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ABSTRACT. In this paper we generalise a result of Sun [7] to n-th iterations of k-entire

functions.

1. INTRODUCTION AND NOTATION

For two entire functions f (z) and ¢ (z) Lahiri and Banerjee [5] form the following itera-

tions.
Let
filz) = [f(2)
f2(z) = [lg(z)) =f(91(2))
fs(z) = flg(f(2) = f(g(fi(2)))
fa(z2) = f(g(f(g...(f(2) or g(z) according as n is odd or even)...)))
= f (gn—l (Z)) =f (g (fn—2 (Z)))
and so are
g1(2) = g(z)

92(2) = g(f(2)) =g(f1(2))
93(2) = g(f2(2)) = g(f (91 (2)))

g (2) = g(fu-1(2)) =g (f (gn—2(2)))-
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Clearly all f,, (z) and g, () are entire functions.

Notation 1.1. Let f (z) and g (z) be entire functions. Banerjee and Dutta [1] used the nota-
tions My, (1), My, (), My, (1) etc., to mean M (r, f), M (M (r, f),q), M(M (M (r, f),9), f)
etc., respectively and F (r) = O* (G (r)) to mean that there exist two positive constants K;

and Ky such that K; < gg:; < Ky for any r big enough.

In 2003, Sun [7] proved the following theorem.

Theorem 1.2. Let f1, fo, and g1, g2 be four transcendental entire functions with T (r, f1) =
O* ((logr)” e(log”a) and T (r,g1) = O* ((log T)ﬁ> )
]fT (7”, fl) ~T (Tu f2) and T (Tv gl) ~T (T’, 92) (T — 00)7 then

T(r,fi(g)) ~T(r f2(g2)) (r—o0, r¢E),
where v >0, 0 <a <1, f>1and af <1 and E is a set of finite logarithmic measure.

In 2011, Banerjee and Dutta [1] extend Theorem 1.2 for iterated entire functions in the

following manner.

Theorem 1.3. Let f, g and u, v be four transcendental entire functions with T (r, f) ~
T (r,u), T (r,g) ~T (r,v), T (r,f) = 0" ((logr)" e®"") (0 <a < 1,v>0) and T (r,g) =
O* ((log r)5> where > 1 is a constant, then T (r, f,) ~ T (r,u,) for n > 2, where u, (z) =

u(v(u(v...(u(z) orv(z))...))) according as n is odd or even.

Theorem 1.4. Let f, g and u, v be four transcendental entire functions with T (r, f) ~
T (r,u), T(r,g) ~ T(r,v), T(r,f) = O ((logr)’8> and T (r,g) = O* ((10g7‘)6> where
B > 11is a constant, then T (r, f,) ~ T (r,u,) .

In [6], Niino and Suita proved the following theorem.

Theorem 1.5. Let f(z) and g(z) be entire functions. If M (r,g) > % lg (0)| for any
e > 0, then we have

T(r,f(9) <(A+e)T(M(r,g),[).
In particular if g (0) =0, then

T(r,f(9) <T(M(r.g),[) forallr>0.
As a generalisation of Theorem 1.5, Banerjee and Dutta [1] proved the following.

Theorem 1.6. Let f(z), g(z) be two entire functions. Then we have

T (Ro, f) ST (r, fn) <T (Rs, f)
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where |f (z)] > Ry > % | (0)] and |g(z)] > Ry > %|g(0)|, R3; = max{My, , (r),

M,

gn—1

(r)} for sufficiently large values of r and any integer n > 2.

After this in [2], Banerjee and Mandal considered three entire functions f(z), ¢ (z) and
h (z) and formed the iterations of f (z) with respect to g (z) and h (z) as follows.

—

1 (2

P

z

= o0

z

In (Z> =

()
()
() =
()

f(2)

f(g(2) = f(91(2))

fg(h(2) = f(g(hi(2)) = f(g2(2))
flg(h(f(2) = f(g9(h2(2))) = [ (g5(2))

9(2)

g(h(2) =g(h(2))

g(h(f(2)) =g (h(fi1(2)) =g (h2(2))
g(h(f(9(2))) =g(h(fe(2)) =g (hs(2))

g (hn1(2)) = g (h(fa2(2)))

= h(2)

= h(f(2)=h(fi(2))

= h(f(g(2)=h(f(g1(2) =h(f2(2))

= h(f(g(h(2) =h(f(92(2) =h(fs(2))
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Clearly f,, g, and h,, are all entire functions.

Notation 1.7. For three entire functions f (z), g (z) and h(z) Banerjee and Ghosh [3] used
the notations My, (1), My, (r), My, (r), My, (r) etc., to mean M (r, f), M (M (r, f),h),
M(M (M (r, f),h),g), M(M(M(M(r,f),h),q),f) etc., respectively. Similarly M, (r),
My, (1), My, (), My, (r) etc., to mean M (r,g), M (M (r,g), ), M(M (M (r,g), ), h),
M (M (M (M (r,q9),f),h),g) etc., respectively and My, (r), My, (r), My, (), My, (r) etc.,
to mean M (r, h), M (M (r,h),g), M(M (M (r;h),g), f), M (M (M (M (r,h),g), f),h) etc.,
respectively. Also F (r) = O* (G (r)) to mean that there exist two positive constants Ky and
Ky such that K; <

r

(
G(r

Considering such type of iterations in a recent paper [3], Banerjee and Ghosh extended

g Ky for any r big enough.

the result of Banerjee and Dutta [1] in this direction.

Theorem 1.8. Let f(z), g(z) and h(z) be three entire functions. Then we have
T(RQaf) ST(rafn) ST(R4af)
where |f (2)| > Ry > 22 [f (0)], g ()| > B2 > 2E (g (0)], [h(2)] > B3 > 22 |1 (0)] and

R4 == maX{an,1 (T) 9 Mgn71 (T> ? Mh
n > 3.

(r)} for sufficiently large values of r and any integer

n—1

Theorem 1.9. Let f, g, h; u, v, w be six transcendental entire functions with T (r, f) ~ T (r,u),
T(r,g) ~ T (rv), T (rh) ~ T (rw), T (r.f) = 0" ((logr)" (7"} (0 < a < 1,v>0),T (rg) =
o* ((log r)ﬁ) where B > 1 is a constant and T (r,h) = O* ((log r)’\) where A > 1 is a constant.
Then T (r, fn) ~ T (r,uy) for n > 3, where up (z) = u (v (w (u... (u(z) orv(z) orw(z)...))))

according asn=3m —2 or 3m —1 or 3m, m € N.

Theorem 1.10. Let f, g, h; u, v, w be six transcendental entire functions with T (r, f) ~ T (r,u),
T(r.g) ~ T(r,v), T(r,h) ~ T(rw),T(r.f) = 0" ((logr)’), T(r,g) = 0" ((log)?) and
T (r,h) = 0" ((log r)ﬁ) where > 1 is a constant. Then T (r, fp) ~ T (r,uy) forn >3,

where uy, (2) = u (v (w (u... (w(2) orwv(z) orw(z)...)))) according as n =3m —2 or 3m — 1 or
3m, m € N.

At the present paper we consider k entire functions fi (2), fa(2), f3(2),..., fr (2) and
following the iteration process of Banerjee and Ghosh [4] (defined below) generalise the result

of Sun [7].



GROWTH OF A CLASS OF ITERATION OF K-ENTIRE FUNCTIONS

Let

FT'L

Similarly,

1 (2)

as n

= fi(fa(fu(2) = £ (F1(2) = fi (£2 (Fi2 (2)))

= fi(fa(f3...(f1(2) or fo(z) or...or fi(z) according
= km—(k—1) or km—(k—2) or ..or km)...))

= N (Fg—l (2))

= fi(f(Fia(2))

Jo (f3 (o fi (f1 (2))) = fa (Fiy () = -
fo (fs (o fx (F1(2))))

fo(fs(fa(f2 (2) or fs(2) or ..or fi(2) or fi(2) according
km — (k—1) or km — (k—2) or ...or (km —1) or km)...))
Ja (stl (Z>)

f2 (f3 (Fﬁlfz (Z)))

fo (fs (- (fe (Fa_eeny (2))))) -
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And
Ff(2) = fi(2)
Fy(2) = Ji(fi(2)) = i (FI (2))
Fi(2) = fu(hi(f2(2) = fu (fi (F2(2)) = fu(F3 (2))
Fi(2) = filfi (fimz (fimr (2)))) =
= fi (i (Fr2 (FT71(2))))
F"(2) = fulA(forr-(fu (2) or fi(2) or ...or fr_i(2) according
asn = km—(k—1) or km — (k—2) or ..or km)...))
= fi (Fara ()
= fi (i (Fr2(2)))
C R s ()
Clearly all F}, F? ..., F¥ are entire functions.

Notation 1.11. Let f1 (z), f2(2),..., fi (2) be entire functions. We use the notations Mg (r),

MFI( ) MFI( )7 :MFl( )etc tomeanM(r fl) ( (rvfl)yfk)¢M(M(M(r7f1)afk)7fk—1)7
,M( (M ( (M (r, ) k) s fe—1)s--), f2) ete., respectively. Similarly we use the notations Mz (r),
Mpg (r), Mgz (r),..., Mgz (r) etc., to mean M (r, f2), M (M (r, f2), f1) , M(M (M (7, f2) , f1), f&) »
ooy M (L (M ( (M (r, fg) 1), fk) ..), f3) etc., respectively and proceding in this way we use the
notations MFlk( )7 MF2’9( )7 MFglf (r)f"'7 MFZ{“ (T) etc., to mean M(’I", fk)7 M(M (Ta fk) 7fk—1)7
M(M (M (Tv fk) 7fk—1)a fk—?) IREEY)

M (...(M (M (M (r, f&), fe=1), fr—2) ,--.), f1) etc., respectively and F (r) = O* (G (r)) to mean

that there exist two positive constants K1 and Ko such that K < gg:g < Ks for any r big enough.

2. LEMMAS

Lemma 2.1. [6] Let g (2) and f (z) be two entire functions. Suppose that |g (z)| > R > |g (0)]
on the circumference {|z| = r} for some r > 0. Then we have
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TS (9) 2 pih

2 Rrlgol

Lemma 2.2. [7] Let f be a transcendental entire function with

T(r f) = O* ((1ogr)5e<logr>“) O<a<1,8>0).

Then

T(r,f) ~ logM(r,f) (r—o0,r ¢ E) and
T(or,f) ~ T(r,f) (r—o00,0>2,r¢FE),

where E is a set of finite logarithmic measure.

Lemma 2.3. [1] Let f be a transcendental entire function with T (r, f) = O* ((log r)ﬁ)
where B > 1. Then

T(r,f) ~ logM(r, f) (r - o0,r¢ FE) and
T(or, f) ~ T(rf) (r—00,02271r¢E)),

where E is a set of finite logarithmic measure.

Lemma 2.4. [1] Let fi and f> be two entire functions with T (r, f) = O* ((logr)” ee™")
where v >1,0<a <1 and T (r, fi) ~T (r, fo) then M (r, f1) ~ M (1, fa).

Lemma 2.5. [1] Let fi and fy be two entire functions with T (r, f;) = O* <(10g 7")5> where
5 > 1 and T(Ta fl) ~ T<7n7f2) then M(Tmfl) ~ M(T’, f2) :

3. MAIN RESULTS

Theorem 3.1. Let fi1, fo,..., fr be k entire functions. Then we have
(31) T(RQafl) ST(T7F71) ST(Rk-i—hfl)

where | f; ()] > R; > 2= |f; (0)] i =1,2,....,k and
Ry11 = max {MF,Ll (r), Mgz (1), Mpe-2(r), Mg (r)} for sufficiently large val-
ues of v and any integer n > k.

—1
-1
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Proof. We first prove the 2nd inequality. By Theorem 1.5 and for € > 0 arbitrary small we
have when n = km, m € N

T (r,Fy)

T (r, Fo_y (fv))
(1 + 8) T (M (T’ fk) 7F71—1)

(1+e)T (MFlk (1), Fas (fk—l))
(14T (Mg (1) By (fis)
1+ T (Mg (1), Fi_y (fis)

(1+9)'T (Mg (), F1y)

IN

INIA I

IN

(&) T (Mpy (1), 11)

(14&)" ' T (Risr, f1) -

IN

Whenn=km -1, meN

T(nF) = T(rFly (i)

(L+e)T (M(r, fir)  Foy)
(1+e)T <MF1k_1 (r), F}, (fk—2)>
(14¢)*T (MF2’“_1 (r), Frs (fkfs))
(14¢)*T (Mngfl (r), Fo_y (fk—4)>

(14T (Mpees (1) FlL)

IA

INIA I

(1+)" T (Mt (1), 1)
(1+ €)n_1 T (Ris1, f1) -

IA

IA
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Similarly for n = km — (k — 1)

T (r,Fy)

? n

T (r, Foy (1))
(L4+e)T (M (r, f1),F,_,)

(1+8)T (M (1), oy (1))
(L) T (M (1), Fp s (fi))
(14T (Myy (1) Fiy (fis)

= (1+9)'T (M (). F1,)

IN

IN

IN

< (1497 T (Mi, (). 1)
< (14e)" T (Riya, fr) -

Therefore T (r, F}) < (1 +&)" ' T (Ryy1, f1) for any integer n > k.
Since € > 0 is arbitrary, for sufficiently large values of » we have

(3.2) T (r,F}) <T(Rps1, f1)-

We now prove the 1st inequality by using Lemma 2.1.
When n=km, meN

T(r,Fy) = T(r,Fp_(fr)

y tn—1

Ry — | fx (0)]
Ry + | fx (0)]

> (1—&)T (R, Fy_y (fe—1)) ,since Ry >

Rict — it (0)
e T 10
> (1—8) (Rk 1, n— 2)

(1—8) (Rk 2, n— 3)

v

T (Ry, F,_,)

kyLn—1

24¢

01> 2R 0)]

v

T (Ry-1, F,_,)

Y

AV

(1— 5)n_2T (Rs, f1(f2))
(1 —5)"71T(R2,f1).

v
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When n=km —1

T(r,Fé) = T(, 1 (fe— 1))
kal - ’fkfl( )’
kal + ‘fkfl (0)‘
> (1—¢)T (Rk—h Fy (fk—2))
Rz — [fk—2 (0)]
(1-¢) Ry + | fi- 2(0>|
> (1—-¢)°T (Ry—a, FL,)
(1—e)’T (Ry—3, Fr_3)

v

T (Ry-1,F,_,)

v

T (Ri—2, F,_,)

v

(1- 5)n_2 T (Rs, f1(f2))
(1—&)"'T(Ra, f1).

v

Similarly for n = km — (k — 1)
T (r,Fy) = T(r,Fy_(f))

y tn—1

R~ |1,0)
ST

> (1—¢)T (R, Fy_, (fx))

Ry — £ 0) 1
O o T R Gl

> (1—e)’T (Ry, Fr_y)

>

Vv

> (1—¢)°T (Ri-1, F_y)
> (1—¢)" T (Rs, f1(f2))
> (1-¢)" 'T(Ry, f1).

So
T(r,F,)>01- )" ' T (Ry, f1) .

Since € > 0 is arbitrary, we have for sufficiently large values of r
(3.3) T (r,Fy) >T (R, f1).
Hence from (3.2) and (3.3), we have (3.1) .
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This proves the theorem. 0

Theorem 3.2. Let f1, fo, ..., fr and uy,us, ...,up be 2k transcendental entire functions with
T(r fi) ~ T(ru), i = 1,2,..k T(rf) = OF <(10g7")”e(1°g7")ﬁ1> 0<p; <lv>1)
and T (r, f;) = O* ((logr)ﬁl), i = 2,3,....,k, where each 5, > 1 is a constant. Also let
Ry > 2Rl = 1,2,..,k for |f;(2)] > Ry > 2=|fi(0)], i = 1,2, k; |u; (2)] > Ry >
2 u; (0)],5=1,2,.... k. Then T (r, Fy) ~ T (r,Uy) forn >k where U} () = uy (uz(us(...(u1 (2)
or ug (2) or...or ug (2) ...)))) according as n =km —1 or km — (k —2) or ...or km, m € N.

Proof. We have from Theorem 3.1

T(Ry, f1) < T(rFE;) <T (R, fr) (3.4)
and T (Ry,w) < T(r,U,) <T (R, u) (3.5)
Fy

where Ry,1 = max {MF%_ (r) s Mpz_ (r), ... Mgr_ (r)} and
(

1

R}, = max {MU}H (r), My (r),.... My (r)} for sufficiently large values of 7. Also by

Lemma 2.2,
T(R% fl) ~ T(R,%fl) .
Since
T(‘R,Q?fl) ~ T(R/27UI> 50
(36) T(RQ, fl) ~ T(R’z,ul) (R2 — 00, R2 ¢ E)

where FE is a set of finite logarithmic measure.
Using Lemma 2.4, we have
M (r, f1) ~ M (r,uy) .
Also using Lemma 2.5 we have

M (M (r, f1), fr) ~ M (M (r,uy) ,u)  (r — 00).

Similarly M (M (M (r, f1), fx) s fe—1) ~ M (M (M (r,u1) , ug) ,up—1) (1 — 00).
So for n = km — (k— 1), m € N we have

(3.7) Mg (r) ~ My (r)  (r—00).
Similarly for n = km — (k —2), m € N we have
(3.8) Mgz (r) ~ My (r) (r—o0).

And for n = km, m € N we have
(3.9) Mpr (r) ~Myr_ (r) (r—o00).
From (3.7), (3.8) and (3.9) and for n > k, n € N we obtain Ry ~ Rj, for large r.
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Since T (r, f1) ~ T (r,u1) so we have
(3.10) T (Ri+1, f1) ~ T( .y Ul)
So from (3.4), (3.5), (3.6) and (3.10) we get
T (r,Fy) ~T(r,U,).

This completes the proof.

O

Theorem 3.3. Let f1, fo, ..., fr and uy, us,...,u be 2k transcendental entire functions with
T(r,fi) ~T(ryu),i=1,2 ..k T(rf;) = O <(logr)ﬁi), i =1,2,3,...,k, where each
B; > 1 is a constant. Also let R] > 2Rl = 1,2,....k for |fi(2)] > R; > #=1f;(0)],
i=1,2,.k; |u; (2)] > Ry > 22 u; (0)],5 = 1,2,....k . Then T (r, F}) ~ T (r,U}) forn >k

where U} (2) = up(ua(us(...(u1 (2) or ug (z) or...or ui, (2)...)))) according as n = km — 1 or

km — (k—2) or ...or km, m € N.

Proof. Under the given hypothesis here also we obtain the same inequalities (3.4) and (3.5)

of Theorem 3.2
Also by Lemma 2.3,

T(R27f1> ~ T(R/27f1)'

Since
T (Rl27 fl) ~T (R/ZJ ul) SO

(3.11) T (Ro, fi) ~ T (Ryu1) (Ra— 00, Ry ¢ E)

where F is a set of finite logarithmic measure.
Now using Lemma 2.5, we have

M (r, fi) ~ M (r,uy) .
So
M (M (r, f1), fr) ~ M (M (r,uy),ux)  (r — 00).
Similarly M (M (M (r, 1), fx) s fr—1) ~ M (M (M (r,u1) , up) , ug-1)
So for n = km — (k— 1), m € N we have

(3.12) M

n—1

(7") ~ MUl

n—1

(r)y (r— ).
Similarly for n = km — (k — 2), m € N we have

(3.13) Mgz (r) ~ My

n—1 n—1

(r) (r— o0).

And for n = km, m € N we have

(3.14) MFk (7“) ~ MUk

n—1 n—1

(r)  (r— o0).

(r — 00).



GROWTH OF A CLASS OF ITERATION OF K-ENTIRE FUNCTIONS 13

From (3.12), (3.13) and (3.14) and for n > k, n € N we obtain Ry, ~ R;_, for large r.

Since T'(r, f1) ~ T (r,u1) so we have
(3.15) T (Ris1, f1) ~ T (Rpq,wa) -
So from (3.4), (3.5), (3.11) and (3.15) we get
T (r,Fy) ~T(r,U,).
This completes the proof. 0]

Note 3.4. The conditions of Theorem 3.3 are not strictly sharp. Which are illustrated by

the following example.

Example 3.5. Let f1(z) = €%, fa(2) = 22, f3(2) = 3z, fi(2) = 4z,..., fx (2) = kz and
uy (2) = 2€%, ug (2) = 4z, uz (2) = 62, uy (2) = 8z, ..., ux (2) = 2kz. Here
Fe(2) = filfa(fs( (fr(2))))
= fi(f2(f3(.. (k2))))

= fi(kl2)
— ek!z
and
Up (2) = w(u2 (us (.. (wi (2)))))
= u (ug (us (... (2k2))))
= U (2k_1k'2)
— 2€2k_1.k!z'
Also
T(r,f1) = r T(ru)—z—l—lo 2
yJ1 - 71_7 y W1) — T g
T(r,fa) = logr+log2, T (r,uy)=Ilogr+log4d
T(r,f3) = logr+log3, T (r,usz)=Ilogr+logb
T(r, fr) = logr+logk, T (r,u)=logr -+ log2k.
Therefore
T (r, fx) ~ T (r,u) for each k asr — oc.
, r r
But since T (r, Fkl) = and T (r, U,i) = 51 s + log 2,
50

T(r, Fkl) % T(r, U,i) as r — oo.
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Therefore T (r, F}) ~ T (r,U}) does not hold for n = k. Here f;(z) and u; (2) fori # 1
are not transcendental and also T (r, f1) # O* ((logr)?) where 8 > 1 is a constant.
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