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ABSTRACT. This paper is generated by w-order preserving partial contraction mapping(w-
OCP,,) (a semigroup of linear operator) as the infinitesimal generator of a Cp-semigroup
in order to obtain analytic results by studying the existence and regularity properties of
the Stokes equation. We also investigated parabolic and elliptic problems with dynamic

boundary conditions.

1. INTRODUCTION

Stokes equation describe the flow of moderate speed of a vicious incompressible fluid within
a domain € in R3. Let X be a Banach space, X,, C X be a finite set, (T(¢))s>o the Co-
semigroup, w — OC P, the w-order preserving partial contraction mapping, M,, be a matrix,
L(X) be a bounded linear operator on X, P, a partial transformation semigroup, p(A) a
resolvent set, and A € w—OCP, is a generator of Cy-semigroup. This paper consist of results
of analytic semigroup on Stokes equation and homogeneous system with dynamic boundary
conditions. Agmon et al. [1], estimated some boundary problems for solutions of elliptic
partial differential equation. Akinyele et al. [2], further characterized w-order reversing
partial contraction mapping as a semigroup of linear operator. Amann [3], investigated
linear and quasilinear parabolic problems. Balakrishnan [4], obtained an operator calculus
for infinitesimal generators of semigroup. Banach [5], established and introduced the concept
of Banach spaces. Bejanaru et al. [6], approximates controllability results and application
to elliptic and parabolic systems with boundary conditions. Constantin et al. [7], deduced
further Navier-Stokes equations. Engel and Nagel [8], obtained one-parameter semigroup for
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linear evolution equations. Frigon and O’Regan [9], introduced existence results for initial
value problems in Banach spaces. Fujita and Kato [10], obtained some results on the Navier-
Stokes initial-value problem. Rauf and Akinyele [11], introduced w-order preserving partial
contraction mapping and established its properties, also in [12], Rauf et al. deduced some
results of stability and spectra properties on semigroup of linear operator. Vrabie [13], proved
some results of Cy-semigroup and its applications. Walker [14], presented some dynamical
systems and evolution. Yosida [15], established and proved some results on differentiability

and representation of one-parameter semigroup of linear operators.

2. PRELIMINARIES

Definition 2.1 (Cy-Semigroup) [13]
A Cy-Semigroup is a strongly continuous one parameter semigroup of bounded linear oper-
ator on Banach space.
Definition 2.2 (w-OCP,) [11]
A transformation @ € P, is called w-order preserving partial contraction mapping if Va, y € Doma :
r <y = axr < ay and at least one of its transformation must satisfy ay = y such that
T(t+s)=T(t)T(s) whenever t,s > 0 and otherwise for 7'(0) = I.
Definition 2.3 (Analytic Semigroup) [§]
We say that a Cy-semigroup {7'(¢); ¢ > 0} is analytic if there exists 0 < § < 7, and a mapping
S : Cy — L(X) such that:
(i) T'(t) = S(t) for each t > 0;
(ii) S(z1 + 22) = S(21)S(22) for 21, 2, € Cg;
(iii) lim,, ce, ., »05(21)r = o for x € X; and
(iv) the mapping z; — S(21) is analytic from Cy to L(X). In addition, for each 0 < § < 0,
the mapping z; — S(z1) is bounded from Cg to L(X), then the Co-Semigroup {7'(t);¢t > 0}
is called analytic and uniformly bounded.
Definition 2.4 (Compact Semigroup) [§]
A Cy-semigroup is compact if for each ¢t > 0, T'(¢) is a compact operator.
Definition 2.5 (Adjoint Semigroup)[13]
Let H be a real Hilbert space identified with its own topological dual. The operator
A:D(A) C H— H is called:
(i) self-adjoint if A = A*
(ii) skew-adjoint if A = —A*
(iii) symmetric if < Az,y >=< x, Ay > for each =,y € D(A);
(iv) skew-symmetric if < Az,y >= — <z, Ay > for z,y € D(A).
Example 1
3 x 3 matrix [M,,(C)], we have
for each A > 0 such that A € p(A) where p(A) is a resolvent set on X.
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Suppose we have

1 2 3
A=1|[1 2 2
2 2 3
and let T'(t) = e, then
ORI 15 oY
etAr = A 2tA 2tA

Example 2
The H () setting. Let © be a nonempty and open subset in R”, let X = H~ (), and let
us define A: D(A) C X — X by

Au = Au

for each A € w-OCP, and u € D(A). In that it follows that H}(Q) is endowed with the
usual norm on H'(Q) defined by

{D(A) = Hy(Q)

[ull i) = (HUH%Q(Q) + ||A||%2(Q))1/2'
Example 3

The L?*() setting. Let € be a nonempty and open subset in R™, let X = L*(Q) and let us
consider the operator A on X defined by:

D(A) = {u e Hy(Q); Au € L*(Q)}
{ Au = Au

for each A € w-OCP,, and u € D(A).
Example 4
Let H = {u € [L*(R?)]*; V.u = 0}, where the condition V.u = 0 is understood in the sense
of distributions over R?. One can easily see that, endowed with the standard inner product
of the space [L?(R?)], defined by

3

<Uu,v >= Z < Uj, Vi >L[2(R3) -
i=1

Suppose H is a real Hilbert space and A € w-OCP,,. We define A : D(A) C H — H, called
the Stokes operator on R3, by
D(A) ={u e [H*(R*)’NH;Au € H}
{ Au = Au for u € D(A),
where Au = (Auy, Aus, Aus) in the sense of distributions over R3.

Theorem 2.1 [13]
The application I — A : H}(Q) — H~(Q) is the canonical isormorphism between H} (1),
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endowed with the usual norm H'(€2), and its dual H~!(Q), endowed with usual dual norm.
In addition, for each u € H}(Q) and each v € L*(2) we have

<U,V >r2)=<Uu,v >H§(Q),H1(Q) .

Theorem 2.2 (Hille-Yoshida)[13]
A linear operator A : D(A) C X — X is the infinitesimal generator for a Cy-semigroup of

contraction if and only if

i. A is densely defined and closed; and
ii. (0,+00) C p(A) and for each A > 0, we have

IR, A)llzex) <

> =

Lemma 2.3 [8]
Let © be a bounded domain in R” with C? boundary 7 and let > 0, A > 0. Then for each
f e L*Q) and g € L*(7), elliptic problem

pu — Au = f
AU+ U, =g
Ul =V

has a unique solution u € H3/?(Q) with Au € L*(Q), u, € H'(7) and u, € L*(1).
Corollary 2.4 [8]

If A: D(A) C H — H is self-adjoint and generates a Cy-semigroup of contraction {T'(¢);t >
0}, then {T'(t);t > 0} is analytic.

Theorem 2.5 [13]

Assume that €2 is a nonempty, open and bounded subset in R” whose boundary is of class
C', m € Nand p,q € [1,+00). Then,

i. if mp < n and ¢ < —2— we have that W"?(2) is compactly imbedded in L9(Q);

n—mp

ii. if mp =n and ¢ € [1,400) is compactly imbedded in L(Q2); and

iii. if mp > n, then W™?(Q) is compactly imbedded in C(Q2).

3. MAIN RESULTS

This section presents results of analytic semigroup generated by w-OC'P,, with the consid-
eration of Stokes equation and dynamic boundary condition problems:
Theorem 3.1
Suppose the operator A € w-OCP,, defined by the example 2 is the generator of a Cjy-
semigroup of contraction . In addition, A is self-adjoint and ||.||pca) is equivalent with the
norm of the space H'(Q).
Proof:
By virtue of Theorem 2.1, we know that I — A is the canonical isomorphism between H} (1),
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endowed with usual norm of H'(Q), and its dual H~1(f2). Let us denote by F' = (I — A)~!
which is an isometry between H'(Q2) and H}(Q2). Consequently

(3.1) <u,v >p-1)=< Fu, F'v >

for each u,v € H1(Q). Let u,v € H}(Q). We have

< Fu, Fv >H5(Q):/VUV(Fv)dw+/qudw
Q 0

(3.2) - /Q w(=A(Fv))dw + / wFodw

Q

= / u(l — A)(Fo)dw =< u,v >p2q) -
Q

From (3.1), taking into that F(I — A) = I, we deduced
< —Au, v >p1=< u— Au,v >g-1q) — < U,V >p-1)
=< F(u — Au), Fv >pi) — < UV >H-1Q)
=<u, F'v>p-19) — <u,v >g-11q) -
From (3.2), we have
(3.3) < Au,v >p)=< U, v >g-1q) — < U,V >12(0) -

Therefore A is symmetric. But (I — A)~! € L(H1(2)), and it follows that A is self-adjoint.
Taking u = v in (3.3), we obtained

(34) < Au,v >H-1Q)= HUH?{_1(Q) - HuHiz(Q) <0.
Since A > 0, we have (Al — A)~! € L(H~*(2)), while (3.4) implies that for A > 0
<A — Au, v >p1g)> )\HuH?{,l(Q).

Hence ||R(X; A) || n-1()) < 3. Since Hj(Q) is dense in H~'(Q), we are in the hypothesis of
Theoerem 2.2, from where it follows that A € w-OC'P,, generates a Cy-semigroup of contrac-
tion on H~*(Q2). Finally by norm on D(A) equivalent with ||.||p4) is equivalent with the
space H1(Q). Hence the proof is complete.

Theorem 3.2

The linear operator A € w-OCP,, defined by the example 3 is the infinitesimal generator
of Cy-semigroup of contractions. Moreover, A is self-adjoint, and (D(A),||.||pay) is con-
tinuously included in H}(Q). If Q is bounded with C' boundary, then (D(A),||.||pca)) is
compactly imbedded in L?*(2).

Proof:

Since C§°(f2) is dense in L*(Q2), and C5°(Q) C D(A), it follows that A is densely de-
fined. Let A > 0 and f € L?(Q). Since L?(Q) is continuously imbedded in H~(Q), and
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—A: Hi () — H(Q) is the duality mapping with respect to the gradient norm on Hg (<),

we have
(35) < AU, U >2o)=< Vu, Vv >reo)y=< v, Au >H&(Q), HL(Q) -

By Theorem 3.1, we know that for any A > 0 and f € L*(Q2) (notice that L*(2) C H~'(Q)),
the equation

(3.6) A — Au = f

has a unique solution uy € Hg(Q2) € L*(Q). So, Auy = Auy — f is in L?(Q2), which shows
that uy € D(A) and \uy — Auy = f. Taking the L? inner product on both sides of (3.6)
above by wu, and taking into account that by (3.5), we have < Au,u >p2)< 0 for each
u € D(A), then we deduced that

MuallZe) < < frux >2@< [fll2@lluallz@,

which shows that ||R(A; A)||rx) < 5. Finally from (3.5) and Theorem 2.2, it follows that
A € w-OCP, is self-adjoint if and only if A is symmetric and A € w-OC'P,, is skew-adjoint if
and only if A is skew-symmetric, then it follows that A is self adjoint. Since both inclusions,
then D(A) C H} C L?*(2) are continuous, and the latter is compact whenever €2 is bounded
by Theorem 2.5 and this complete the proof.

Theorem 3.3

Let X = H be a real Hilbert space and define A : D(A) C H — H, called the Stokes

operator on R3, by

(3.7)

D(A) ={u c [(R)*NH; Auc H}
{ Au = Au for u € D(A),

where A € w-OCP, and Au = (Auy, Aug, Augz) are in the sense of distributions over R3.
Then the operator A defined in (3.7) is the infinitesimal generator of an analytic Cy-semigroup
of contractions in H.

Proof:

Since C°(R*; R?) = {u € [D(R?)]*; V.u = 0} is both dense in H and included in D(A), it
follows that A € w-OCP, is densely defined. In addition, from Theorem 3.2, we deduced
that A € w-OCP, is closed and symmetric. On the other hand, for each A > 0 and each
f € H, the equation

(3.8) M —Au = f

has a unique solution v € [H?*(R3)]?. Let us denote by v = V.u, which clearly belongs to
H'(R3). Since V.f =0 in H '(R?), it clearly follows that Av — Av = 0 in H'(R?®), which
implies v = 0. So, u € D(A) and therefore (0,400) C p(A). For each A > 0, we have

(3.9) [R(A; A)llx) <

> =
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By Theorem 2.2, we know that A € w-OC P, is the infinitesimal generator of a Cy-semigroup
of contractions on H. From Theorem 3.2, we have that A is self-adjoint, and by Definition
2.3, deduced that the semigroup generated by A € w-OCP, is analytic and this complete
the proof.

Theorem 3.4

Let X = H be a real Hilbert space. Let us denote by P : [L*(Q)]* — H the orthogonal
projection on H and let us define the Stokes operator on 2, A: D(A) C H — H, by

D(A) = [H* Q) NH;(Q]PNH
{ Au = P(Au), for u € D(A).

The operator A € w-OCP, defined as above is the generator of a compact and analytic
Co-semigroup of contractions on H.

Proof:

Since C2°(;R?) = {u € [D(Q)]*; V.u = 0}, which is dense in H, is included in D(A), and
its follows that A € w-OC' P, is densely defined. From Theorem 3.2, we have that A is closed
and symmetric and thus self-adjoint. On the other hand, for each A > 0 and f € H, the

equation

(3.10) A — P(Au) = f

has a unique solution v € H which in addition satisfies
1

(3.11) lull < SII£]

Therefore (0,+00) C p(A) and ||[R(X; A)|| Ly < 5. By the virtue of Theorem 2.2, it follows
that A € w-OCP, generates a Cy-semigroup of contractions on H. Since A is self-adjoint,
then by Theorem 3.3, the semigroup is analytic. Finally by Rellich-Kondrachov Theorem
[16], for each A > 0, R(\; A) is compact and this achieves the proof.

Theorem 3.5

Suppose A € w-OCP,. The operator

A: D(A) C L*(Q) x L*(1) — L*(Q) x L*(1)
defined by
{ D(A) = {(u,v) € L*(Q) x L*(7); Au € L*(2),u, € L*(7),w, = v}
A(u,v) = (Au — w,), for each (u,v) € D(A),

is the infinitesimal generator of a compact and analytic Cy-semigroup of contractions.
Proof:

Clearly D(A) is dense in L?(Q2) x L*(7), because each function L?*(7) can be approximated
with functions of class C? on 7, and each function in L?(Q) can be approximated with
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function of class C?(2) whose restrictions to the boundary are preassigned C? functions on
7. Moreover, let us observe that for each (u,v),(n,d) € D(A), we have

< A(u,v),(n,9) >=< Au,n > — < Uy, ¥ >p2(n= — < Vu,V,n >
=< u,An > — <u,n >2;)=< (u,v), A(n, ) > .

Consequently A is symmetric. In addition, for each A > 0, the equation (A\[—A)(u,v) = (f, 9)

rewrites equivalently under the form

A — Au=f
(3.12) AU+ uy =g
U‘T = .

From Lemma 2.3, we know that for each (f,g) € L?(Q) x L?*(7), the above problem has a
unique solution u satisfying u € H*?, A € L*(Q), w, € H'(7) and u, € L?(7). Taking the
L?(2)-inner product on both sides of the first two equations in (3.12) by u and respectively

by v and taking into consideration the third equation, we deduced

/\||u]|22 o) T ||VU||22 o= < Uy, U >p2) =< f,u >1200
(313) { 12(2) 12(0) =) @

)\||U||%2(T)+ < Uy, U >L2(7’) =<4, >L2(7’) .

Adding up the two equations in (3.13) and using Cauchy-Schwarz inequality, we obtained

(s 0) 120y w2y < N5 9 lz2@ <2 |, )22 @) x 22 -

a From this, we deduced on one hand that (0,+00) C p(A) and, on the other hand, that
for each A > 0, we have [[(A — A) | x) < 3. By virtue of Theorem 2.2, it follows that
A € w-OCP, generates Cy-semigroup of contractions and from Theorem 3.2, we conclude
that A is self-adjoint. Since D(A), endowed with the graph-norm is compactly imbedded in
L?(Q) x L*(7) and it follows that the semigroup generated by A is compact, then the proof
is complete.

Theorem 3.6

The Operator A : D(A) C L*(1) — L*(7), defined by

D(A) = {y € HY?(r); for which u = ((y) satisfies u, € L*(1)}
Ay =, for each y € D(A) and A € w — OCPF,,

is the infinitesimal generator of an analytic and compact Cy-semigroup of contractions in

L*(T).

Proof:

Let y € H'/?(7) and let us consider the non-homogeneous elliptic problem
—Au=01n

(3.14)

u=1yonrT,
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with a unique solution u € H'(Q2) and let the solution be denoted by u = ((y). Let us
observe that, for each y,z € D(A), we have

< Ay,z >r2n= — < Vu, Vv >r2r) — < Au,v >HL(Q)]*,HY(Q)

and
< y,Az >r2n= — < Vu, Vv >r2(r) — < Av,u >HL(Q)])*, H(Q)
where u satisfies (3.14), while v is the solution of a similar equation with y substituted by

z. Here < .,. > m (o is the usual duality between H'(Q) and its topological dual
[HY(Q)]*. Since Au = Av =0, it follows that

<Ay, z >ppy=— < Vu, Vo >pen=<y, Az >12(p

for each y,z € D(A) and A € w-OCP,. So, A is symmetric. We shall prove next that A is
self-adjoint in H = L?(7) and satisfies the condition in Theorem 2.2. To this aim, we shall
show that, for each A > 0, (A — A)™" € L(H) and [|(A — A)||r) < 5. One may easily see
that \y — Ay = f if and only if y = w,, where  is the unique H'(f2) solution of the elliptic
problem

—Au=01n
(3.15)

A+ u, = fonT.

Moreover, (A — A) is surjective if and only if for each f € L?*(7), the unique solution in
H'(Q) of (3.15) satisfies

(3.16) u € L*(1) and u, € L*(7),

and this follows from Lemma 2.3. Finally, we have to show that, for each A > 0 and
A € w-OCP,, we have

1
(3.17) 1AL = A) e < 1
To this aim, let us multiply both sides of the first equation in (3.15) by u and integrating
over (2 yields

||VU||%2(Q)— < Uy, U >L2(7—): 0.

Taking into consideration the boundary condition in (3.15) and substituting w, by f — Au,
we deduced

(31) IVl + AlellZacry < 172 el

From (3.18), we observed that (A — A) = f if and only if y = u;, then we obtained (3.17).
Therefore A satisfies all the conditions in Theorem 2.2, and combined with corollary 2.4, its
follows that A generates and analytic semigroup. Hence the proof is complete.
Conclusion

In this paper, it has been established that w-order preserving partial contraction mapping
(w-OCP,) as a semigroup of linear operator generates a compact and analytic results..
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