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Abstract. In this paper we generalise a result of Sun [7] to n-th iterations of k-entire

functions.

1. INTRODUCTION AND NOTATION

For two entire functions f (z) and g (z) Lahiri and Banerjee [5] form the following itera-

tions.

Let

f1 (z) = f (z)

f2 (z) = f (g (z)) = f (g1 (z))

f3 (z) = f (g (f (z))) = f (g (f1 (z)))

...

fn (z) = f (g (f (g... (f (z) or g (z) according as n is odd or even) ...)))

= f (gn−1 (z)) = f (g (fn−2 (z)))

and so are

g1 (z) = g (z)

g2 (z) = g (f (z)) = g (f1 (z))

g3 (z) = g (f2 (z)) = g (f (g1 (z)))

...

gn (z) = g (fn−1 (z)) = g (f (gn−2 (z))) .
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Clearly all fn (z) and gn (z) are entire functions.

Notation 1.1. Let f (z) and g (z) be entire functions. Banerjee and Dutta [1] used the nota-

tions Mf1 (r), Mf2 (r) , Mf3 (r) etc., to mean M (r, f), M (M (r, f) , g) , M(M (M (r, f) , g), f)

etc., respectively and F (r) = O∗ (G (r)) to mean that there exist two positive constants K1

and K2 such that K1 ≤ F (r)
G(r)
≤ K2 for any r big enough.

In 2003, Sun [7] proved the following theorem.

Theorem 1.2. Let f1, f2, and g1, g2 be four transcendental entire functions with T (r, f1) =

O∗
(
(log r)ν e(log r)

α)
and T (r, g1) = O∗

(
(log r)β

)
.

If T (r, f1) ∼ T (r, f2) and T (r, g1) ∼ T (r, g2) (r →∞), then

T (r, f1 (g1)) ∼ T (r, f2 (g2)) (r →∞, r /∈ E) ,

where ν > 0, 0 < α < 1, β > 1 and αβ < 1 and E is a set of finite logarithmic measure.

In 2011, Banerjee and Dutta [1] extend Theorem 1.2 for iterated entire functions in the

following manner.

Theorem 1.3. Let f , g and u, v be four transcendental entire functions with T (r, f) ∼
T (r, u) , T (r, g) ∼ T (r, v) , T (r, f) = O∗

(
(log r)ν e(log r)

α)
(0 < α < 1, ν > 0) and T (r, g) =

O∗
(

(log r)β
)

where β > 1 is a constant, then T (r, fn) ∼ T (r, un) for n ≥ 2, where un (z) =

u (v (u (v... (u (z) or v (z)) ...))) according as n is odd or even.

Theorem 1.4. Let f, g and u, v be four transcendental entire functions with T (r, f) ∼
T (r, u) , T (r, g) ∼ T (r, v) , T (r, f) = O∗

(
(log r)β

)
and T (r, g) = O∗

(
(log r)β

)
where

β > 1 is a constant, then T (r, fn) ∼ T (r, un) .

In [6], Niino and Suita proved the following theorem.

Theorem 1.5. Let f (z) and g (z) be entire functions. If M (r, g) > 2+ε
ε
|g (0)| for any

ε > 0, then we have

T (r, f (g)) ≤ (1 + ε)T (M (r, g) , f) .

In particular if g (0) = 0, then

T (r, f (g)) ≤ T (M (r, g) , f) for all r > 0.

As a generalisation of Theorem 1.5, Banerjee and Dutta [1] proved the following.

Theorem 1.6. Let f (z) , g (z) be two entire functions. Then we have

T (R2, f) ≤ T (r, fn) ≤ T (R3, f)
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where |f (z)| > R1 >
2+ε
ε
|f (0)| and |g (z)| > R2 >

2+ε
ε
|g (0)| , R3 = max{Mfn−1 (r) ,

Mgn−1 (r)} for sufficiently large values of r and any integer n ≥ 2.

After this in [2], Banerjee and Mandal considered three entire functions f (z) , g (z) and

h (z) and formed the iterations of f (z) with respect to g (z) and h (z) as follows.

f1 (z) = f (z)

f2 (z) = f (g (z)) = f (g1 (z))

f3 (z) = f (g (h (z))) = f (g (h1 (z))) = f (g2 (z))

f4 (z) = f (g (h (f (z)))) = f (g (h2 (z))) = f (g3 (z))

...

fn (z) = f(g(h(f..(f (z) or g (z) or h (z) according as n = 3m− 2 or 3m− 1

or 3m)...)))

= f (gn−1 (z)) = f (g (hn−2 (z))) .

And

g1 (z) = g (z)

g2 (z) = g (h (z)) = g (h1 (z))

g3 (z) = g (h (f (z))) = g (h (f1 (z))) = g (h2 (z))

g4 (z) = g (h (f (g (z)))) = g (h (f2 (z))) = g (h3 (z))

...

gn (z) = g(h(f(g...(g (z) or h (z) or f (z) according as n = 3m− 2 or 3m− 1

or 3m)...)))

= g (hn−1 (z)) = g (h (fn−2 (z))) .

Similarly,

h1 (z) = h (z)

h2 (z) = h (f (z)) = h (f1 (z))

h3 (z) = h (f (g (z))) = h (f (g1 (z))) = h (f2 (z))

h4 (z) = h (f (g (h (z)))) = h (f (g2 (z))) = h (f3 (z))

...

hn (z) = h(f(g(h...(h (z) or f (z) or g (z) according as n = 3m− 2 or 3m− 1

or 3m)...)))

= h (fn−1 (z)) = h (f (gn−2 (z))) .
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Clearly fn, gn and hn are all entire functions.

Notation 1.7. For three entire functions f (z), g (z) and h (z) Banerjee and Ghosh [3] used

the notations Mf1 (r), Mf2 (r) , Mf3 (r), Mf4 (r) etc., to mean M (r, f), M (M (r, f) , h) ,

M(M (M (r, f) , h), g) , M (M (M (M (r, f) , h) , g) , f) etc., respectively. Similarly Mg1 (r),

Mg2 (r) , Mg3 (r), Mg4 (r) etc., to mean M (r, g), M (M (r, g) , f) , M(M (M (r, g) , f), h) ,

M (M (M (M (r, g) , f) , h) , g) etc., respectively and Mh1 (r), Mh2 (r) , Mh3 (r), Mh4 (r) etc.,

to mean M (r, h), M (M (r, h) , g) , M(M (M (r, h) , g), f) , M (M (M (M (r, h) , g) , f) , h) etc.,

respectively. Also F (r) = O∗ (G (r)) to mean that there exist two positive constants K1 and

K2 such that K1 ≤ F (r)
G(r)
≤ K2 for any r big enough.

Considering such type of iterations in a recent paper [3], Banerjee and Ghosh extended

the result of Banerjee and Dutta [1] in this direction.

Theorem 1.8. Let f (z) , g (z) and h (z) be three entire functions.Then we have

T (R2, f) ≤ T (r, fn) ≤ T (R4, f)

where |f (z)| > R1 >
2+ε
ε
|f (0)| , |g (z)| > R2 >

2+ε
ε
|g (0)| , |h (z)| > R3 >

2+ε
ε
|h (0)| and

R4 = max{Mfn−1 (r) , Mgn−1 (r) , Mhn−1 (r)} for sufficiently large values of r and any integer

n ≥ 3.

Theorem 1.9. Let f, g, h; u, v, w be six transcendental entire functions with T (r, f) ∼ T (r, u) ,

T (r, g) ∼ T (r, v) , T (r, h) ∼ T (r, w) , T (r, f) = O∗
(

(log r)ν e(log r)
α
)

(0 < α < 1, ν > 0), T (r, g) =

O∗
(

(log r)β
)

where β > 1 is a constant and T (r, h) = O∗
(

(log r)λ
)

where λ > 1 is a constant.

Then T (r, fn) ∼ T (r, un) for n ≥ 3 , where un (z) = u (v (w (u... (u (z) or v (z) or w (z) ...))))

according as n = 3m− 2 or 3m− 1 or 3m, m ∈ N.

Theorem 1.10. Let f, g, h; u, v, w be six transcendental entire functions with T (r, f) ∼ T (r, u) ,

T (r, g) ∼ T (r, v) , T (r, h) ∼ T (r, w) , T (r, f) = O∗
(

(log r)β
)
, T (r, g) = O∗

(
(log r)β

)
and

T (r, h) = O∗
(

(log r)β
)
where β > 1 is a constant. Then T (r, fn) ∼ T (r, un) for n ≥ 3 ,

where un (z) = u (v (w (u... (u (z) or v (z) or w (z) ...)))) according as n = 3m− 2 or 3m− 1 or

3m, m ∈ N.

At the present paper we consider k entire functions f1 (z) , f2 (z) , f3 (z) , ..., fk (z) and

following the iteration process of Banerjee and Ghosh [4] (defined below) generalise the result

of Sun [7].
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Let

F 1
1 (z) = f1 (z)

F 1
2 (z) = f1 (f2 (z)) = f1

(
F 2
1 (z)

)
F 1
3 (z) = f1 (f2 (f3 (z))) = f1

(
f2
(
F 3
1 (z)

))
= f1(F

2
2 (z))

...

F 1
k (z) = f1 (f2 (...fk (z))) = f1

(
F 2
k−1 (z)

)
= f1

(
f2
(
F 3
k−2 (z)

))
= ... = f1

(
f2
(
...fk−1(F

k
1 (z)

))
)

...

F 1
n (z) = f1(f2(f3...(f1 (z) or f2 (z) or...or fk (z) according

as n = km− (k − 1) or km− (k − 2) or ...or km)...))

= f1
(
F 2
n−1 (z)

)
= f1

(
f2
(
F 3
n−2 (z)

))
= ......

= f1
(
f2
(
...
(
fk−1

(
F k
n−(k−1) (z)

))))
.

Similarly,

F 2
1 (z) = f2 (z)

F 2
2 (z) = f2 (f3 (z)) = f2

(
F 3
1 (z)

)
F 2
3 (z) = f2 (f3 (f4 (z))) = f2

(
f3
(
F 4
1 (z)

))
= f2(F

2
2 (z))

...

F 2
k (z) = f2 (f3 (...fk (f1 (z)))) = f2

(
F 3
k−1 (z)

)
= ...

= f2
(
f3
(
...fk

(
F 1
1 (z)

)))
...

F 2
n (z) = f2(f3(f4...(f2 (z) or f3 (z) or ...or fk (z) or f1 (z) according

as n = km− (k − 1) or km− (k − 2) or ...or (km− 1) or km)...))

= f2
(
F 3
n−1 (z)

)
= f2

(
f3
(
F 4
n−2 (z)

))
= ......

= f2
(
f3
(
...
(
fk
(
F 1
n−(k−1) (z)

))))
.
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.

.

.

And

F k
1 (z) = fk (z)

F k
2 (z) = fk (f1 (z)) = fk

(
F 1
1 (z)

)
F k
3 (z) = fk (f1 (f2 (z))) = fk

(
f1
(
F 2
1 (z)

))
= fk(F

1
2 (z))

...

F k
k (z) = fk (f1 (...fk−2 (fk−1 (z)))) = ...

= fk
(
f1
(
...fk−2

(
F k−1
1 (z)

)))
...

F k
n (z) = fk(f1(f2...(fk (z) or f1 (z) or ...or fk−1 (z) according

as n = km− (k − 1) or km− (k − 2) or ...or km)...))

= fk
(
F 1
n−1 (z)

)
= fk

(
f1
(
F 2
n−2 (z)

))
= ....

= fk

(
f1

(
...
(
fk−2

(
F k−1
n−(k−1) (z)

))))
.

Clearly all F 1
n , F

2
n , ..., F

k
n are entire functions.

Notation 1.11. Let f1 (z) , f2 (z) , ..., fk (z) be entire functions. We use the notations MF 1
1

(r),

MF 1
2

(r) , MF 1
3

(r),...,MF 1
k

(r) etc., to meanM (r, f1),M (M (r, f1) , fk) , M(M (M (r, f1) , fk), fk−1) ,

...,M (...(M (M (M (r, f1) , fk) , fk−1) , ...), f2) etc., respectively. Similarly we use the notations MF 2
1

(r),

MF 2
2

(r) , MF 2
3

(r),..., MF 2
k

(r) etc., to mean M (r, f2), M (M (r, f2) , f1) , M(M (M (r, f2) , f1), fk) ,

..., M (...(M (M (M (r, f2) , f1) , fk) , ...), f3) etc., respectively and proceding in this way we use the

notations MFk1
(r), MFk2

(r) , MFk3
(r),..., MFk4

(r) etc., to mean M (r, fk), M (M (r, fk) , fk−1) ,

M(M (M (r, fk) , fk−1), fk−2) ,...,

M (...(M (M (M (r, fk) , fk−1) , fk−2) , ...), f1) etc., respectively and F (r) = O∗ (G (r)) to mean

that there exist two positive constants K1 and K2 such that K1 ≤ F (r)
G(r) ≤ K2 for any r big enough.

2. LEMMAS

Lemma 2.1. [6] Let g (z) and f (z) be two entire functions. Suppose that |g (z)| > R > |g (0)|
on the circumference {|z| = r} for some r > 0. Then we have
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T (r, f (g)) ≥ R− |g (0)|
R + |g (0)|

T (R, f) .

Lemma 2.2. [7] Let f be a transcendental entire function with

T (r, f) = O∗
(

(log r)β e(log r)
α
)

(0 < α < 1, β > 0) .

Then

T (r, f) ∼ logM (r, f) (r →∞, r /∈ E) and

T (σr, f) ∼ T (r, f) (r →∞, σ ≥ 2, r /∈ E) ,

where E is a set of finite logarithmic measure.

Lemma 2.3. [1] Let f be a transcendental entire function with T (r, f) = O∗
(

(log r)β
)

where β > 1. Then

T (r, f) ∼ logM (r, f) (r →∞, r /∈ E) and

T (σr, f) ∼ T (r, f) (r →∞, σ ≥ 2, r /∈ E) ,

where E is a set of finite logarithmic measure.

Lemma 2.4. [1] Let f1 and f2 be two entire functions with T (r, f1) = O∗
(
(log r)ν e(log r)

α)
where ν > 1, 0 < α < 1 and T (r, f1) ∼ T (r, f2) then M (r, f1) ∼M (r, f2) .

Lemma 2.5. [1] Let f1 and f2 be two entire functions with T (r, f1) = O∗
(

(log r)β
)

where

β > 1 and T (r, f1) ∼ T (r, f2) then M (r, f1) ∼M (r, f2) .

3. MAIN RESULTS

Theorem 3.1. Let f1, f2, ..., fk be k entire functions. Then we have

(3.1) T (R2, f1) ≤ T
(
r, F 1

n

)
≤ T (Rk+1, f1)

where |fi (z)| > Ri >
2+ε
ε
|fi (0)| ,i = 1, 2, ..., k and

Rk+1 = max
{
MF 1

n−1
(r) , MF 2

n−1
(r) , ..., MFk−1

n−1
(r) , MFkn−1

(r)
}

for sufficiently large val-

ues of r and any integer n ≥ k.
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Proof. We first prove the 2nd inequality. By Theorem 1.5 and for ε > 0 arbitrary small we

have when n = km, m ∈ N

T
(
r, F 1

n

)
= T

(
r, F 1

n−1 (fk)
)

≤ (1 + ε)T
(
M (r, fk) , F

1
n−1
)

= (1 + ε)T
(
MFk1

(r) , F 1
n−2 (fk−1)

)
≤ (1 + ε)2 T

(
MFk2

(r) , F 1
n−3 (fk−2)

)
≤ (1 + ε)3 T

(
MFk3

(r) , F 1
n−4 (fk−3)

)
= (1 + ε)4 T

(
MFk4

(r) , F 1
n−4

)
...

≤ (1 + ε)n−1 T
(
MFkn−1

(r) , f1

)
≤ (1 + ε)n−1 T (Rk+1, f1) .

When n = km− 1, m ∈ N

T
(
r, F 1

n

)
= T

(
r, F 1

n−1 (fk−1)
)

≤ (1 + ε)T
(
M (r, fk−1) , F

1
n−1
)

= (1 + ε)T
(
MFk−1

1
(r) , F 1

n−2 (fk−2)
)

≤ (1 + ε)2 T
(
MFk−1

2
(r) , F 1

n−3 (fk−3)
)

≤ (1 + ε)3 T
(
MFk−1

3
(r) , F 1

n−4 (fk−4)
)

= (1 + ε)4 T
(
MFk−1

4
(r) , F 1

n−4

)
...

≤ (1 + ε)n−1 T
(
MFk−1

n−1
(r) , f1

)
≤ (1 + ε)n−1 T (Rk+1, f1) .

.

.

.
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Similarly for n = km− (k − 1)

T
(
r, F 1

n

)
= T

(
r, F 1

n−1 (f1)
)

≤ (1 + ε)T
(
M (r, f1) , F

1
n−1
)

= (1 + ε)T
(
MF 1

1
(r) , F 1

n−2 (fk)
)

≤ (1 + ε)2 T
(
MF 1

2
(r) , F 1

n−3 (fk−1)
)

≤ (1 + ε)3 T
(
MF 1

3
(r) , F 1

n−4 (fk−2)
)

= (1 + ε)4 T
(
MF 1

4
(r) , F 1

n−4

)
...

≤ (1 + ε)n−1 T
(
MF 1

n−1
(r) , f1

)
≤ (1 + ε)n−1 T (Rk+1, f1) .

Therefore T (r, F 1
n) ≤ (1 + ε)n−1 T (Rk+1, f1) for any integer n ≥ k.

Since ε > 0 is arbitrary, for sufficiently large values of r we have

(3.2) T
(
r, F 1

n

)
≤ T (Rk+1, f1) .

We now prove the 1st inequality by using Lemma 2.1.

When n = km, m ∈ N

T
(
r, F 1

n

)
= T

(
r, F 1

n−1 (fk)
)

≥ Rk − |fk (0)|
Rk + |fk (0)|

T
(
Rk, F

1
n−1
)

> (1− ε)T
(
Rk, F

1
n−2 (fk−1)

)
, since Rk >

2 + ε

ε
|fk (0) | > 2− ε

ε
|fk (0) |

≥ (1− ε) Rk−1 − |fk−1 (0)|
Rk−1 + |fk−1 (0)|

T
(
Rk−1, F

1
n−2
)

> (1− ε)2 T
(
Rk−1, F

1
n−2
)

≥ (1− ε)3 T
(
Rk−2, F

1
n−3
)

...

≥ (1− ε)n−2 T (R3, f1 (f2))

≥ (1− ε)n−1 T (R2, f1) .
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When n = km− 1

T
(
r, F 1

n

)
= T

(
r, F 1

n−1 (fk−1)
)

≥ Rk−1 − |fk−1 (0)|
Rk−1 + |fk−1 (0)|

T
(
Rk−1, F

1
n−1
)

> (1− ε)T
(
Rk−1, F

1
n−2 (fk−2)

)
≥ (1− ε) Rk−2 − |fk−2 (0)|

Rk−2 + |fk−2 (0)|
T
(
Rk−2, F

1
n−2
)

> (1− ε)2 T
(
Rk−2, F

1
n−2
)

≥ (1− ε)3 T
(
Rk−3, F

1
n−3
)

...

≥ (1− ε)n−2 T (R3, f1 (f2))

≥ (1− ε)n−1 T (R2, f1) .

.

.

.

Similarly for n = km− (k − 1)

T
(
r, F 1

n

)
= T

(
r, F 1

n−1 (f1)
)

≥ R1 − |f1 (0)|
R1 + |f1 (0)|

T
(
R1, F

1
n−1
)

> (1− ε)T
(
R1, F

1
n−2 (fk)

)
≥ (1− ε) Rk − |fk (0)|

Rk + |fk (0)|
T
(
Rk, F

1
n−2
)

> (1− ε)2 T
(
Rk, F

1
n−2
)

≥ (1− ε)3 T
(
Rk−1, F

1
n−3
)

...

≥ (1− ε)n−2 T (R3, f1 (f2))

≥ (1− ε)n−1 T (R2, f1) .

So

T
(
r, F 1

n

)
≥ (1− ε)n−1 T (R2, f1) .

Since ε > 0 is arbitrary, we have for sufficiently large values of r

(3.3) T
(
r, F 1

n

)
≥ T (R2, f1) .

Hence from (3.2) and (3.3), we have (3.1) .
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This proves the theorem. �

Theorem 3.2. Let f1, f2, ..., fk and u1, u2, ..., uk be 2k transcendental entire functions with

T (r, fi) ∼ T (r, ui) , i = 1, 2, ..., k, T (r, f1) = O∗
(

(log r)ν e(log r)
β1
)

(0 < β1 < 1, ν > 1)

and T (r, fi) = O∗
(

(log r)βi
)
, i = 2, 3, ..., k, where each βi > 1 is a constant. Also let

R′l ≥ 2Rl, l = 1, 2, ..., k for |fi (z)| > Ri >
2+ε
ε
|fi (0)| , i = 1, 2, ..., k; |uj (z)| > R′j >

2+ε
ε
|uj (0)| , j = 1, 2, ..., k. Then T (r, F 1

n) ∼ T (r, U1
n) for n ≥ k where U1

n (z) = u1(u2(u3(...(u1 (z)

or u2 (z) or...or uk (z) ...)))) according as n = km− 1 or km− (k − 2) or ...or km, m ∈ N.

Proof. We have from Theorem 3.1

T (R2, f1) ≤ T
(
r, F 1

n

)
≤ T (Rk+1, f1) (3.4)

and T (R′2, u1) ≤ T
(
r, U1

n

)
≤ T

(
R′k+1, u1

)
(3.5)

where Rk+1 = max
{
MF 1

n−1
(r) ,MF 2

n−1
(r) , ...,MFkn−1

(r)
}

and

R′k+1 = max
{
MU1

n−1
(r) ,MU2

n−1
(r) , ...,MUkn−1

(r)
}

for sufficiently large values of r. Also by

Lemma 2.2,

T (R2, f1) ∼ T (R′2, f1) .

Since

T (R′2, f1) ∼ T (R′2, u1) so

(3.6) T (R2, f1) ∼ T (R′2, u1) (R2 →∞, R2 /∈ E)

where E is a set of finite logarithmic measure.

Using Lemma 2.4, we have

M (r, f1) ∼M (r, u1) .

Also using Lemma 2.5 we have

M (M (r, f1) , fk) ∼M (M (r, u1) , uk) (r →∞) .

Similarly M (M (M (r, f1) , fk) , fk−1) ∼M (M (M (r, u1) , uk) , uk−1) (r →∞) .

So for n = km− (k − 1) , m ∈ N we have

(3.7) MF 1
n−1

(r) ∼MU1
n−1

(r) (r →∞) .

Similarly for n = km− (k − 2) , m ∈ N we have

(3.8) MF 2
n−1

(r) ∼MU2
n−1

(r) (r →∞) .

...

And for n = km, m ∈ N we have

(3.9) MFkn−1
(r) ∼MUkn−1

(r) (r →∞) .

From (3.7) , (3.8) and (3.9) and for n ≥ k, n ∈ N we obtain Rk+1 ∼ R′k+1 for large r.
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Since T (r, f1) ∼ T (r, u1) so we have

(3.10) T (Rk+1, f1) ∼ T
(
R′k+1, u1

)
.

So from (3.4), (3.5) , (3.6) and (3.10) we get

T
(
r, F 1

n

)
∼ T

(
r, U1

n

)
.

This completes the proof. �

Theorem 3.3. Let f1, f2, ..., fk and u1, u2, ..., uk be 2k transcendental entire functions with

T (r, fi) ∼ T (r, ui) , i = 1, 2, ..., k, T (r, fi) = O∗
(

(log r)βi
)
, i = 1, 2, 3, ..., k, where each

βi > 1 is a constant. Also let R′l ≥ 2Rl, l = 1, 2, ..., k for |fi (z)| > Ri >
2+ε
ε
|fi (0)| ,

i = 1, 2, ..., k; |uj (z)| > R′j >
2+ε
ε
|uj (0)| , j = 1, 2, ..., k . Then T (r, F 1

n) ∼ T (r, U1
n) for n ≥ k

where U1
n (z) = u1(u2(u3(...(u1 (z) or u2 (z) or...or uk (z) ...)))) according as n = km − 1 or

km− (k − 2) or ...or km, m ∈ N.

Proof. Under the given hypothesis here also we obtain the same inequalities (3.4) and (3.5)

of Theorem 3.2

Also by Lemma 2.3,

T (R2, f1) ∼ T (R′2, f1) .

Since

T (R′2, f1) ∼ T (R′2, u1) so

(3.11) T (R2, f1) ∼ T (R′2, u1) (R2 →∞, R2 /∈ E)

where E is a set of finite logarithmic measure.

Now using Lemma 2.5, we have

M (r, f1) ∼M (r, u1) .

So

M (M (r, f1) , fk) ∼M (M (r, u1) , uk) (r →∞) .

Similarly M (M (M (r, f1) , fk) , fk−1) ∼M (M (M (r, u1) , uk) , uk−1) (r →∞) .

So for n = km− (k − 1) , m ∈ N we have

(3.12) MF 1
n−1

(r) ∼MU1
n−1

(r) (r →∞) .

Similarly for n = km− (k − 2) , m ∈ N we have

(3.13) MF 2
n−1

(r) ∼MU2
n−1

(r) (r →∞) .

...

And for n = km, m ∈ N we have

(3.14) MFkn−1
(r) ∼MUkn−1

(r) (r →∞) .
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From (3.12) , (3.13) and (3.14) and for n ≥ k, n ∈ N we obtain Rk+1 ∼ R′k+1 for large r.

Since T (r, f1) ∼ T (r, u1) so we have

(3.15) T (Rk+1, f1) ∼ T
(
R′k+1, u1

)
.

So from (3.4), (3.5) , (3.11) and (3.15) we get

T
(
r, F 1

n

)
∼ T

(
r, U1

n

)
.

This completes the proof. �

Note 3.4. The conditions of Theorem 3.3 are not strictly sharp. Which are illustrated by

the following example.

Example 3.5. Let f1 (z) = ez, f2 (z) = 2z, f3 (z) = 3z, f4 (z) = 4z, ..., fk (z) = kz and

u1 (z) = 2ez, u2 (z) = 4z, u3 (z) = 6z, u4 (z) = 8z, ..., uk (z) = 2kz. Here

F 1
k (z) = f1 (f2 (f3 (... (fk (z)))))

= f1 (f2 (f3 (... (kz))))

= f1 (k!z)

= ek!z

and

U1
k (z) = u1 (u2 (u3 (... (uk (z)))))

= u1 (u2 (u3 (... (2kz))))

= u1
(
2k−1.k!z

)
= 2e2

k−1.k!z.

Also

T (r, f1) =
r

π
, T (r, u1) =

r

π
+ log 2

T (r, f2) = log r + log 2, T (r, u2) = log r + log 4

T (r, f3) = log r + log 3, T (r, u3) = log r + log 6

...

T (r, fk) = log r + log k, T (r, uk) = log r + log 2k.

Therefore

T (r, fk) ∼ T (r, uk) for each k as r →∞.

But since T
(
r, F 1

k

)
=

r

k!π
and T

(
r, U1

k

)
=

r

2k−1.k!π
+ log 2,

so

T
(
r, F 1

k

)
� T

(
r, U1

k

)
as r →∞.
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Therefore T (r, F 1
n) ∼ T (r, U1

n) does not hold for n = k. Here fi (z) and ui (z) for i 6= 1

are not transcendental and also T (r, f1) 6= O∗
(
(log r)β

)
where β > 1 is a constant.
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