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ABSTRACT. In this paper we are interested in the existence of solutions for Dirichlet problem

associated with the degenerate nonlinear elliptic equations
n
—div[A(z, Vu) wi + B(z, u, Vu) wa | + H(z,u, Vu) ws = fo(z) — Z D, f;i(z) in Q,
j=1

u(z) =0 on 09,
in the setting of the weighted Sobolev spaces.

1. INTRODUCTION

In this paper we prove the existence of (weak) solutions in the weighted Sobolev space
Wy (€, wi) (see Definition 2.3) for the Dirichlet problem

Lu(z) = fo(z) — ZDjfj(x) in

u(z) =0 on 01,

(P)

where L is the partial differential operator
(1.1) Lu(z) = — div[A(z, Vu) wy + B(z, u, Vu) ws| + H(z,u, Vu) wy

where D; = 0/0x;, ) is a bounded open set in R", wy, we and ws are three weight functions
(which represent the degeneration or singularity in the equation (1.1)), 1 < ¢,s < p < ©
and the functions A; : QxR"—=R |, B; : OxRxR"—=R (j=1,...,n) and H : @ x RxR"—= R
satisfying the following conditions:
(H1) x—A;(x,§) is measurable on Q2 for all { € R™,

E—Aj(z,€) is continuous on R for almost all ze€().
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2 A.C. CAVALHEIRO
(H2) There exists a constant #; > 0 such that

(A(z,8) = A(x,£), (€ = €)) =1 1€ = &',

whenever &, 'eR", (£, and A(z,€) = (Ai(z,§), ..., An(x,€)) (where (.,.) denotes here the
Euclidian scalar product in R™).
(H3) (A(x,€),&) > A\[¢]P, where A is a positive constant.
(H4) |A(z, )| < Ki(z) + hy(2)|¢[P”?", where K and h; are nonnegative functions, with
hi€L>(Q) and K1€LP'(Q,w;) (with 1/p+1/p’ = 1).
(H5) z—B;(x,n,§) is measurable on € for all (n,{) € RxR",

(n, &)—=B,;(x,n,§) is continuous on RxR™ for almost all ze(.
(HI6) (Bl 1,€) — Blr,7/,€), (€ — €)) > 0, whenever £ €'€R", &£, where B(z,n,€) —
(Bi(z,1,8), ... Bu(z,1,§)).
(HT) (B(x,n,£),&) > Xao|&|” + Aa|n|?, where Ay > 0 and Ay >0 are constants.
(H8) |B(z,n, )| < Ka(x) + ¢1(2)|n]|"? + go(2)[€|¥?, where K», g1 and go are nonnegative
functions, with g; and go€L>(Q), and Ko€L' (Q,ws) (with 1/q +1/q’ = 1).
(H9) z— H(x,n,&) is measurable on Q for all (n,£) € RxR"

(n, &)~ H(x,n, ) is continuous on RxR™ for almost all z€€).
(H10) [H(z,n,&) — H(z,n',&)](n —n') > 0, whenever n, ' €R, n#n'.
(H11) H(z,n,&)n> A3l¢]” + As|n|’, where A3 and A3 are nonnegative constants.
(H12) |H(z,n, )| < Ks(x) + ho(2)[n]"* + ha(2)|€]*", where K3, hy and hs are nonnegative
functions, with Ks€L*'(Q,ws) (with 1/s +1/s’ = 1), hy and hs€ L>®(1Q).

Let © be an open set in R™. By the symbol W(2) we denote the set of all measurable a.e.
in €2 positive and finite functions w = w(x), x € Q. Elements of W(2) will be called weight
functions. Every weight w gives rise to a measure on the measurable subsets of R through

integration. This measure will be denoted by p. Thus, u(E) = / w(zx) dzx for measurable
E
sets £ C R".

In general, the Sobolev spaces WHP(Q) without weights occur as spaces of solutions for
elliptic and parabolic partial differential equations. For degenerate partial differential equa-
tions, i.e., equations with various types of singularities in the coefficients, it is natural to look
for solutions in weighted Sobolev spaces (see [2], [3], [4] and [7]). In various applications,
we can meet boundary value problems for elliptic equations whose ellipticity is disturbed
in the sense that some degeneration or singularity appears. There are several very con-
crete problems from practice which lead to such differential equations, e.g. from glaceology,
non-Newtonian fluid mechanics, flows through porous media, differential geometry, celes-
tial mechanics, climatology, petroleum extraction and reaction-diffusion problems (see some
examples of applications of degenerate elliptic equations in [1] and [6]).

A class of weights, which is particularly well understood, is the class of A,-weights (or
Muckenhoupt class) that was introduced by B. Muckenhoupt (see [15]). These classes have
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found many useful applications in harmonic analysis (see [17]). Another reason for studying
A,-weights is the fact that powers of distance to submanifolds of R™ often belong to A, (see
[13]). There are, in fact, many interesting examples of weights (see [12] for p-admissible
weights).

The following theorem will be proved in section 3.
Theorem 1.1. Let 1 < q,s <p < oo and assume (H1)-(H12). If

(i) w1 € Ay, wy and ws € W(), 22 € L™ (Q,wy) and i € L™(Q,w1), where r1 = p/(p — q)
! w1
and ry = p/(p — s);

(i) fo/wa € LT (Q,wy) and fjjwi € L' (Qwy) (j=1,...,n).

Then the problem (P) has a unique solution u € Wy (Q,w,). Moreover, we have

n 1/(p—1)
el 0 <C (0 I fo/wnlloram + 3 Hfj/leLp/(M)) ,
j=1

where C' = [(CF 4 1)/ M|V ®~V (Cq, is the constant in Theroem 2.2 and C,, is the constant
in Remark 3.2(1)).

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 < w < oo
almost everywhere. We say that w belongs to the Muckenhoupt class A,, 1 < p < oo, or
that w is an Ap-weight, if there is a constant C' = C,,, such that

() ) e

for all balls B CR™, where |.| denotes the n-dimensional Lebesgue measure in R". If 1 <
q <p, then A, C A, (see [10], [12] or [17] for more information about A,-weights). The weight
w satisfies the doubling condition if there exists a positive constant C' such that

pw(B(x;2r)) < C p(B(x;7r)),

for every ball B = B(z;r) CR", where u(B) = [,w(z)dz. If weA,, then y is doubling (see
Corollary 15.7 in [12]).

As an example of A,-weight, the function w(z) = |z|%, xz€R", is in A, if and only if
—n < a < n(p—1) (see Corollary 4.4, Chapter IX in [17]).

If weA,, then
p
(@) gc”(E),
| B u(B)
whenever B is a ball in R™ and E is a measurable subset of B (see 15.5 strong doubling

property in [12]). Therefore, if u(E) = 0 then |E| = 0. The measure p and the Lebesgue
measure |.| are mutually absolutely continuous, i.e., they have the same zero sets (u(E) =0
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if and only if |E| = 0); so there is no need to specify the measure when using the ubiquitous
expression almost everywhere and almost every, both abbreviated a.e..

Definition 2.1. Let w be a weight, and let Q2 CR" be open. For 1 < p < oo we define
LP(,w) as the set of measurable functions f on € such that

1/p
1l = ( /1 f\”wdx) “ .

If wed, 1 < p < oo, then w™¥® Y is locally integrable and we have
LP(Q,w) C Ly, .(Q) for every open set Q (see Remark 1.2.4 in [18]). It thus makes sense
to talk about weak derivatives of functions in LP(Q,w).

Definition 2.2. Let w be a A,-weight (1 < p < 00), and let Q2 CR” be a bounded open set.
We define the weighted Sobolev space W1P(Q2,w) as the set of functions u € LP(, w) with
weak derivatives Dju € LP(Q,w). The norm of u in WP(Q,w) is defined by

n 1/p
21) lolhving = ( [ loPwds+ S [ 1Duprads)
Q : Q
7j=1

If we A,, then WHP(Q,w) is the closure of C*°(Q) with respect to the norm (2.1) (see
Theorem 2.1.4 in [18]). The spaces W'?(,w) are Banach spaces.

The space VVO1 P(Q,w) is the closure of C§°(2) with respect to the norm (2.1). Equipped
with this norm, VVO1 P(Q,w) is a reflexive Banach space (see [14] for more information about
the spaces WP(Q, w)). The dual of space W, (Q,w) is the space

(Wo(Q,w)]"
={T = fo—div(F), F=(f1,.... fa) : ;ﬂ e’ (Qw),j=01,..nk
It is evident that a weight function w which satisfies 0 < ¢; <w(x) < ¢y for x € Q (where
¢; and ¢, are constants), give nothing new (the space W, (€2, w) is then identical with the
classical Sobolev space W(l)’p (©)). Consequently, we shall be interested above all in such
weight functions w which either vanish somewhere in Q or increase to infinity (or both).

In this paper we use the following results.

Theorem 2.1. Let we A,, 1 < p < oo, and let Q2 be a bounded open set in R™. If u,—u
in LP(Q,w) then there exist a subsequence {uy,, } and a function ® € LP(Q,w) such that

(1) U, ()= u(x), mp — o0 a.e. on Q;

(1) |tm, ()| < P(x) a.e. on L.

Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [9]. O

Theorem 2.2. (The weighted Sobolev inequality) Let Q be an open bounded set in R™ and
wEA, (1 <p<o00). There exist constants Cq and § positive such that for all u€ Wy (Q,w)
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and all k satisfying 1 <k<n/(n—1)+9,
(2.2) [l v (@) < Coall VUl [l o)
where Cq depends only on n,p, the A,-constant C(p,w) of w and the diameter of ).

Proof. Its suffices to prove the inequality for functions u € C§°(Q2) (see Theorem 1.3 in [8]).
To extend the estimates (2.2) to arbitrary u€ W, (Q,w), we let {u,} be a sequence of
C3°(Q) functions tending to w in WyP(Q,w). Applying the estimates (2.2) to differences
U, — Uy, We see that {u,, } will be a Cauchy sequence in L*?(Q, w). Consequently the limit

function u will lie in the desired spaces and satisfy (2.2). O
Definition 2.3. We say that an element u € W, ”(Q,w;) is a (weak) solution of problem (P)
if
/ (A(x,Vu), Vo) w dx —|—/
Q

Q
- [fear+Y" [ 1Dedr,
Q = Ja

for all ¢ € WP (2, w).
Remark 2.3. (i) If 22 ¢ L™ (Q,wy) (where iy =p/(p — q), 1 < ¢ < p < o0) then
w1

(B(x,u,Vu), V) ws dr + / H(x,u, Vu) pwsdx
Q

||U’HL‘1(Q,w2) <Chyq HUHLP(Q,W1)>

. In fact, by Holder’s inequality we obtain

1/q
L™ (Q,w1)

w2
T / s d = / ul? 1 d

a0/q qa/p T (»—a)/p
|ul wy dx (wg/wl) wy dx
Q Q

1l 7o @uony 192/ @1l i )

where C,, , = ||wa /w1

IN

Hence,
||u||Lq(Q,m) < Cp,q”UHLP(Q,wl)'

(ii) Analogously, if % € L™ (Q,wy) (where o =p/(p —s), 1 < s < p < o0) then
1

[ ul L5 (Qws) <Cps ||u||LP(Q,W1)’

where Ops - ||w3/w1HL’“2 (Quw1)*
(iii) Since wy € A,, then by Theorem 2.2 (with k£ = 1), we have

HVul loow) < lulliis

Qwi)

= /]u\pwl d:v—l—/\Vulpwlda:

< (Co+ DIVl [0
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Hence,

1Vl o(ny < Nl oy < (CE + DIV o0 -
0 (Qwr)

3. PROOF OF THEOREM 1.1

The basic idea is to reduce the problem (P) to an operator equation Au = T and apply
the theorem below.
Theorem 3.1. Let A : X—X* be a monotone, coercive and hemicontinuous operator on the
real, separable, reflexive Banach space X. Then the following assertions hold:

(a) For each T € X* the equation Au =T has a solution u€eX;

(b) If the operator A is strictly monotone, then equation Au = T is uniquely solvable in
X.

Proof. See Theorem 26.A in [20]. O

To prove Theorem 1.1, we define B, By, By, B : Wy (Q,w;) x Wy (Q,w;) »R and T :
W()Lp(val) —-R by

B(“? QO) = Bl(uv ‘:0) + BZ(ua 90) + B3(u7 ‘:0)7

Bulwy) = [ (Al Va), Vo) wn e
Ba(u,p) = A(B(m,u,Vu),Vgp)de:c,

Bs(u,p) = /Q?-[(x,u,Vu)gowgdx
T(p) = /QfodeTJrZ/ijDjwdﬂf-
j=1

Then u € W, (Q,w;) is a (weak) solution to problem (P) if

B(u, ¢) = B1(u, p) + Ba(u, ) + Bs(u, ») = T(p),

for all ¢ € W, (€2, w).
Step 1. For j = 1,...,n we define the operator Fj : WOI”’(Q,wl) —LP' (Q,w) as

(Fju)(z) = A;(z, Vu(z)).

We now show that the operator F} is bounded and continuous.



NONLINEAR DEGENERATE ELLIPTIC EQUATIONS 7

(i) Using (H4) we obtain

1Pl = [ 1Pyl da

= /|Aj(x, V)P w, da
Q

p/
< /(Kl—l—hl]Vu]p/p) wy dx
Q

Cp/ {(Kf#h{’\vuv’)wl} da
Q

- Cp{/Kf/wldx—l—/hﬁ’/]Vu|pw1d:c}
Q Q

< G (Il gy + 1l 90 s

IA

(31) < (||K1|| /(@) +||h1||poo ||U||p 1P(Qw1))

where the constant C), depends only on p. Therefore, in (3.1) we obtain

15ty < G (Il + Vil T )

(i) Let tp— u in WP (2, w;) as m — co. We need to show that Fju,,— Fyu in P (Q,w;).
We will apply the Lebesgue Dominated Convergence Theorem. If w,,— u in W(} P(Q,wr),
then |Vu,,|—|Vu| in LP(,w;). Using Theorem 2.1, there exist a subsequence {u,,, } and a
function ®; € LP(2, w;) such that

U, () —u(x) a.e. in Q,
Djtm, () = Dju(x) a.e. in ,
|V, (2)| <Py () a.e. in Q.

Next, applying (H4) we obtain
Pyt = Full sy = [ 1Fstm @) = Fu(o) e da

= / |Aj(z, Vg, ) — Az, Vu)|p/ wy dx
Q

IN

c, / (\Aj@,wmk)v” + \Aj<x,w>yp’>w1 dx
Q

p/
C, {/ (K1+h1|Vumk|p/p) wy dz
0

IN
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p/
+ / <K1 + h1|Vu\p/p ) w1 dl’:|
Q

!/

p
20,,/ <K1+h1®’1’/p) wy dx
Q

20, [/Kf/wl dx—i—/h]l”/(b]l”wldx}
Q Q

2Cp |:‘|K1||Izp’(ﬂ’wl) + ||h1||poo(9)/9<b]fw1 dl’:|

IN

IN

IN

= 26, {1 g+ Wl |
By condition (H1), we have
Fitm, () = Aj (2, Vi, (2))= Aj(z, Vu(z)) = Fu(z),
as my — +o0o. Therefore, by the Lebesgue Dominated Convergence Theorem, we obtain
| Ftn, = Fytll vy =0

that is,

Fjtim, — Fju in LP'(Q,w;).

We conclude from the Convergence Principle in Banach spaces (see Proposition 10.13 in [19])
that

(3.2) Fjtm— Fju in LP'(Q,w).
Step 2. We define the operator G : W, (€, w;) — L% (Q,w,) by
(Gju)(x) = Bj(z, u(x), Vu(z)).

This operator is continuous and bounded. In fact,
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(i) Using (H8) and Remark 2.3(i) we obtain

qu(Q,WQ)
:/|Gju(:c)|q/w2dx
Q
:/|Bj(x,u,Vu)|q,w2dx
Q

q
§/<K2+91|U|q/q +92|Vu|q/q) wo dx
Q
SCq/ {(K‘?+9?'\u!"+g§'|w\q)wz]dm
Q

= C’q[/K§IW2d:U+/g§/]u\qud:c+/ggl]Vu]qwzdx}

Q Q QO
< cq(uf@nzq,m,wQ) T A TN COPREY P A 1 I L )
<y (Il g+ Il
gl iy 9] [, )

33 <G IRl gy + Ol + Il o) il )
where the C, depends only on ¢. Therefore, in (3.3), we obtain

HGju”Lq’(Q,wQ)

(3.4) <cys (HKQHLQW £ (91 oo +ugzum))Huuwmw)

(i) Let tpy— u in WP (2, w;) as m — oo. We need to show that Gju,,— Gyu in L9 (Q, w,).
We will apply the Lebesgue Dominated Theorem. If w,—u in WyP(€Q,w:), then u,— u
in LP(Q, wy) and |Vuy,|— [Vul in LP(§2,w;). Using Theorem 2.1, there exist a subsequence
{tp, } and functions @1, o€ LP(Q2, w;) such that

U, (x)—u(x) a.e. in §,

Uy, (2)|[<Po(z) a.e. in Q,
Djty,, () = Dju(x) a.e. in 2,
|Vt ()| <Py (z) a.e. in Q.



10 A.C. CAVALHEIRO

Next, applying (H8) and Remark 2.3(i) we obtain
HGJumk G u”Lq "(Qw

:/ |Gt (z) — Gju(x)|q/w2 dx
Q

:/|Bj(x,umk,Vumk)—Bj(x,u,Vu)|qlw2dx

Q

<C, / (|Bj(x,umk,Vumk)|ql + |B;(z, u, Vu)|q/)w2 dx
Q

q/
<Cy {/ <K2+91’Umk’q/q +gQ\VumkyQ/‘1) wo dx
Q

’

q
‘|‘/ (KQ+91|U|q/q +92|VU|q/q) w2d17:|
Q

!

q
§20q/(K2+g1<I>g/q +g2<1)§/q) wo dx
0

<2C, {/S]Kglwgda:—l—/nglcbgwgdx—i-/ﬂgg/@‘{mdx]

<20, 1Kol + o [ B
el [ #wad]

= 20, |18l gy + Il ) N0l
1l 121 )|

<2Cy Il g + Chalnll ooy 1921

AN
By condition (H5), we have
G, (2) = Bj(x, U, (x), VU, (2)— Bi(z, u(z), Vu(z)) = Gju(zx),
as my — +o0o. Therefore, by the Lebesgue Dominated Convergence Theorem, we obtain
|G jttmy, — Giull Loty 05

that is,
Gjumk — Gju in Lq/(Q, (.Ug).
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We conclude from the Convergence Principle in Banach spaces (see Proposition 10.13 in [19])
that
(3.5) Gitm— Gyu in L7 (Q,wy).
Step 3. We define the operator H : W, P(Q, w;) — L*'(Q, ws) by

(Hu)(x) = H(x,u(x), Vu(x)).

We also have that the operator H is continuous and bounded. In fact,
(i) Using (H12) and Remark 2.3(ii) we obtain

|1Hu

L+ (©n) :/|HU|S ws dx
Q

:/\H(m,u,Vu)]S/wgdx

0
g/ <K3+h2|u|5/5/+h3|Vu|5/8,> ws dx

0
gcs/(Kg’ + b3 Jul® + by [Vul*)ws da

Q

<. [ Ky oade il [l wnds + el [ [Fulends
Q Q Q

<C (||K3 1" ws) T 112l 200 @) sl Loqn) T 1311 200 ) Crsll VU] ||8LP(Q,W1))

36) <O 1Kl + Coalltally + Il ) Bl )

where the constant C depends only on s. Hence, in (3.6), we obtain

S— s—1
1 Hul 1 gy < C @rwrmw + O3 (Il gy + Hh?,umm)Huuwg,pm,wlﬂ-

(ii) Applying (H12) and Remark 2.3(ii), by the same argument used in Step 1(ii), we obtain
analogously, if w,, —u in Wy(,w;) then

(3.7) Hup,— Hu, in L*'(Q,ws).
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Step 4. Since EELq/(Q,wQ) and fi
%) w1
Moreover, we have

e LP (Q,wy) (j = 1,...,n) then T e [W,?(Q,w )]

) < [ Ulleldo+ Y [ 151Dl do
Q W2 oo W

< Wfofwellpor @ 19l o + (Z ||fj/w1||m/m,wl)) 1Vl o

J=1

< (0 I fo/sllorm + 3 !Ifj/wll\Lpf(QM)) [

j=1
Moreover, we also have

< /|A(x,Vu)||Vg0]w1dm+/ |B(z, u, Vu)| V| ws dz
Q Q

(3.8) + /Q|7-[(x,u, Vu)|ws.

In (3.8) we have, by (H4),

/ |A(x, Vu)| [Ve|w de < / (K1 + hllvuyp/p’) (V| w; dx
Q Q
<Kl o @ VO o @wn) T 1l oo oy | [V H%pnwl Vel o)

S (HKlHLp/(Q,uu) + ||h1||LOO(Q)||u||p/1 p(Qw )) ||90||W le)

and by (H8) and Remark 2.3(i)

/|B(x,u, Vu)| [Velwydr < / (K2+g1|u|q/ql+gg|Vu|q/q/>|Vg0|w2da:
Q Q

<N K2 g |V agerany + 19111 ooy 12l Tt

ol 1V Lo
+ g2l oo | V2 125 o) 11V ] o
< CquK2HLq’ (Qw2) 11Vl ll (Qw1) Cq 1HngLo<> HU| Lp le Crg 1Vl “LP(Q,wl)

+ ||92||Loo Q) || [Vl ||Lp (1) Cpall [Vl ||Lp(Q,wl)

< CoallFallur gy + (Clllnlimior + Ol ) Tl o | 0
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and by (H12) and Remark 2.3(ii)

/|H(:U,u,Vu)||g0|w3dx§/ <K3+h2|u|s/sl+h3|Vu|S/S,)|g0|w3dac
Q 0

< [ Kalplwado+ hallmay [ [ul"" lplwade + Viallmiay [ V0l ol da
Q Q Q

<K Lot (0 191 Lo (00) T 121l oo o 11l SL/wig 12l 25 (@.5)
< CpsHK3HL9 HSDHLP (Qw1) + HhZHLoo(Q Cs 1”“”& (Qw1) P7S”90“LP(Q,UJ1)

sl oo ey Coa IV 200y Crs 10 o(aany

[ Oy 1K)

vy + Coslhall gy + sl ool M(M}uwnw .

Hence, in (3.8) we obtain, for all u, ¢ € Wy (Q,w;)

B(u, ¢)|

<[y + Wil Nl gy + CralBelar

g (l91ll e ) + 192l e ) 1l g ) + Cos 1Kl 1@

+ Cp Izl ooy + 13l oo @) 14520 gy | 1M w22 200

Since B(u,.) is linear, for each u € W,?(Q,w,), there exists a linear and continuous func-
tional on W, (Q,w;) denoted by Au such that (Au|e) = B(u, @) for all u, ¢ € Wy ?(Q,w;)
(here (f|x) denotes the value of the linear functional f at the point z). Moreover

1Aull, < 1K g uany + Il ooy 1l 0y T Crall Kol o7 @
+ G g (1911 ey + g2l @) llfy o g

+ Cpll Ksll ot 00y + Crs (B2l ey + 131l e ) 1l -

where || Aul|, = sup{|(Au|p)| = |B(u, )| : p € Wy (Q, wy), [lly7 (@) = 1} 1s the norm of
the operator Au. Hence, we obtain the operator

A: WOI’p(Q,wl) — [Wol’p(Q,wl)]*

u— Au.

Consequently, problem (P) is equivalent to the operator equation

Au="T, ueWyP(Q,w).
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Step 5. Using (H2), (H6) and (H10), we obtain (for uy, us € Wy P(Q, w1 ), uy # us)
(Au1 — AUQ‘Ul — 'LLQ) = B(ul, Uy — UQ) — B(UQ, uy — UQ)

:\/{;<A($,VU1),V(U1—U2)>W1daj+/<B($,U1,VU1),V(U1—U2)>W2dl'

Q

—l—/ H(z,uy, Vug)(ug — ug) ws de
Q

—/ (A(x, Vug), V(ug — ug)) wy dox — / (B(x,us, Vug, V(u; — uz)) wy dx
Q Q

—/QH(:E,UQ,VUQ)(ul uy)ws d

_ /Q (A2, V) — Az, Viug), V(ux — ua)) wy dar
+/ﬂ (B(z,uy, Vuy) — Bz, us, Vus), V(uy — uz)) wo dz
+/Q (H(m,ul, V) — H(z, us, Vuz)) (u1 — ug) wy da

261/ |V(U1 —Uz)’pwl dx
Q
> 0.

Therefore, the operator A is strictly monotone. Moreover, from (H3),(H7), (H11) and Re-

mark 2.3(iii), we obtain
(Aulu) = Bl(u,u)
= Bi(u,u) + Ba(u,u) + Bs(u, u)
= /Q(A(a:,Vu),Vu) wy dx +/ (B(z,u, Vu), Vu) wy dz

Q

+ / H(z,u, Vu) uws dx
Q

Y

/\1/ |Vu|pw1dx+)\2/ |Vu|qw2dx+A2/ |u|? wy dx
Q 0 Q

+ )\3/ |Vul|® w3 do + A3/ u|” w3 dx
Q Q

v

)\1/ |Vul? wy dzx
Q
A1
> —— p .
= (Cg + 1) HuHWOLP(le)
Hence, since 1 < ¢, s < p < oo, we have
(Aulu)

7 7 4
||U/||W01’p(Q,w1) +OO7 as ||UHW01 p(Q,wl) oo,
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that is, A is coercive.
Step 6. We need to show that the operator A is continuous.
Let u,,—u in X as m — oco. We have,

1B1(tm, ¢) — Bi(u, ¢)|

<Y [ 4@, V) — Aj(z, Vu)||Djg| w; da
j=17¢

-y / (Fyt — Fyul| Dyl on de
j=1

< (Z 1yt — ﬂuumm)) 1196l s

Jj=1

< (150 = Fytll ey ) el
j=1

and, by Remark 2.3(i),

B2 (tm, @) — Ba(u, )| < Z/\Bj(x,um,Vum)—Bj(x,u,Vu)Hngplwgdx
j=1"%

= Z/Q‘G]Um—G]UHDJQO|w2d$
j=1

< (Z Gyt — Gjunmfm,wz)) RZT.
=1
< op,q(z Gt — Gjunmfw) 11960 s
j=1
<

Cp,q ( Z ”Gjum o Gju”Lq’(Q,wQ)) HSDHWOLP(QM)’

j=1

and by Remark 2.3(ii)

B3 (tm, ¢) — Bs(u,p)| < /\H(m,um,Vum) — H(z,u, Vu)| || ws dx
Q

_ /|Hum — Hul || ws de
Q

< [[Hun — Hul Lo (Quws) I L3 (Qws)
< Cps |Hum — Hu L' (Quws) ||90||Lp(9,w1)
< Cps|Hum — Hu L' (Quws) ||90||W01’I’(Q,w1)
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for all p € Wy (€, w;). Hence,

|B(tm, ) — B(u, )|
< |B1(um790> - Bl(uu 90)| + |B2(um7 90) - B2(u7 QO>| + |B3(um’§0) - B3(u7 90)|

< [Z (HFjum — Fyull s + Cr |Gt — Gjuum,w))

Jj=1

+ Oy l|Huyy — Hul

LS’(Q,wg):| ”SOHW(}’P(QM)-

Then we obtain

n

|Auy — Aul, < 3 <HFjum — Fyullp ) + CoalGytim — Gjuumlmm))

Jj=1

+ Cpsl|Huy — Hu

Ls' (Quws)”

Hence, using (3.2), (3.5) and (3.7) we have ||Au,, — Au|,—0 as m — +oo, that is, A is
continuous and this implies that A is hemicontinuous.

Therefore, by Theorem 3.1, the operator equation Au = T has a unique solution
uw€ W, P(Q,w;) and it is the unique solution for problem (P).
Step 7. Estimates for ||u||W5,p(Q7wl). In particular, by setting ¢ = w in Definition 2.3, we
have

(3.9) B(u,u) = B1(u,u) + Ba(u, u) + Bs(u,u) = T(u).
Hence, using (H3),(H7), (H11) and Remark 2.3(ii) we obtain

B1(u,u) + Ba(u, u) + Bs(u, u)
= /Q (A(z,Vu), Vu) wy dx + /

(B(z,u, Vu),Vu)de:lH—/H(a:,u,Vu)uw;gd:v
0

0
2)\1/ |Vul? wy d:c—f—)\g/ ]Vu]qwgd:v+A2/ |u|? wy dx
0 Q 0
+/\3/ |Vu|5w3dx+/\3/|u|8w3dx
Q 0
2)\1/ |Vul? wy de
0
A

1
. > I N p 1
(3 10) — (05 + 1) ||u||W0’p(Q,wl)’
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and
T(u) = /fgudm+i/ijjudx
Q = Je
< o/l 1l o) + (Z 1631 Y9 i
j=1
< (Challinliaen + 3 155t ) g
j=1
B11) = Mlulyegu,

where M = Cpq |l fo/wallpar (@, + Z 1fi/will o’ 0y~ Hence in (3.9), using (3.10) and
j=1
(3.11), we obtain
A1

1 1) 1l gy < M el 2 )

Therefore

CP +1 1/(p—1) -
HUHW&”’(Q,M) < ( Q ) Ml/(p 1)

A1

n 1/(p—1)
c (0 Ty Hfj/leLp/(Q,wl)) ,
i=1

where C = ((CB+1)/M\)""7Y.

Example. Let Q = {(z,y) € R? : 22 +y? < 1}, the weight functions w; (7, y) = (22 +y?)~ /2,
wo(,y) = (22 +32)7V3, wy(w,y) = (2% +9?)' (w1 €Ay, p=4, ¢ = 3 and s = 2), and the
function

A: QO xR*— R?
A((2,9),€) = h(,) [€]° €,
where hy(x,y) = 2@ ") and
B:QxRxR*-R?
B((z,y),1,) = ga2(2,9) [€] &,
where go(z,y) = 2 + cos(a? + y?), and
H:OxRxR*—R
H((2,y),1,§) = nha(z,y),
where hy(z,y) = 1 + cos?(zy). Let us consider the partial differential operator

Lu(x,y) = —div (A((x, y), Vu) wy(z,y)+B((z,y), u, Vu) wa(x, y))—{—’H((:U, y), u, Vu) ws(x,y).
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Therefore, by Theorem 1.1, the problem
Lu(z) = 2@ 2((“&) _ 2(%) O

(@*+y?)  Ox\(*+y*)) Oy\(*+y
u(x) =0 on 09,

(P)

has a unique solution u € Wy (€, w;).

Corollary 3.2. Assume 1 < ¢ < p < co. Let the assumptions of Theorem 1.1 be fulfilled
and let { fom} and {fim} (7 =1,...,n) be sequences of functions satisfying

(i) fO—m — E in L9 (Q, ws);
)

in LP'(Q,w;) as m— oo.

f]m fj
(i) 2 5 1
If umE Wol’p(Q,wl) is a solutions of the problem

Lum( me ZD f]m imn Q>

Um(z) =0 on GQ,

(Pn)

then u,— u in WyP (Q,wy) and u is a solution of problem (P).

Proof. We will split the demonstration in two steps.
Step 1. If uy,us € Wol’p(Q, wi ) are solutions of

(

Pyl Pl ZD filz) in Q,
\ u( )—0 on 8Q,

(P2) LW(I)ZJFM@_;%M@ in 0,
us(x) =0 on 01,

\

then for all ¢ € W, (Q, w;) we have

[ ) veyar s |

Q

= [ fear+ Y [ e
0 paie!

(B(z,u1, Vuy), V) wy dx + / H(z,ur, Vuy) pws de
Q

and

/Q<A(13>Vu2),V<p>w1da:+/

Q

~ [ fets+ Y [ FDjpds
Q =170

(B(m,ug,VUQ),V@wgd:c—ir/H(x,ug,VuQ)gowgd:c
Q
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In particular for ¢ = u; — us , we obtain
/ (A(x,Vuy) — Az, Vug), V(ug — ug)) wy dx
Q
—I—/ (B(z,u1, Vuy) — B(x,ug, Vus), V(uy — ug)) wy do
Q

/Q(H(xaulyvul) — H(z, uz, Vug))(u1 — ug) wz dz
(3.12) /(fo—fo) Uy — U da:+Z/ Dj(uy — ug) dz.

In (3.12) we have
(i) By (H2) and Remark 2.3(iii)

/ (A(z,Vuy) — A(x,Vug), V(ug —ug))wyde > 64 / |V (uy — us)|? wy dx
Q Q
th

Z gyl el

(ii) By (H6) we have

/QB(JZ, uy, Vuy) — B(x, us, Vug), V(uy — ug)) wy dx > 0.
(iii) By (H10) we obtain

/Q(H(x, w1, Vuy) — H(x, ug, Vug))(ug — ug) ws dx > 0.

(iv) By Remark 2.3(i)

(fo fo) (w1 — us dl’—l—Z/ Dj(uy — ug) dx
fo—fo fi— 1
< <Cp7q + - Hu1 — UQHWOI”’(Q,M)'
W2 llzd' (@) 4 Wi e (Quw)
Therefore in (3.12) we obtain
luy — “2HW(}"’(Q,W1)

—f _ f. 1/(p—1)
(3.13) <C {CM Jo—Jo LNk ] |

CL)Q Lq,(ﬂ7wg) j=1 (JJ]_ LPI(Q7UJ1)

where C' = ((C5 4 1)/6,)"/#~1.

19
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Step 2. If uy,, us, € WyP(Q,w;) are solutions of (P,,) and (P,) respectively, then by (3.13)

we have

[t = sl e )

me fOs

)

f]m f]S

w1

5>

:| 1/(p—1)
Le'(Quw2) =1

<C [Op,

p/(val)

Therefore, {u,,} is a Cauchy sequence in W,”(Q,w;). Hence, there exists u € Wy" (€, w;)
such that w,, — u in W, ?(Q,w;). We have that u is a solution of problem (P). In fact, since
Up, is a solution of problem (P,,), we obtain for all ¢ € Wy (€, w;)

/Q (A(z, V), V) wy da + /

(B(x,u, Vu), V) ws dr + / H(x,u, Vu) pwsdx
Q Q

_ /Q (A, V) — Az, Vi), Vi) wn da + /Q (B, u, Vi) — B(z, th, Vaty,), Vo) wy da
+ /Q (M, 0, V) — H(, tn, Vi) s d

4 /Q (A(z, Vuy), Vo) wn dar + /Q B, tn, Vi), Vo) w
—l—/g?—[(:l:,um,Vum)gpwgda:

- /Q (A, Vi) — Az, Vi), Vo) wy da + / B, Vit) — Bl iy, ity ), Vo) s d

Q

+/(7—[(m,u, Vu) — H(x, upm, Vuy,)) pws dz
Q

+ / (fom — fo) pdz + Z(fjm — [;) Djpdx
Q o

(3.14—}/Qf0g0dm+;/9ijj<pdx.

In (3.14) we have
(i) By Step 1 and (3.2)

/ (A(x,Vu) — Az, Vuy,), V) w dx
0
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_ Z/Q|Fju—FjumHngo|w1dac
=1

< (Z||ﬁ;u—ﬂum||m/mw) 2T,

J=1

< (Z |Eyu Fjumnmf(g,wl)) .

j=1
— Oasm — oo.

(ii) By Remark 2.3 (i), Step 2 and (3.5)

/ (B(x,u, Vu) — B(x, U, Viuy,), V) ws dx
Q

< Z/ |Bj(z,u, Vu) — Bj(x, tm, Vun)| | D;p|ws dz
j=1"%
= Z/ |Gju — Gjum||Djp|ws dx
j=1"9
< (Z Gy — Gjumnm,wz)) RZT.
j=1
< O, (Z Gy — Gjumum,wz)) R
j=1
<

n
Coo (Z Gy — Gjumnm/m,wz)) I

j=1
— 0 as m— 0.

(iii) By Remark 2.3(ii), Step 3 and (3.7)

/(?—l(m, u, Vu) — H(x, U, Vi) pws dz

Q
< |H (2, u, Vu) — H(x, tm, Vun)| |p|ws de

Q
= /|Hu—Hum||g0|w3dac
Q
< ||Hu— Huyp| Ls' (Qws) o Ls(Qws)
< Cpsl[Hu— Hup L' (Quws) ”SOHLP(QM)
S Cp75 ||HU — Hum LS/(Q7w3) ||(70||W01’p(Q,w1)

0 as m— 0o.

1
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(iv) And

‘/Q(me—fo)SOd:c—l—Z(fjm_fm) D;pdz

j=1

— 0as m— 0.

me - fO

w2

Jim = fm
%1

) 6t

L1’ (Qw2) Lr' (Q,w1)

Therefore in (3.14) we obtain when m— oo

(B(x,u, Vu), V) ws dx + / H(x,u, Vu) pws dx
Q

[ v, v ars |

Q

—/fo(pdl'—FZ/ijjSdea
0 = Ja

for all p € WP (€, wy), i.e., u is a solution of problem (P). O

1]
2]
3]

[4]

= o
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