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ABSTRACT. In this paper, we prove common fixed point theorems for a pair of mappings
with rational contractions having control functions as a coefficients in complex valued b-

metric spaces. Our results generalize and extend some known results in the literature.

1. Introduction

The concept of complex valued b-metric space was introduced by Rao et. al.[11], which was
more general than the complex valued metric spaces[1]. They proved some fixed point results
for mappings satisfying a rational inequality in complex valued b-metric spaces. Since then,
several paper have dealt with fixed point theorems in complex valued b-metric spaces (see
[2-10],[12] and references therein).

The aim of this paper is to consider and establish results on the setting of complex valued b-
metric spaces, regarding common fixed points of two mappings, using a rational contractions

invovling control functions.
2. Preliminaries
We recall some notations and definitions that will be needed in the sequel.
Let C be the set of complex numbers and z1, zo € C.Define a partial order =< on C as follows:
21 3 29t if and only if Re(z1) < Re(zq), Im(z1) < Im(z2).
Consequently, one can infer that z; =< 25 if one of the following conditions is satisfied :
(i)  Re(z1) = Re(z), Im(z1) < Im(z2);:
(ii)) Re(z1) < Re(za),Im(z1) = Im(z);:
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(i) Re(z1) < Re(za), Im(z1) < Im(zq);:

(iv) Re(z1) = Re(zg),Im(z1) = Im(z2).:
In particular, we write z; 3 2o if 21 # 2, and one of (i),(ii) and (iii) is satisfied and we write
21 < zy if only (iii) is satisfied. Notice that

(a): if 0 3 21 3 22, then [z1] < |2af;

(b): if 21 = 29 and 25 < z3 then z; < z3;

(c): if a,b € R and a < b then az 2 bz for all z € C,.

The: following definition is recently introduced by Rao et al. [11].

Definition 2.1. [11] Let X be a nonempty set and let s > 1 be a given real number. A
function d : X x X — C is called a complex valued b-metric on X if for all z,y,z € X the
following conditions are satisfied:

(i): 0 2 d(z,y) and d(z,y) = 0 if and only if z = y.

(ii): d(z,y) = d(y, ).

(ii): d(z,y) 2 s[d(z, z) + d(z,y)].

The: pair (X, d) is called a complex valued b-metric space.
Example 2.2.[11] If X = [0, 1], define a mapping d : X x X — C by d(z,y) = |z — y|> +
ilx — y|?, for all z,y € X. Then (X, d) is complex valued b-metric space with s = 2.
Definition 2.3.[11] Let (X, d) be a complex valued b-metric space.
(i) A point z € X is called interior point of a set A C X whenever there exists 0 < r € C
such that B(z,r) = {y € X : d(z,y) <r} C A.
(ii) A point x € X is called a limit point of a set A whenever for every 0 < r € C, B(z,r) N
(A—{z}) # ¢.
(iii) A subset A C X is called an open set whenever each element of A is an interior point
of A.
(iv) A subset A C X is called closed set whenever each limit point of A belongs to A.

(v) The family F' = {B(z,r) : € X and0 < r} is a sub-basis for a Hausdorff topology 7 on
X.

Definition 2.4.[11] Let (X,d) be a complex valued b-metric space and let {x,} be a
sequence in X and x € X.

(i) If for every ¢ € C, with 0 < ¢ there is N € N such that for all n > N, d(z,,x) < c,
then {x,} is said to be convergent and converges to . We denote this by lim,, .2, = = or
{z,} = zasn — oc.

(ii) If for every ¢ € C, with 0 < ¢ there is N € N such that for all n > N, d(z,, Tpim) < ¢,
where m € N, then {z, }is said to be a Cauchy sequence.

(iii) If every Cauchy sequence in X is convergent in X, then (X, d) is said to be a complete
complex valued b-metric space.
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Lemma 2.5.[11] Let (X, d) be a complex valued b-metric space and let {x, }be a sequence
in X. Then {z, }converges to z if and only if |d(x,,z)| — 0 as n — oc.
Lemma 2.6.[11] Let (X, d) be a complex valued b-metric space and let {x,,}be a sequence
in X. Then {z,} is Cauchy sequence if and only if |d(z,, Zpim)| — 0 as n — oo, where
m € N.
3. Main Result
Theorem 3.1. Let (X, d) be a complete complex valued b-metric space with the coefficient
s > 1 and let S,T : X — X be mappings. If there exist mappings «a, 3,7, : X — [0,1)
such that for all z,y € X :
(i) oc (Sz) < afx), B(Sz) < B(x), 7(Sr) < 7(2) <
(ioc (Tr) < ), B(Tx) < pla), (T )S V(@) and 5(Tx) < 6(x);:
(iif)oc (z) + B(x) + 2y(x) < 2s6(x) <
(iv)d(Sz, Ty) 3 al)d(z,y) + W”ﬁéﬁ?j@ﬂ‘? =2,
+y(@)[d(z, Sx) + d(y, Ty)]:
+0(x)[d(x, Ty) + d(y, Sx)]. (3.1):
Then S and T have a unique common fixed point.
Proof. For any arbitrary point zy € X. Since S(X) C X andT(X) C X, we can define
sequence {z,} in X such that

Lont+1 = Sx2n7x2n+2 = Tx2n+1,: for n > 0. (32)
Now, we show that the seuqgence {x,} is Cauchy. Let x = 3, andy = 3,1 in (3.1), we get

d(5$2n, TI2n+1) = d($2n+1, 5E2n+2)1

n)d(xon Txon d 1S T2y
= a(@9n)d(Ton, Topsr ) + 222 (zifdl((xfi a:+21n)+1(§$2 Zon).,

+(z2n) [d(T2n, STon) + d(z2n11, Top41)]:
+0(220) [d(@2n, TTons1) + d(Ton+1, STon)]:
= a(xzn)d(ff%, I2n+1) + e (xfitlz(fcz?;g)ﬁ(la;% m2n+1)
+(z20)[d(T2n, Tant1) + d(Tont1, Tons2)]:

+0(x9n) [d(Ton, Tanto) + d(Toni1, Tont1)]:

which implies that

|d(22n41, Tonto)| < axo,)|d(za,, Tont1)]:
+5($2n)\d(9€2n+1 Z2n+2)|[d((T2n, $2n+1)|
|1+d(($2n x2n+1)|

+y(xon)|d(T2n, Tont1) + A(Tans1, Tana2)|:
+50(22n)|d(T2n, Tant1) + d(Toni1, Tanta)]-

Since |1 + d(zon, Tont1)| > |d(z2n, Tant1)],

|d(2n41, Vany2)| < (2n)|d(@20, T2nt1):
+B(22n)|d(Tont1, Tango)|:
+Y(220)|d(T2n, Tont1) + d(Tons1, Tongo)|:
+86(T20)[d(220, T2nt1) + d(Tans1, Taps2)|:
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and so

= a(Tw2p-1)|d(22n, Tont1)| + B(Tx2n-1)|d(T2n+1, T2pt2) 2
+Y(Tw2n-1)|d(T20, Tont1) + d(Toni1, Tont2)]:
+50(Twon—1)|d(Zon, Tant1) + d(Tont1, Tango)|:

|[d(@2n41, Tan2)| < (2n—1)|d(@20, T2n41)|:
+B(zon-1)|d(T2nt1, Tanta)|:
+Y(@2n—1)|d(Ton, Toni1) + d(Toni1, Tonio)|:
+50(22n—1)|d(T2n, Tant1) + d(Toni1, Tongo)|:
= a(Sxan—2)|d(Tan, Tant1)| + B(STan—2)|d(T2n11, Toni2)]:
+7(S22-2)[d(T2n, Tons1) + d(Tant1, Tant2)|:
+50(Sxon—2)|d(Ton, Tons1) + d(Tons1, Tony2)]:
< a(@an—2)|d(Ton, T2n+1)| + B(T2n-2)|d(T2041, Tant2)|:
+Y(T2n—2)|d(Ton, Tont1) + d(Tant1, Tani2)|:
+50(Ton—2)|d(T20, T2n11) + (241, T2p42)]:

< afxo)|d(on, Tant1)| + B(xo)|d(Ton i1, Tonia)l:
+(z0)|d(T2n, Tont1) + A(Tont1, Tant2)|:
+50(x0)|d(x2n, Tont1) + d(Tant1, Tanto)l:

which yields that

x(x T sd(z
|d(Ton41, Tongo)| < — é(%—)&-vé(o&)—)ﬁ- 35(;2) |d(22n, Tan1)|- (3.3)
Similarly, one can obtain

x(m T s6(x
|d(T2n 12, Tonis)| < — é(%ﬂ((i);r 55(2} |d(T2n+1, Tant2)|- (3.4)

__x(x0)+y(x0)+s0(x0)
Let 1t = gt~ wo)—sotwo) < 1

Since & (xg) + B(xo) + 27(xo) + 250(x) < 1, thus we have
|d(T2n11, Tany2)| < pld(z2n, T2n11)] and
|d(xonto, Tonis)| < pld(T2ns1, Tanae)|, or in fact
0011, Tas2)] < ald(@n, T (3.5)
or |d(n, Tn41)| < p"d(zo, 21)]- (3.6)
Thus for any m > n,m,n € N and since sy < 1, we get
|d(@n, Tm)| < 81d(@n, Tos1)| + S|d(Tni1, Tm)|
< 8ld(@n, Tag1)| + $2|d(Tnp1, Tag2)| + 82| (Tnp2, 2]
continuing in the manner, we get
(@, T )| < 8[d(@n, Tpsr)| + 5% d(@ a1, Tos2)| + 8°|d(@ns2, Tngs)| — — — +
— — — — 4" Nd(zy0, 1) |+ $™ T d(T 1, Tin) |-

By using (3.6), we get



FIXED POINT RESULTS FOR RATIONAL CONTRACTIONS 5

|A(@n, 2m)| < sp|d (o, 21)| + 85" |d(o, 21)| + — — — + 8" d (o, 7))

Therefore,
(A, )| <D s d (g, 3))|
i=1

m—1
=Y s'ptld(wo, 21))|
t=n

< > (sp)'ld(wo, 21)| = T2 |d(wo, z1)]. (3.7):

t=n

Therefore |d(z,, )| §%|d($o,x1)\ — 0asm,n — oo.

Thus {z,}is a Cauchy sequence in X. By completeness of X, there exists a point u € X
such that x, — u as n — oo.

Next we claim that Su = u.

Assume not, then there exists z € X such that

|d(u, Su)| = |z| > 0. (3.8)

So by using the notion of a complex valued b-metric, we have
z = d(u, Su)3 sd(u, Tant2) + sd(Tap42, Su)

= sd(u, Topy2) + sd(Su, Txay 1)

3 sd(u, Tani2) + s o< (u)d(u, T2ni1)

+ sB(u)d(xonit1,Txany1)d(u,Su)
1+d(u,z2n41)

+57(u)[d(u, Su) + d(zons1, Trant1)]
+50 (w)[d(u, Txons1) + d(xoni1, Su)]

= sd(u, Tont2) + 5 < (u)d(u, Topi1)

+ sB(u)d(xont1,T2ny2)d(u,Su)
1+d(u,z2n+1)

+37(U) [d<u7 SU) + d($2n+1, $2n+2)]
+sd(u)[d(u, Tant2) + d(Tont1, Su)]
which implies that

2| = [d(u, Su)| < s|d(u, 2ani2)| + 5 o< (w)|d(u, T2n 1)l

+ s0(u)|d(w2n+1,T2n+2)||d(u,Su)|
[1+d(u,z2n+1)|

+svy(u)|d(u, Su) + d(xoni1, Tonio)
+50(u)|d(u, xont2) + d(xoni1, Su)l. (3.9)
Taking the limit of (3.9) as n — oo, we get that
2| = |d(u, Su)| < sy(u)|d(u, Su)| + sd(u)|d(u, Su)| = s[y(u) + 6(u)]d(u, Su)]
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< sloc (u) + B(u) + 27(u) + 20(u)]|d(u, Su)]
< |d(u, Suw)|,:
a contradiction and so |d(u, Su)| = 0; that is u = Su. It follows similarly that u = T'u. This
implies that u is a common fixed point of S and 7'
We now prove that this u is unique.
d(u,u*) = d(Su, Tu*)
Soc (u)d(u, ut) + AL 4y () [d(u, Su) + d(u*, Tu)]
+6(u)[d(w, Tu*) + d(u*, Su)]
Soc (u)d(u, u*) 4+ 20 (u)d(u, u*).
Therefore, we have
|d(u, u*)| < [oc (uw) 4+ 26(w)]|d(u, u*)|. (3.10)
Since o (u) + 20(u) < 1, we have |d(u,u*)| = 0.

Thus u = u*, which proves the uniqueness of common fixed point in X. This concludes the
theorem.
Theorem 3.2. Let (X, d) be a complete complex valued b-metric space with the coefficient
s>1andlet T: X — X be a mapping. If there exist mappings o, 5,7,d : X — [0,1) such
that for all x,y € X :
(i) x (Tz) < a(x), B(T'x) < B(x),y(Tx) < y(x) ando(Tx) < 5(x);
(i) o< (z) + B(x) + 2v(z) + 2s56(x) < 1;
(ill)d(Tz, Ty) o (x)d(w, y) + ADHILIOT0),
+7(@)[d(z, Tx) + d(y, Ty)):
+o(x)[d(x, Ty) + d(y, Tz)]. (3.11):

Then T has a unique fixed point.

Proof.: Let zy € X and the sequence {x,} be defined by z,.1 = Tx,, where n =
01,2, — — —. (3.12)
Now: we show that {z,} is a Cauchy sequence. From condition (3.11), we have

d(xn+17 xn+2) = d(T:Cn, Txn+1):

ZTn d(zn,Txp)]d(Tn+1,TTn11) .
;jO( (mn)d<xna xn+1)+6( )1+ (1+d($n,)1’}n(+1)+1 +1) .

+7($n) [d(xn, Tl'n) + d($n+1, TZL'n+1)]:

+0(z0) [d(@n, Tpy1) + d(2psr, Tyl
=0 (i) d(n, ) + Dol I Suia),
+y(@n)[d(Tn; Tngr) + d(Tpgr, Tnya)]:

+5(:En) [d(xna xn+2) + d(xn-&-l» xn-&-l)] :

which implies that

|d(@n41, Tnga)| o< (20)|d(Tn, Tpt1)| + Bl2o)|d(Tnt1, Tpso)]:
—{—’Y(l’o) |d<wnv xn-i-l) + d($n+1> l'n+2)|:
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+50(x0)|d(zp, Tpi1) + d(Tpi1, Tpio)l:
which yields that

x(z z0)+sd(x
|d(@p41; Tt2)| < 1_2(2;1&(%;_55;(%) (2, Tpg1)]- (3.13):
Similarly, one can obtain
x(z z0)+sd(x
|d(Tni2, Tnys)| < 1—2(%—)%1—&(0953—355(;2)) |d(p41, Tt2)|- (3.14):
Let y = o(z0)+7(z0) +50(z0) - 1,

1=B(z0)—(z0)—s8(z0)
Since a(xg) + (zo)+27v(xo) + 250(x9) < 1, thus we have

|d(n; Tpia)| < ptfd(zo, 1) (3.15):
By the same line of action as in the previous Theorem 3.1, we have {z,} is a Cauchy

sequencee in X. Since X is complete, there exists some u € X such that x,, — u as n — oc.
Next we show that u is a fixed point of T.

From (3.11), we have d(u, Tu)=3 sd(u, Tx,) + sd(Tx,, Tu)
< sd(u, Tary) + 5 oc (0)d(w, u) + £l T 0 )
+sy(xn)[d(Tn, Txy) + d(u, Tu)]
+80(2)[d(20, Tu) + d(u, Txzy,)].
This implies that

|d(u, Tu)| < sld(u, 2n1)| + sa(zo)d(2n, u)|

58(20) [1+d(zn 1) ld(w,Tw)|
+ [14+d(zn,u)|

+57(20) (@, Tnsr) + (s, T
+50(x0)|d(xp, Tu) + d(u, Tpi1)|
which on making n — oo reduces to
|d(u, Tu)| < sB(xo)|d(u, Tu)| + sy(@o)|d(u, Tu)| + s6(xo)|d(u, Tu)]
= [sB(x0) + 57(z0) + 55 (xo)|ld(, Tw)|
< sla(zo) + B(@o) + 2v(xo) + 20(zo)]|d(u, Tu), (3.16)
a contradiction, and so |d(u, Tw)| = 0; that is, u = T'u. This implies that u is a fixed point
of T.

Uniqueness of fixed point is an easy consequence of condition (3.11). This completes the

proof.

Corollary 3.3. Let (X, d) be a complete complex valued b-metric space with the coefficient
s>T1andlet T: X — X be a mapping. If there exist mappings o, 3,7v,6 : X — [0,1) such
that for all z,y € X and for some fixed n :

(i) oc (T"z) < afx), B(T"x) < B(x),y(T"x) < y(x) and 6(T"x) < 0(x);

(i) a(x) + B(x) + 2y(x) + 2s0(x) < 1;:
(iii)d(Tmz, T"y) 3 a(z)d(x,y) + ’B(x)[deicﬁx%d(y’T Y.
+y(@)[d(z, T"x) + d(y, T"y)]:
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+0(x)[d(x, T™y) + d(y, T"x)]. (3.17):

Then T has a unique fixed point.

Proof.: By Theorem 3.2 there exists v € X such that T"v = v. Then
d(Tv,v) = d(TT"v,T"v) = d(T"Tv, T"v):
Soc (To)d(T, v) + KL i,
+y(T)[d(Tv, T"Tv) + d(v, T")]:
+6(Tv)[d(Tv, T™) 4+ d(v, T"Tv)]:

e (T)d(T', ) + AT Toldlu,

+y(T)[d(Tv, T"Tv) + d(v,v)]:

+6(Tv)[d(Tv,v) + d(v, T"Tv)]:
2x (Tv)d(Tv,v) +26(Tv)d(Tv,v):
= (ox +20)(Tv)d(Tv,v):

and so d(Twv,v) = 0. So Tv = v. Therefore, the fixed point of T is unique.
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