then completes the proof.

Corollary 3.1. In a special case we can assume a Lie group G as a reductive homogeneous
space with H = e,n = 0 and m = g, then our formula for the flag curvature is simpler

because in this case we have = 1Y, [U,Y]].

Theorem 3.2. Let G, H,g,n,49,90 and ¢ be as above. Assume that X is an invariant vector
field on G/H which is parallel with respect to g and \/g()z,)Z) <1 and X := Xy. Suppose
that F? = 2af3 is the (a, 8)- metric induced by g and X. Assume that (P,Y) is a flag in
Ty(G/H) such that {Y,U} is an orthonormal basis of P with respect to < .,. >. Then the
flag curvature of the flag (P,Y) in Ty(G/H) is given by

vy<Y,X>4a<UY >
2<Y, X >2 a2 ’

(3.12) K(PY)
where

a = <RUY)Y,X >,

_ _}l(< [GU, Y]+ [U, 6Y], [V, X] > + < [U, Y], [8Y, X] + [Y, 6X] >o)
2 <UL, X > — 5 < [U,6X] 4 [X, 601,67V, 6Y]) >0
(3.13) < 0.6V + [V, 0U], 67 (Y, 6X] + [X, 6Y]) >0,
and

v = <RUY)Y,U >,

_ —% < [6U,Y] + [U, 6Y], [V, U] >0
2 < UL Y Ul > = < [U,00],67(Y, 0 ) >0 +
(3.14) b7 < [UL0Y] + ¥, 0U), 67 (Y, 6U] + [U,6Y]) >0

Proof. Let X is parallel with respect to g, and therefore the Chern connection of F'
coincides on the Levi-Civita connection of g (see[8]). So the Finsler metric F' and the

Riemannian metric g have the same curvature tensor.
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By using formula 3.6 and the fact that {Y,U} is an orthonormal basis for P with respect

to g, we have

(3.15)gy (R(U,Y)Y,U) =< R(U, Y)Y, U >< Y, X >+ < RU Y)Y, X ><UY >,
and

(3.16) gy (Y. Y)gy(U,U) —gi(U,Y)=2<Y,X >> + < RU,Y)Y, X >?.

We can obtain the relation (3.13) and (3.14) by using Puttmann’s formula ([24]).
Substituting the relations (3.15)and (3.16)in the equation (3.5), we complete the proof.

The above formula for the flag curvature reduces to a simpler equation, stated as following:

Theorem 3.3. Let G/H be a naturally reductive homogeneous space. Then the flag curvature
of the flag (P,Y) in Ty(G/H) is given

<RUY)Y,U><Y, X >+ <RUY)Y,X ><UY >

3.17 KPY) =
(3.17) (PY) 2<Y, X >24+ < R(U,Y)Y, X >2 ’

where

R(UY)Y = 51, [0,V ]l + [V, [0,V

If the invariant (a, 8)-Metric F? = 2a/3 is defined by a bi-invariant Riemannian metric on
a Lie group then there is a simpler formula for the flag curvature, we give this formula in

the following theorem.

Theorem 3.4. Let G be a Lie group, g be a bi-invariant Riemannian metric on G, and X
be a left invariant vector field on G. Suppose that F? = 2a3 is the (o, 8)-Metric defined by g
and X on G such that the Chern connection of F' coincides on the Levi-Civita connection of
g. Then for the flag curvature of the flag P = span{Y,U}, where {Y U} is an orthonormal
basis for P with respect to g, we have:

UY]L,Y,U><Y, X >4+ <[UY],Y, X ><UY >
<[U, Y]V, X >2 -8<Y, X >2 '

(318)  K(PY)= =

Proof. Let g is bi-invariant. Therefore we have R(U,Y)Y = —1([U,Y],Y]. Now by using
Theorem (3.2) the proof is completed.
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4. Examples of geodesically complete («, 3)- metric

We begin this section with definition, and we give some examples of geodesically complete

(o, B)-metric F? = 2a83.

Definition 4.3. [28]. The Riemannian manifold (M, g) is said to be homogeneous if the

group of isometries of M acts transitively on M.

Theorem 4.5. Let (M, g) is a homogeneous Riemannian manifold. Suppose that F is («, 3)-
metric F? = 2a3 of Berwald type defined by g and a 1-form b. Then (M, F) is geodesically

complete.

Proof. F' is of Berwald type; therefore the Chern connection of F' and the Levi-Civita
connection of g coincide and hence their geodesics coincide. On the other hand (M, g) is
a homogeneous Riemannian manifold; hence (M, g) is geodesically complete (see [28]page

185). Therefore (M, F') is geodesically complete.

Corollary 4.2. Let M is connected; then by using the Hofp-Rinow theorem for Finsler
manifolds, (M, F') is complete.

Corollary 4.3. Let G be a Lie group and g be a left invariant Riemannian metric on G.
And suppose that X is a parallel vector field with respect to the Levi-Civita connection of g
such that\/g(X, X) < 1. Then the (o, B)-metric F* = 2af3 defined by g, X and the relation

(2.6) is geodesically complete.

Now we consider an abelian Lie group equipped with a left invariant Riemannian metric.

We know that this space is flat. In this case we have the following theorem,

Theorem 4.6. Let G be an abelian Lie group equipped with a left invariant Riemannian
metric g, and let g be the Lie algebra of G. Suppose that X € g is a left invariant vector
field with \/g(X,X) < 1. Then the (c, 8)-metric F* = 2af defined by the formula (2.6) is

a flat geodesically complete locally Minkowskian metric on G.

Proof. Let U,V,W € g, now by using the Koszul-s formula and the fact that G is abelian
we have Vy X = 0, for any Y € ¢g. Hence X is parallel with respect to V and F' is of
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Berwald type. Also the curvature tensor R = 0 of g coincides on the curvature tensor of
F' and therefore the flag curvature of F'is zero. F' is a flat Berwald metric therefore by

Proposition 10.5.1 (p. 275) of [15], F is locally Minkowskian.

Example 1. (E(2) group of rigid motions of Fuclidean 2-space). We consider the Lie group
E(2) as follows:

cos@ —sinf a
(4.1) E2) = [ sinf cosf b|\a,b0€R]|.
0 0 1

The Lie algebra of E(2) is of the form

0 0 1 0 00 0 -1 0
(42) e@2)=span{fr=|0 0 0|, y=1]0 0 1], z=[1 0 0]}
0 00 0 0O 0O 0 O
where
(4.3) [2,y] =0, [y,2]=2, [z2]=vy.

Let g be the left invariant Riemannian metric induced by the following inner product,

(4d)< v 2 >=<y,y >=< 2,2 >= N, <z,y>=<y,z>=<z,2>=0, A>0.

In [27] they showed that the left invariant vector fields which are parallel with respect
to the Levi-Civita connection of this space are of the form U = uz. Also they proved that
R =0. Let /< U, U > < 1, in other words let 0 < |u| < 1/(2)). Hence, the left invariant
(o, B)-metric F? = 2o defined by g and U with formula (2.6) is of Berwald type. Also since
F' is of Berwald type therefore the curvature tensor of F' and ¢ coincide and F' is of zero

constant flag curvature. Hence F is locally Minkowskian.

Example 2. Another example of flat geodesically complete locally Minkowskian (c, 5)-metric
F? = 2ap is described as follows. Let g = span{w,y,z} be a Lie algebra such that

(4.5) [T,y =y +az, [y,z] =2ax, [z,2]=ay+az, «€R.



INVARIANT FINSLER, (a, 8)-METRIC F? = 2a8 13

Also consider the inner product described by (4.4) on g. Let G is a Lie group with Lie

algebra g, and g is the left invariant Riemannian metric induced by the above inner product
<..>onG.
A direct computation shows that R = 0, therefore (G,g) is a flat Riemannian manifold.
Also in [28] they proved that vector fields which are parallel with respect to the Levi-Civita
connection of (G, g) are of the form U = uy—uz. Now suppose that 2\ulA = /< U, U > < 1
or equivalently let 0 < |u| < 1/v/2).

Therefore the invariant (o, B)-metric F? = 2af3 defined by g and U is a flat geodesically

complete locally Minkowskian metric on G. Also if G is connected, (G, F) is complete.

5. Conclusion

It is an important problem to compute the geometric quantities such as curvature prop-
erties of homogeneous spaces. In particular, J.Milnor used the formula of the sectional cur-
vature of left invariant Riemannian metric on a Lie group to study the curvature properties

of such spaces.

In this paper, we considered the explicit formula for the flag curvature of invariant Finsler
(o, B)- metric F? = 2o on naturally reductive homogeneous manifolds (G/H, g), where the
metric induced by the invariant Riemannian metric ¢ and an invariant vector field X which

is parallel with g.

Also we study the special cases of naturally reductive spaces and bi-invariant metrics. We

end the article by giving some examples of geodesically complete («, 5) metric spaces.
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