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ABSTRACT. In this paper, we investigated some famous distance based topological indices
of strong double graphs. Some bounds are also defined on certain distance based topological

indices of some families of graphs of strong double graphs as corollaries of main results.

1. INTRODUCTION

Let G(V,E) be a graph, where V and F represent the vertex and edge sets, respectively.
The number of elements in vertex set is called the order of the graph G and the number of
elements in edge set is called the size of the graph G. In a graph G, the distance between
two vertices u and v is the length of the shortest path connecting them. It is denoted as
dg(u,v). The maximum distance between the vertex u and any other vertex of the graph G
is called the eccentricity of the vertex u , eccg (u), in the graph G. The degree of a vertex
u € V (G) is the number of adjacent vertices to the vertex u, which is denoted as dg (u). P,
Sy, and K, notations represent the path, star and complete graphs with order n respectively.
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Munarini [10] introduced the double graph D/G] of a simple graph. The double graph
of a simple G can be constructed by taking two distinct copies of the graph G and joining
each vertex in one copy with the neighbors of the corresponding vertex in another copy. The
k-fold graph [2] D' [G] can be obtained in a similar way, by talking ¢ distinct copies of graph
G and joining each vertex in one of the copy with the neighbors of the corresponding vertices
in other copies.

The strong double graph [2] of a graph G, SD(G), is the graph obtained by taking two
copies of the graph G and joining each vertex w; in one copy with the closed neighborhood
N [u;] = N (u;) | {w;} of the corresponding vertex in another copy.

Topological index is a numerical quantity associated with the molecular graph G obtained
from the corresponding molecular graph structure. This quantity is invariant under graph
isomorphism. In chemical graph theory, topological indices are used to describe some physical
and chemical properties of different compounds. Hundreds of distance and degree based
topological indices have been introduced, but few succeed to attain the attraction of chemists.

The Wiener index is a distance-based graph invariant defined as [4]

W@ = > duv)

{u}CV(G)
In 1993, Randic proposed the hyper- Wiener index [13] as a kind of extension of the Wiener

index. It is defined as
1
WW(G) = 3 > lda(u,v) + da(u,v)?)
{u,w}CV(G)
The Harary index of G is defined as the sum of reciprocals of distances between all
unordered pairs of vertices of a connected graph [5].

H@)= > d('i,v)

{uw}CV(G)
[1] and [20] modified the Harary index and defined the additively and multiplicatively

Harary index as

+d(v
HA( ) = Z{UU}CV (@) 2 2uv( :
d(v
Hy (G) =X uncvie Ez() ))
The degree distance index of a graph G was proposed by Dobrynin and Kochetova [4] as

DD(G)= Y [da(u)+ d(v)lde(u, v)
{u}Cv(G)
I. Gutman introduced the Gutman index [7]

Gut(G)= Y de(u)de(v)d(u,v)

{uv}cV(G)



SOME DISTANCE BASED TOPOLOGICAL INDICES OF STRONG DOUBLE GRAPHS 3

Sharma [14] introduced the eccentric connectivity index of a graph G which is defined as

(@)= dw)ece(u)

ueV(G)

and the total eccentric connectivity index is defined as

(@)= Y el
ueV(G)
Jamil [9] found some distance based topological indices of double graphs. In this paper, we
compute some topological indices of strong double graphs and find sharp bounds on strong
double graphs of different families of graphs.

2. MAIN RESULTS

The composition of two graphs G and K with disjoint vertex sets is the graph G/K] with
vertex set V (G) x V (K) such that two vertices (uy,us2) and (v1,vq) are adjacent if and only
if uy = vy and ugvy € E (K) or uyv; € E(G) . One can see that a strong double graph can
be obtained by composing the graph G to the complete graph K, i.e. SD (G) = G [K,]. If
a graph G has order n and size m then its strong double graph SD/G/ is of order 2n and size
om. Fig. 1 shows a graph and its strong double graph. For further results and properties,
refer to [3,10]. In this section, we compute some topological indices of strong double graphs

and also mention some bounds on strong double graphs of some certain families of graphs.

G

SD[G]

FIGURE 1. A graph G and its strong double graph SD[G].

Let G (V’, E') be the distinct copy of the graph G(V,E). Then the strong double graph
SD[G] have the vertex set V (SD[G]) = V (G)JV (G'), where V (G) = {z1, 29, -+ ,2,},
V(G") ={v1,¥2, -+ ,yn} and y; are the corresponding vertex of z; in V (G’).

Lemma 2.1. Let G be a simple graph and SD|G| be its strong double graph. Then

dspia) (i, y;) = da (x5, 25) 54,7 =1,...,ni#]
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Proof.

Let 2; € V(G) and y; € V(G'). Suppose | = dgspa) (4, y;) < de (x;, x;) = p and a shortest
path in SD[G] is x;v1vs - - - vi_1y;. If I = 1 the property is true. Let [ > 2. It follows that
there exists some v, € V (G'). Since vj_1 and vg,; are adjacent to vg, by construction vy_q
and vg, 1 are adjacent to xy(corresponding vertex of vy in V(G)). We have obtained a path
TV ... T ... v—1y; in SD[G], which implies the existence of a path x;x 129 ... 2 ... 2117
in G of length [, a contradiction. If | = dgpiq) (v4,y;) > da (v5,2;) = p, we get a similar
contradiction. Consequently, dspa) (@i, y;) = da (24, x;).

Lemma 2.2. Let G be a simple graph and SD|G| be its strong double graph. Then
dspia) (T35, 75) = da (v, 25) ;4,5 =1,...,n.

Proof.

Clearly, G C SD[G]. Let {z;,z;} C V (G) C V (D|[G]) then dgpig) (24, x;) < dg (i, 7;5).
Suppose | = dspia) (25, %;) < dg (x;,2;) = p and a shortest path in SD[G] from z; to x; is
;U102 - - - v—1xj. If | = 1 then the property is obvious. Suppose [ > 2. Since [ < p, there
exists some vy € V (G'). As vgp_1 and vy are adjacent to vy, by definition of the double
graph vx_1 and v, are adjacent to xy(corresponding vertex of vy in V(G)). Now we have
obtained a path x;v1vy ... 2y - - v;_12;. In this way we can find a path z;z129 ... 2 - - - 2117
in G of length I, which is a contradiction. It follows that dspia (i, ¢;) = dg (2, x;). Simi-
larly, dspic) (i, ¥;) = da (Yi, yj)-

Lemma 2.3. For a simple graph G and its strong double graph SD|G|, we have
eccspia) (i) = eccspia)(yi) = eccq(x;) ;i=1,...,n
Lemma 2.4. For the strong double graph SD|G]
dspia)(z:) = dspia) (i) = 2dg (z:) +1 ;i =1,...,n.

Theorem 2.5. Let G be a simple graph with n vertices. Then the Wiener index of SDI|G|
s given by
W (SD[G]) = 4W(G) + n.

Proof.
The Wiener index of SD[G] is

W(SDIG]) = Y dspic)(vi, v5)

1<i<j<n

= Z dspia) (i, x;) + Z dspic) (Vi Y5)

1<i<j<n 1<i<j<n
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+ Z dspia (i, Yj)

©,j=1,...,n

By lemmas 2.1 and 2.2 , we deduce

W(DIG)= > do(wnz)+ > da(wi, )

1<i<j<n 1<i<j<n

— W(G) + W(G) + 2W(G) +n
=4W (G) + n.

A well known property of the Wiener index of trees implies the following corollary.

Corollary 2.6. Suppose T,, is a tree with n vertices. Then
W(SD[Sn]) < W (SDI[L]) < W (SD[FR.]).

Theorem 2.7. Let G be a simple graph with n vertices. Then the hyper-Wiener index of
SD[G] is given by

WW (SD[G]) = 4WW(G) + n.

Proof.
The hyper-Wiener index of SD[G] is

WW (SD[G]) :% > (dspia(vi,v)) + (dspie(vi,v;)°)

1<i<j<n

— % Z (dspiay (i, ;) + (dspia) (i, x;))?)

1<i<j<n

1
—|—§ Z (dSD[G} (yi, yj) + (dSD[G] (yi7 yj))2>

1<i<j<n

+% Y (dsoie (@i ;) (dspie (i, 95))?)

1<i<j<n
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By lemmas 2.1-2.2 | we deduce
1
WW(SDG]) = 5 Y. (e (ws,35) + (do (w,7;))°)

1<i<j<n
1
+ 9 Z (da (24, 25) + (da (w3, 25))?)
1<i<j<n

+% > (de (i) + (da (x5, 25))°) +n

;,;gl,m,n
= WW(G) + WW(G) + 2WW (G) + n

=4WW (G) +n.

From [8], we have the following corollary.
Corollary 2.8. If T is an n vertex tree, then for all values of n, n > 1
WW(SD[S,]) < WW(SD[T]) < WW (SD[P,))

Theorem 2.9. Let G be a simple graph with n vertices. Then the Harary index of SDI|G|

15 given by
H (SD|G]) =4H(G) + n.

Proof. The Harary index of SD|G] is
1

HSDIG) = D, Gy

1<i<j<n
1

1
e — _l_ e
1§;§n dspic) (T4, ;) 1§;§n dspic) (Yi, ¥5)

+ -
Z dspic) (%4, ;)

= H(G)+ H(G)+2H(G)+n
=4H (G) + n.

From [19], we have the following result
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Corollary 2.10. Let G be a connected graph of order n. Then
H(SD|G]) < H(SD[K,))
and equality holds if and only if G = K,,.
Corollary 2.11. Let T}, be a tree with n vertices. Then
H(SD[F.]) < H(SD[T]) < H(SD[S,]) -

Theorem 2.12. Let G be a simple graph with m edges. Then the additively weighted Harary
index of SD|G] is given by

H, (SD[G]) =8H4 (G) + 8H (G) + 8m + 2n.
Proof. The additively Harary index of SD[G] is

dspic)(vi) + dspie(v;)
H D =
A(SDI[G]) Z dspic(vi, v;)

1<i<j<n

_ dspic) (i) + dspia) (75) S dspic) (vi) + dspiay (y5)
dSD [G] (%, xj) 1<z‘<j<n dSD[G’] (%’, yj)

1<i<j<n

n Z dSDG] T; +dSD[ ](yj)
dspia) (%i, Y5)

i,)=1,.

By lemmas 2.1, 2.2, 2.4 the last expression is equal to

Z 2dq (ZL‘,) + 2dg ($]) +2 n Z 2dq (1’2) + 2d¢ ([L'J) + 2

l=i<j=n de (i, ;) 1<i<j<n de (z;, ;)
3 2dg (x;) + 2dg (;) + 2
i,j=1,..., n dG (x7'7x])

—2H, (G) 4 2H(G) + 2H4 (G) 4+ 2H(G) + 4H 4 (G) 4+ 4H(G)
+4 > de(w)+ ) ie{1,2,3,.. 2

}—
ST E) de(xi, ;)

=8H, (G) + 8H(G) + 8m + 2n.

Corollary 2.13. Suppose T,, and U, be tree and unicyclic graphs, respectively, with n ver-
tices. Then

H, (SD[T,]) = 8H4 (T,) + 8H (T,,) + 10n — 8.
H4 (SD[U,)) = 8H, (U,) + 8H (U,) + 10n.
H, (SD[B,)) = 8H4 (B,) + 8H (B,) + 10n + 8.
Corollary 2.14. Suppose T}, is a tree with n vertices. Then
HAo(SD[P,])) < Hao(SD[T,]) < Ha (SD[S,]) .
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Theorem 2.15. Let G be a simple graph. The multiplicative weighted Harary index of SD|G|
18 given by

M (SD [G]) == 16HM(G) + SHA(G) + 4H(G) -+ 4M1(G) +8m+n

Proof. The multiplicative Harary index of SD[G] is

mvispi) - 3 S

1<i<j<n

_ Z dspia) (2:) dspigy (.21:]-)Jr Z dspic) (i) dspia (y;)

dspia) (T3, 75) e, dspa) (i, y])

1<i<j<n

N Z dSD[G] (xz) dSD[G] (yj)
dspic) (i, y5)

i,j=1,...,n
By lemmas 2.1, 2.2 and 2.4 this expression equals to

Z (2dg (7)) +1)(2dg () + 1) . Z (2dc (561'); 1)(2dg (7;) + 1)+

l<i<j<n dg (i, 7;) 1<i<j<n c (@i, ;)
2d ;) + 1)(2d N 4+1
s @lolr) PG @) T LS (044 (1) + 1) (2 (20) + 1)
ii=1,...,n da (xia xj) @)
i zi

=4H) (G)+2HA (G)+ H (G)+4Hy (G) +2H4 (G) + H (G)
+8Hy (G) +4Hy (G) +2H (G)
+ Z (2dc(z;) + 1)

_ 16HM(G) +8HA(G) +4H(G) + Y (ddg(x)* +ddg(z:) +17
z;€V(Q)

Corollary 2.16. Suppose P,, S,, C, and K, be the path, star cyclic and complete graphs
with n vertices. Then

Hy (SD[P,]) = 16Hy; (P,) 4+ 8H 4 (P,) + 4H (P,) + 25n — 32
Hy (SD[S,]) = 16Hy (S,,) + 8H4 (Sy) + 4H (S,,) + 10n — 10
Hy (SD[Cy)) = 16Hy (C) +8Hy (C) +4H (Cy) + 25n

Hy (SD[K,)) = 16Hy (K,) + 8Ha (K,) + 4H (K,,) + n(2n — 1),

Theorem 2.17. Let G be a simple graph with m edges. Then the degree distance index of
SDI[G] is given by
D(SD[G]) =8DD (G) +8W (G).
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Proof. The degree distance index of SD[G] is

DD(SD[G]) = > [dspicy(vi) + dspia) (v5)dspic) (vi, v;)

1<i<j<n

= Z [dspia) (z:) + dspia) (5)]dspia) (74, 75)

1<i<j<n

+ Z [dspic) (i) + dspia) (y5)ldspia) (Yi, yj)

1<i<j<n

+ ) [dspia (z:) + dspia () dspiay (21, ;)

i,j=1,...,n

By lemmas 2.1, 2.2, 2.4 the last expression equals to
Z [2dG (ZL’Z) + 2dG (JZJ) + 2]dG (CL’Z‘, ZL’j)
1<i<j<n

+ Y [2de (z) + 2dg (x;) + 2)de (4, 25)

1<i<j<n

+ Z [2de () + 2dg (z;) + 2|dg (24, z5)

i,j=1,...,n

—2DD (G) + 2W(G) 4+ 2DD (G) 4+ 2W(G) + 4DD (G) + AW (G)
= 8DD (G) + 8W(G).

Theorem 2.18. Let G be a simple graph. The Gutman index of SD|G] is given by

Gut (SD[G]) = 16Gut(G) + 8DD(G) +4AW(G) + > (2dg(x;) +1)%.
:EZEV(G)
Proof. The multiplicative Harary index of SD[G] is
Gut(SDIG)) = Y dspic)(vi)dspic) (v;)dspic) (vi, v;)

1<i<j<n

= Z dspia) (7:) dspia) (75)dspia) (T4, 75)

1<i<j<n

+ Z dspia) (¥:) dspia) (Y;)dspia) (Vis 5)

1<i<j<n

+ Y dspi (2:) dspie) (y;)dspie) (2, ;)

i,j=1,...,n
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By lemmas 2.1, 2.2 and 2.4 this expression equals to
> (2dg (x:) +1)(2dg (x;) + V)dg (x;, ;)
1<i<j<n

+ Y (2de (z:) + 1)(2de () + )dg (27, 25)+

1<i<j<n

Y (2d (@) +1)(2dg (z;) + 1)dg (i, 75)

z,€V(G)

=4Gut (G) +2DD (G) + W (G) + 4Gut (G) + 2DD (G) + W (G)
+ 8Gut (G) +4DD (G) + 2W (G)

.1’1€V(G)
= 16Gut(G) + 8DD(G) + 4W (G) + > (2da(z;) +1)°.
(EZEV(G)
Theorem 2.19. Suppose G is a graph of order n. The eccentric connectivity index of SD|G|
18 given by

¢ (SDIG]) = 4¢°(G) + 20 (@) -

Proof.

¢ (SDG Z dspic)(;:)eccspiay (@) + Z dspia)(yi)eccspia (¥i)-

=1

By Lemmas 2.3 and Lemma 2.4 we have

n

¢ (SD[G]) = (2da(;) + Decca(x:) + > (2da(x;) + 1)ecca(x;)

=1 i=n

=2 Z dg(x;)eccq(x;) + Z eccg(x;) + 2 Z dg(x;)eccq(x;) + Z eccg(x;)

=1 =1

=4¢°(G) +2¢(G)

The following theorem is clear from Lemma 2.3.

Theorem 2.20. Let G be a simple graph of order n. The total eccentricity index of SDI|G|
15 given by

C(SDIG]) = 2¢(G) .



SOME DISTANCE BASED TOPOLOGICAL INDICES OF STRONG DOUBLE GRAPHS 11

REFERENCES

[1] Y. Alizadeh, A. Iranmanesh, T. Dogli¢, Additively weighted Harary index of some composite graphs,
Discrete Math., 313:1 (2013) 26-34.

[2] M. V. Diudea, J. Chem. Inf. Comput. Sci., (1997) 37, 292-299.

[3] J. Devillers, A.T. Balaban (eds),Topological indices and related descriptors in QSAR and QSPR, Gordon
and Breach, Amsterdam, 1999.

[4] AA. Dobrynin, A. A. Kochetova, Degree distance of a graph: a degree analogue of the Wiener index,
J. Chem. Inf. Comput, 34 (1994) 1082-1086.

[5] O. Ivanciuc, T. S. Balaban, Design of topological indices. Part 4. Reciprocal distance matrix, related
local vertex invariants and topological indices, J. Math. Chem., (1993) 12, 309.

[6] A. Ilié, I. Gutman, Eccentric connectivity index of chemical trees, MATCH Commun. Math. Comput.
Chem.

[7] I. Gutman, Selected properties of the Schultz molecular topological index, J. Chem. Inf. Comput. Sci.,
34 (1994) 1087-1089.

[8] I. Gutman, W. Linert, I. Lukovits, A. A. Dobrynin, Trees with extremal hyper-Wiener index: Mathe-
matical basis and chemical applications, J. Chem. Inf. Comput. Sci. , (1997), 37, 349-354.

[9] M. K. Jamil, Distance-Based Topological Indices and Double Graph, Iranian J. Math. Chem., 8(1)
(2017) 83-91.

[10] E. Munarini, C. Perelli Cippo, A. Scagliola, N. Zagaglia Salvi, Double graphs, Discrete Math., 308
(2008) 242-254.

[11] D. Plavsié, S. Nikoli¢, N.Trinajsti¢, Z. Mihali¢, On the Harary index for the characterization of chemical
graphs, J. Math. Chem., (1993) 12, 235.

[12] M. Randi¢, On the characterization of molecular branching. J. Amer. Chem. Soc., 97(1975) 6609-6615.

[13] M. Randi¢, novel Molecular descriptor for structure-property studies, Chem. Phys. Lett. 211 (1993)
478-483.

[14] V. Sharma, R. Goswami, A. K. Madan, Eccentric connectivity index: A novel highly discriminating
topological descriptor for structure-property and structure-activity studies. J. Chem. Inf. Comput. Sci,
37(1997) 273-282.

[15] R. Todeschini, V. Consonni, Handbook of molecular descriptors, Wiley-VCH, Weinheim, (2000) 209-
212.

[16] N. Trinajsti¢, S. Nikoli¢, S. C. Basak, I. Lukovits, Distance Indices and Their Hyper-Counterparts:
Intercorrelation and Use in the Structure-Property Modeling, SAR QSAR Environ. Res., (2001) 12, 31.

[17] D. B. West, Introduction to Graph Theory, Prentice-Hall, Upper Saddle River, N.J,1996.

[18] H. Wiener, Structural determination of the paraffin points, J. Am. Chem. Soc., 69(1947) 17-20.

[19] B. Zhou, X. Cai, N. Trinajsti¢c, On Harary index, J. Math Chem., 44 (2008) 611-618.

[20] G. Su, L. Xiong, I. Gutman, and L. Xu, Reciprocal Product-Degree of Graphs. Filomat, 30(8) (2016)
2217-2231.



